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3 / A topology on a set

3.1

Abstract. In this section we define the notion of a topological
space. We will begin by describing those families of subsets of a
set which form a topology, T, on a set, showing along the way
how to recognize “open subsets” and “closed subsets”. There can
be many topologies on a set. Given a pair of topologies T1 and o
on S one can sometimes be seen as being “weaker” or “stronger”
than the other. We have provided many examples both in the
main body of the text as well as in the given exercises.

Introduction.

In our review of metric spaces we realized, in Theorem 2.10, that a
function, f : § — T, from a metric space S to another metric space
T is continuous whenever the following condition is satisfied: “The
set, fT[U], is open in S whenever the set, U, is open in 77. We
learned that, some sets are described as being “open”, others as be-
ing “closed”, some are both open and closed, while some are neither.
We then learned how to distinguish one from the other. For example,
we recognized closed sets as being those whose complement is open.
We can recognize a closed set, F', as being one that “contains the
limit point of every convergent sequence in F”. It seems that knowing
various characterizations for each type of set is not only useful, but
important.

How did this notion of an “open set” originate? Recall that we con-
structed open sets in a set S with the help of a norm or metric pre-
viously defined on S. These two distance measuring tools defined on
S (themselves inspired by the notions of “absolute value” and “open
interval” in R) lead us to define the concept of an “open ball” in S
which, in turn, allowed us to recognize those subsets, T', of S which
are open.

We would now like to define “open set” in a much more abstract con-
text, in a way that is independent of any distance measuring tool such
as a norm or a metric. Spaces whose properties will depend specifi-
cally on how we define its “open sets” will be called topological spaces.
The family of “open sets” in a set must however satisfy basic open set
axioms or rules.

Definition 3.1 Let S be a non-empty set.
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A topology on the set S is a collection, 7, of subsets of S which possesses
the following properties:

O1. Both the empty set, &, and S belong to 7.
02. If € C 7, then U{C € €} is a set which also belongs to 7.

03. If .7 is a finite subset of 7, then N{C' € .#} is also a set which
belongs to 7.

We will refer to O1, O2 and O3 as the open set axioms.

If 7 is a topology on a set S (as defined above), then each member,
U € 1, is called an
open subset of S

If U € 7, we often simply say that “U is open in S”.

Suppose we have defined a topology, 7, on some set .S. Then this set,
S, when considered together with this topology 7, is called a topological
space and can be represented as (S, 7). The condition, O2, can also
be expressed by the phrase “7 is closed under arbitrary unions”. The
condition, O3, can also be expressed by the phrase “7 is closed under
finite intersections” .

It is important to remember that the elements of a topology 7 on S
are all subsets of S. When we say that S is an open subset of S, it is
assumed that a topology 7 has been previously defined; that is, that 7
satisfies the three properties stated above. There can be many topolo-
gies defined on a given set. If 7 and 7 are two different topologies on
a set S, then (S, 71) and (S, 72) are considered to be distinct topolog-
ical spaces even though they contain the same points. When we view
(S,71) and (S, 72) simply as sets they are of course equal. We speak of
U as being an open subset of S when it is clearly understood from the
context that U is a member of a predefined topology 7 on S.

Ezample 1. Suppose (S5, p) is a metric space and B.(y) = {z € S :
p(z,y) < e} represents an open ball of radius € centered at y in S. Let

T, ={@} U{U C S : U is the union of open balls in S}

Then 7, is a topology on S. (Showing that 7, satisfies the three open
set axioms is left as an exercise.) We say that 7, is the

topology induced by the metric p
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on S. If S is vector space on which we have defined a norm, we
sometimes specify this by referring to .S as a

normed topological space

and we might write 7| .

If a metric, p, is defined on S, a set A belongs to 7, if and only if A
is open in the metric space (S, p). In this sense, every metric space
can be viewed as a topological space.

Note : There exist topological spaces whose topology is not derived
from a metric p. Those topological spaces whose open sets can be de-
rived from some metric have a special name.

Definition 3.2 Let (S,7) be a topological space. We will say that (S, 1)
is metrizable if there exists a metric, p, on S such that 7 = 7, (where 7, is
induced on S by p).

From this definition, we can state that the class of all topological spaces
can be subdivided into two subfamilies: One consists of all metrizable
spaces the other of non-metrizable ones.

For example, the usual metric p(x, y) = |x—y| on R induces a topology,
7,5, on R. We normally refer to this topology as being the usual topol-
ogy on R. In many textbooks, it is also referred to as the Euclidean
topology on R. In this case, the open subsets of R are the sets which
are unions of open intervals B.(y) = (y — &,y + €) and the empty set
@. For example, the sets Uy = U{(n,n+1):n € Z} and Uy = (—4,9)
can be shown to belong to 7,, but the subset Us = [-7, =3) & 7,. (It
is left to the reader to verify this.)

Example 2. A non-metrizable space. Consider the set S = R? equipped
with the topology

7 ={B C R*: R*\B is countable}' U {@, R?*}

(a) Verify that the family, 7, of subsets of R? is indeed a topology on
R2.

f A is a subset of a space S, then S\ A is the complement of A. It denotes the set of
all points in S which don’t belong to A.
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(b) Verify that the topological space, R?, equipped with the topology,
7, described above is not metrizable.

Solution : Given: 7 = {B C R?: R?\ B is countable} U {@, R?}.

(a) Verification that the sets in 7 satisfy the three open sets axioms
01, 02, and O3 is left as an exercise.

(b) Suppose (S, 7) is metrizable. That is, suppose p is a metric on
R? such that 7 = 7,. We will show that, given 7 = 7,, then
p(Z,7) > p(Z, Z) + p(¥, Z), contradicting the fact that p is a valid
metric on R2.

Suppose # and ¢ are distinct points in R? and p(Z,%) = a #
0. Consider the open balls B, /(%) and B, /s(%). Since both
balls belong to 7, each ball has a countable complement; so each
ball is an uncountable subset. Hence B, /(%) cannot be entirely
contained in RA\B,, /2(Z). That means that By, o(7)NBy/2(%) # 2.
Let 2 € Ba/g(g) N Ba/g(f). Then

p(Z,2)+p(7,2) < a/2+a/2
= «
= p(Z,7)

We see that p(Z,7) > p(Z, 2) + p(7, Z) and so p does not satisfy
the triangle inequality, contradicting the fact that p is a metric
on R?. So there can be no metric p on R? such that 7 = T, We
conclude that the topological space, (R2, 7), is not a metrizable

space.?

If U is open and T is a subset of S such that x € U C T, the subset,
T, is said to be a neighborhood of x. We will more formally define this
in the next chapter.

Note that a point, x, in a topological space, (S, 7), always has at least
one open neighborhood, namely S. If T' = (—2,4)U(4, 7] in R, equipped
with the usual topology, we see that T is a neighborhood of 3 (since
3€(3,1) CT) but not a neighborhood of 4 nor of 7 (since there is no
open set U such that 7€ U C T).

2Later, once we have covered the concept of “Hausdorff” this problem will be more
easily solved by stating that “this space is not metrizable because it not Hausdorff”.
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Definition 3.3 Suppose 7 and 79 are two topologies on a given set S. If
71 C 7o, then we say that

71 18 a weaker topology than T

on S or that
To is a stronger topology than 1

on S. We can also say that 71 is a coarser topology than 7 on S, or that
is a finer topology than 11 on S. We will say that the two topological spaces
(S,7) and (S, 1) are equivalent if and only if 71 = 9.

Ezample 3. Suppose S is a non-empty set and &(.S) denotes the power
set of S (that is, Z(.S) denotes the collection of all subsets of S). Let
T4 = P(S). Then 74 is a topology on S. It is left to the reader to
verify this. In this case, for every single point x € S, {x} is open in S.

For a given space S, if

Ta = P(5)

the topology, 74, is referred to as the

discrete topology on S

If S is equipped with the discrete topology, then every non-empty sub-
set of S is an open neighborhood of the elements it contains.

Ezample 4. For a non-empty set S, if 7, = {&, S}, then the two-element
set, 7;, is a topology on S.

If ; = {@, S}, the topology, 7;, is normally referred to as the
indiscrete topology on S

In this case, for any x € S, S is its only neighborhood.

Since all topologies on S must at least contain @ and S, 7; is the
weakest (coarsest) of all topologies on S. On the other hand, 74 =
P(9) is the strongest (finest) of all topologies on S. For any topology
7 on S, we then have

7 CTC T

Note on the intersection of topologies: Given a family {7y : k € I} of
topologies on a set S, it is an easy exercise to show that the family
NkerTk is also a topology on S. It is left to the reader to verify that
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this is so. This fact can also be expressed as: “The set of all topologies
is closed under arbitrary intersections.”3

Closed subsets of a topological space.

In our brief overview of metric spaces, (S, p), we defined a closed sub-
set, F', of S as one which contains all its limit points. We then saw
that, in a metric space S, a subset, F, of S is closed if and only if
its complement, S\ F, is open.* Metric spaces were equipped with a
“metric” so that we could discuss the important notions of “conver-
gence of a sequence” and “closed set” in a set S. We now formally
define the analogous notions of “closed subsets in a topological space”.
We will not discuss the concepts of “convergence” and “limit points”
in a topological space immediately. We will be doing an in-depth study
of this topic in a section later in this book.

Definition 3.4 Let F be a subset of a topological space (S, 7). If the com-
plement, S\ F, of F' is an open subset in S, then we say that F' is a closed
subset in S.

The definition of “closed” states that “(S\F' is open) = (F is closed”).
Conversely,

Aisclosed = A=S5)\[5\4]is closed
= [59\A4] is open

We can then actually write

(F is closed) < (S\ F is open)

Suppose (S, 7) is a topological space and .# = {A C S : A is closed in S}.
Then we can define the topology in terms of .% as follows:

r={A:S\Ac F}

3Caution: However, arbitrary unions of topologies may not form a topology on a set.
For example, verify that 71 = {@, S, {b}, {a,b}} and 2 = {@, S, {c}, {a, c}} are two topolo-
gies on S; but their union, 71 U7, is not a topology on S. (Since {a, b, c} & 71 Ue. Verify

this.)

O\F={zxeS:x¢F}
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Theorem 3.5 Let (S, 7) be a topological space and I be any indexing set.
Then,

(a) Both @ and S are closed in S.

(b) If {F;:i € I} is a family of closed subsets of S, then N{F; :i € I} isa
closed subset of S.

(¢) If {F;:i=1,2,3,...,k} is a finite family of closed subsets of S, then
U{F;:i=1,2,3,...,k} is a closed subset of S.

Proof:

a) Since @ is open, then S = S\ & is closed. Since S is open, @ = S\ S
is closed.

b) Let {F; : i € I} be a family of closed subsets of S. Then, for each
i € I, S\ F; is open. Since (by De Morgan’s law)

S\ﬂ{FZZE I} :U{S\FZZE I}

is open (being the union of open sets), then N{F; : ¢ € I} is a closed
subset of S.

c) This part is left as an exercise.

Defining a topology on S in terms of “closed sets”. Suppose we are
given a set S and family, # = {F : FF C S} of elements from Z(S5)
which satisfies the following three conditions:
F1. The sets &, S both belong to .#.
F2. If {F,:ie€l} C %, then N{F;:ie€l} € .%.
F3. If {F; : i =1,2,3,...,k} is a finite subset of .%, then U{F; :
i=1,2,3,...k} € 7.

Then the family, 7 = {S\ F : F € .7}, forms a topology on S.

The proof showing that 7 is a topology is left to the reader. It easily
follows from an application of De Morgan’s law®.

5That is, S\ [UiejFi] = ﬂiGI[S\Fi] and S\ [ﬂiejFi] = UiEI[S\Fi]
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The conditions F1, F2 and F3 described above are referred to as the...

“closed set axioms’

Ezample 5. Suppose S is a non-empty set and
F ={F : F is a finite subset of S} U {@, S}

Then the set .% satisfies the three closed sets axioms F1, F2 and F3.
(Verify this!) Then 7 = {S\F : F' € .#} forms a topology on S. The
elements of 7 are

7={2,S}U{U C S:S\U is finite }
Given a set S, the family of subsets,
7={A:AC S and S\ A is finite } U {9, 2}6

forms a topology of S called the cofinite topology on S or the Zariski
topology on S.

Subspace topology on a subset.

We previously defined the notion of a “metric subspace”, T, as being a
subset of a metric space, (S, p), equipped with the subspace metric, pp.

In the more general case of a topological space, (S, 7), any subset T’
can be declared to be a “topological subspace” provided the reader un-
derstands what topology is defined on T'. Suppose H is a non-empty
subset of a topological space (S, 7). Then H can inherit its topology
from 7, in a natural way, as shown the following theorem.

Theorem 3.6 Let (S, 7) be topological space and H C S.

(a) Let

Ty ={UCH:U=KnNH, forsome K € 7}

Then 7p is a topology on H.

SIf S\U is finite we say U is cofinite.
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(b) Let
Fyg={FCH:F=MnNH where M =S\ K,K € 7}

Then .Zj represents all closed subsets of the topological space (H, 75)

Proof: The proof is left as an exercise.

Definition 3.7 If (S, 7) is topological space and H C S and
tn={UCH:U=KnNH, Kert}

then 7g is called the
subspace topology

or relative topology on H induced by S, or inherited from S. In such a case,
we will say that (H, ) is a subspace of S.

Some subsets of a topological space (S, 7) can be both open and closed.
For example, if (R, 7;) is equipped with the indiscrete topology, 7, =
{@,R}, both @ and R are the only open subsets of R and so both
& and R are the only closed subsets of R. That is, @ and R are si-
multaneously open and closed in R. We consider a less trivial example.

Ezample 6. Let H = [3,5). Consider the subset
T=HU{9}=[3,5)U{9}

of (R,7) where R is equipped with the usual topology, 7. Suppose
the subspace (T, 77) is equipped with the subspace topology inherited
from 7. Now H is a subset of both 7" and R. Since H = T N [2, 6],
then H is closed in T with respect to the subspace topology 7. Since
H =TnN(2,5), then H is open in T' with respect to the subspace topol-
ogy Tr. So the subset, H, is both open and closed in the subspace, T
Note, however, that H is neither open nor closed in S.

A subset T of a topological space (S, 7), which is both open and closed
with respect to the topology 7, is commonly said to be
“clopen in S.”

For example, let (Q, 7g) be the subspace inherited from (R, 7) equipped
with the usual topology. Then the subset, A = (v/2,7)NQ, is clopen
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in (Q, 7g), since both A and Q\ A are open in (Q, 7g).

Question: Are the points of the topological space (Q, 7g) clopen sub-
sets?

Note: Suppose (S, 7) is a topological space which contains the non-
empty subset, (F,7r), equipped with the subspace topology, 7p, in-
herited from S. If one speaks of an open subset, U, of F, it may not
be obvious to the reader whether U € 7 or U € 7. If U € 7, it helps
to be more specific by writing

“U is an S-open subset in F”

and, if U € 7p,
“U is an F-open subset of F”

Question: What if F' is open in S, and U is open in F?7

Other examples.

We provide a few more examples of topological spaces.

Ezample 7. Let S be a set and B C S. Let 75 = {A € Z(S): B C
A} U {@}. That is, the only open subsets of S are those that contain
the set B or one which is the empty set.

(a) Verify that 75 is indeed a topology on S.
(b) Describe the closed subsets of (S, 75).

N

Solution: We are given that B C S and 75 = {A € Z(S5) : B
Al u{o}.

(a) We verify that 75 is a topology on S by confirming that it satisfies
the open set axioms O1, O2 and O3.

— By definition, @ € 7p; also, since B C S, then S € 5.

— Suppose % is a non-empty subset of 7. Then B C U for each
Ue?.SoBCU{U:U€%}. Hence H{U : U € U} € 1p.

— Suppose % is a finite subset of 7. Then B C F for each
FeZ. SoBCn{F:Fe%} Hence {F:F¢c.#}¢c1p.

(b) We now describe the closed subsets of S.

"If F is S-open and U is an F-open subset of F, then U is also S-open. Verify this!
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Suppose A C S. We wish to determine when A is a closed subset of S.
Either ANB=g or ANB # @.

Case 1. If AN B = @, then B C S\ A; this means S\ A is an open
subset of S. We conclude that whenever AN B = @&, A is a closed
subset of S.

Case 2. Suppose AN B # &. We claim that, if AN B # &, then S is
the only closed subset which can contain A.

Proof of claim: Suppose that F is any closed subset of S which con-
tains A. Then S\F is an open subset which contains B or S\F' = @. If
B C S\F then BNF =@. But ANB C AC F. Since ANB # & this
is impossible. So S\F' must be @. So the closed subset F' can only be S.

So the closed subsets of S are the family
F={FCS:FnB=g}U{S}

Remark. Note that the singleton sets of a topological space need not
necessarily be closed subsets. For example suppose that in the previous
example, B = {a,b}. Since {a} N B = {a} # @ and {a} # S then {a}
is not a closed subset of S. Furthermore, since B ¢ {a} then {a} is
not an open subset of S.

Ezample 8. Let (S, 7) be a topological space and suppose B is a fixed
subset of S. Let

B={Aec PS):A=CU(DNB) where C,D € 7}

(a) Verify that 7 is another topology on S.

(b) Is one of the two topologies, 75, T, stronger than the other? Are
these two topologies equivalent topologies?

Solution: We are given that (S, 7) is a topological space and B is a
fixed subset of S.
(a) We begin by showing that 75 satisfies the three open set axioms
01, 02 and O3.
— We know @,S € 7. So we have @ = g U (@ N B) € 75 and
S=SuU(SNB)erp.
— Suppose Z# ={C;U(D;NB) i€ I} C g, where C;, D; € T
for all ¢ € I. Then U;c;C;, and U;cr D; both belong to 7. Then

UICi U (Din B)] = [Uie1Ci] U ([UierDi] N B) € 73
il

Thus 75 is closed under arbitrary unions.
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— Suppose .7 = {C; U(D;NB):i=1,2,....,n} C 7. Then

() [Gu@nB)] = () [(CiUD)N(C;UB)
i=1,..

i=1,....n

N [(Ni=1,..nCi) U B]
= [Ni=1,..2(C;U D) N [(Ni=1,...nCi)]
U [Ni=1,..n(C; U D;) N B
€ 7B

So 7p satisfies the three open set axioms O1, O2 and O3.

(b) We claim that 7 C 75 : See that, if C' € 7, then C = CU(@NB) €
7B, s0 T C 7p. So Tp is a topology on S which is finer (stronger)
than 7.

We claim that these two topologies are not equivalent: Suppose
B¢71,Derand BC D. Then U (DNB) =B ¢ 7. Since
B € 7p, then 75 contains elements which are not in 7. So 7 C 75.

In the above example, we say that “the topology 75 extends T over B”.

Topics: Other distinguished topological subsets.

Besides the fundamental open and closed subsets of a topological space
introduced earlier, there are other subsets defined in terms of open and
closed sets with special properties. Two of these are called G-delta (Gy)
sets and F-sigma (F),) sets. It will be good practice to develop some
familiarity with these now. As well, it allows us to freely refer to these
in various examples, theorems and exercise questions further on.

The G-delta and F-sigma sets in a topological space. We have seen
that arbitrary unions of open subsets of a topological space are open.
However, only the intersection of (at most) finitely many open sets are
guaranteed to be open. Similarly, arbitrary intersections of closed sets
are closed, but the union of (at most) finitely many closed sets are
guaranteed to be closed. The intersection of countably many open sets
and the union of countably many closed sets may not, respectively, be
open and closed, but such sets may still be relevant in our study of
various types of spaces.

Before we continue, we remind the reader that a non-empty set S is
said to be “countable” if it is finite or, in the case where it is infinite,
the elements of S can be indexed by the natural numbers. That is,
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S ={x:i=0,1,2,3,...}. We can also say that the infinite set S
is countable if there exists a function f : N — S mapping the natural
numbers onto S. We now formally define those special subsets of a
topological space we call G-delta’s and F-sigma’s.

Definition 3.8 The sets in a topological space, (.S, 7), which are the inter-
section of at most countably many open sets are called Gs-sets (or simply
Gs). Those sets in S which are the union of at most countably many closed
sets are called F,-sets (or simply Fj). Neither of these special sets need be
open or closed, respectively.

Trivially, if F' is closed in (S,7), then F is an F, and, if U is open,
then U is a Gj.

Ezample 9. If R is equipped with the usual topology, the set T' = [2, 7]
is obviously an F,. It is also a G since

2,77 = N{(2—-1/n,7+1/n):n=1,2,3,...}

So some sets can be both a G5 and an F, with respect to the same
topology 7. The set (2,7] equal to N{(2,74+1/n):n=1,2,3,...} isa
Gs. Since (2,7 =U{[24+1/n,7]: n=1,2,3,...} it is also an Fj.

Ezample 10. On the other hand, suppose (S, 7;) is equipped with the
indiscrete topology, 7; = {@, S}. If T' is a proper non-empty subset of
S, we see that T'Z @ and T # S; so the proper subset, T', is neither a
G5 nor an F, with respect to 7.

Ezample 11. We consider the set of all rationals, O, as a subset of
R equipped with the usual topology. It is known that Q is countably
infinite and so can be expressed in the form Q = {z; : i =1,2,3,...}.
Then Q = U{{z;} : i = 1,2,3,...} where each {z;} is a closed subset
of R. So Q, when viewed as a proper subset of R, is an F,,.%

The following theorem exhibits properties respected by each F, and
G5 and the families of all G§’s and F,’s of a topological space.

8Is Q a G5? Once we have the necessary tools, a bit later on, we will prove that Q is
not a Gjs
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Theorem 3.9 Suppose F' is an F, and G is a Gs in S.

(a)

(b)

The complement of F'in S is a G5 and the complement of G in S is
an Fj.

There exists a sequence, {F; : i = 1,2,3,...}, of closed subsets of S
such that

F,CFi4yforalli=1,2,3,..,and F=U{F;:i=1,2,3,...}

There exists a nonincreasing sequence, {G; : i = 1,2,3,...}, of open
subsets of S such that

Gig1 CGiforalli=1,2,3,..,and G =n{G; :i=1,2,3,..}

Suppose .# denotes the family of all F,’sin S and {F; : i =1,2,3,...}
represents at most countably many elements in .%. Then

WF:i=1,2,3,...} € Z and {F;:i=1,2,3,--- ,k} € .F for any k

Suppose ¢ denotes the family of all Gs’s in S and {G; : i =1,2,3,...}
represents at most countably many elements in ¢. Then

MG :1=1,2,3,..} €94 and U{G; :1=1,2,3,--- ,k} € 4 for any k

Proof: Given: (S,7) be topological space; F' is an F, and G is a G in S.

(a) Suppose F' = U{K; :1=1,2,3,..., where each K; is closed in S}

S\F = S\(U{K:})
— ﬂ{S\Kz} (By De Morgan’s rule)
= a Gg-set

The proof of the second part of (a) follows by a similar applica-
tion of De Morgan’s rule.

(b) The proof is left as an exercise for the reader.
(c) The proof is left as an exercise for the reader.

(d) For countable unions of F,’s:

(o)

U Fuy i=1,2,3,...,} = U{Fuy) : (4,5) € N x N}
j=1
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where N x N is known to be countable.

For finite intersections of F}’s:

k

m[u;il{F(i,j)}] = U {F(le) A---N F(kvjk)}
=1 (j17"'7jk)€NXNX"'XN

where N x N x --- x N is known to be countable.

(e) This part is proved similarly to part (d).

We summarize two of the results in the above theorem:

“The family, %, of all F,’s of a topological space is closed un-
der countable unions and closed under finite intersections.”

“The family, ¢4, of all Gs’s of a topological space is closed un-
der countable intersections and closed under finite unions.”

We will see a bit later that, in certain specific classes of topologi-
cal spaces, F,’s are closed and Gg’s are open. We have to do some
groundwork before we can discuss these.

3.6 Topics: Another distinguished family of subsets.?

Topological spaces each contain a particular family of subsets of Z2(.5)
which play a role in certain fields of study where topology is applied.
Particularly in analysis. Before we formally define it, we begin by
defining a special type of subset of Z(S) called a “o-ring”.

A subset, ', of 2(S) is called a o-ring if:

1) For any A € ', S\A e %
2) Whenever {4; : 1 € N} C %, then U{4; : i e N} € 7.

To summarize, a o-ring is simply a family of sets which is “closed un-
der complements” and “countable unions of its sets”. See that Z(.5)
is itself a o-ring, while 7 is not (since 7, by itself, is not closed under
complements). But 7 may possibly be a proper subset of some o-ring.

9This is a more specialized topic. It can be omitted without loss of continuity.
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The set Z(S) may contain many o-rings.

Given a topological space, (S, 7), we will consider all those o-rings in
P(S), which contain 7. To obtain the unique smallest o-ring, %, in
P(S) that contains 7, we then take the intersection of all o-rings in
Z(S) which contain 7,

B ={H CPS): X is ao-ring,T C H#}

The reader should verify that this “intersection of all o-rings in Z(.5)
which contain 7”7 is itself a o-ring containing 7; we emphasize, that
this intersection is the unique and smallest such o-ring. We have a
name for this particular set.

Definition 3.10 Given a topological space (S, 7), we call the smallest o-
ring, 4, in &(S) which contains 7,...

“the family of Borel sets in S”

Each member, A € 4, is referred to as a Borel set. That is,

{A = “a Borel setin S8” } & {A € A}

Every topological space, S, has its own unique family, 4, of Borel sets.
We identify a Borel set by confirming that it belongs to #. To help us
identify Borel sets we list a few properties of Z. The reader is left to
verify that & ...

— is closed under complements,

— 1is closed under countable unions and countable intersections
— contains all Gs’s and all F,,’s.
The definition of a “Borel set” in S makes it difficult to recognize such

subsets of S. The following theorem is useful when trying to identify
Borel sets.

Theorem 3.11 Let (S, 7) be a topological space. The family, %, of Borel
sets is the unique smallest subfamily of 2(S), that
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(a) contains T,
(b) is closed under complements
(c) is closed under countable unions.
Furthermore, # satisfies the following three properties:
1. % contains all F,’s of S,
2. % is closed under countable intersections,

3. % contains all Gs’s of S.

Proof: Given: (S,7) is a topological space.
Suppose £ is the family of Borel sets in &2(S). By definition, £ is the
intersection of all o-rings that
(a) contain T,
(b) that are closed under complements and
(c) closed under countable unions.

So A is itself the unique smallest o-ring of subsets of .S which satisfies
these three properties.

Since % contains 7, it contains all open subsets of S and since it is
closed under complements, it contains all closed subsets of S. Since it
is closed under countable unions, then it must contain all F,’s. This
establishes property 1.

We now verify that 4 is closed under countable intersections: Let
{4;:1=1,2,3,...} be a countable family of subsets in #. Then

N4, :i=1,2,3,...} = S\S\(N{4;::=1,2,3,...})
= S\US\{4;:1=1,2,3,...}]
S

This establishes property 2.

It then follows that, since Z contains all open sets, it follows from
property two that it must also contain all G5’s of S. This establishes
property 3.
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The above theorem guarantees that every open set, closed set, Gs and
F; in a topological space S can be referred to as a Borel set in S. It
is sometimes difficult to identify subsets of a topological space (S, 7)
which are not Borel sets (with respect to 7). Consider for example,
the topological space (S, 7;) equipped with the indiscrete topology. If
A is a non-empty proper subset of S, then A is not a Borel set since
{@,S} = 7 is the smallest o-ring which contains 7; and does not
contain the element A. On page 71 of this text we provide another
example.

3.7 Free union of topological spaces.

Suppose we are given a family of topological spaces. There is a way
to unite them into one single new larger topological space without al-
tering their individual topology. This is referred to a being the “free
union” of these topological spaces. We define this concept.

Definition 3.12 Let {S; : i € I} be a family of topological spaces. For each
space, S;, we associate a space, S} = {i} x S; in such a way that S’ and
S; are identical except for the fact that {i} x S; has a label i attached to
Si. This is to guarantee that, if ¢ # j, then S} and S} are entirely different
sets and so 57 NS = @. This allows us to view the family, {8 i eI},
as being pairwise disjoint, in the sense that no two spaces have elements in
common. In most cases, the S;’s have no elements in common and, with this
understanding, we can simply ignore the particular notation S} and simply
use S; to represent each set.

We define the free topological union of {S; : i € I},1? as being the topological
space

S = U{SZ 11 € I}

in which
“U is open in S if and only if U N S; is open for each i € 1.”
This topology, thus defined, is referred to as the
disjoint union topology

S:ZSZ»

i€l

When we write

10Some texts may refer to this set as direct sum or free sum or topological direct sum.
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we mean the set “S = U{S; : i € I'} equipped with the direct sum topology”.
If we are speaking of the set S = AU B (with only two sets A and B)
equipped with the direct sum topology we often simply write

S=A+B

Ezample 12. For each real number r > 0, we define g,(z) = rz with
domain (0, c0). For each r > 0, let L, denote the set,

L, = {(J?,yr) CYr = gr(x)v T > 0}

Let
S=U{L,:r>0}

See that the set S is the open first quadrant A = {(z,y): z > 0,y > 0}
of R?2. Equip each L, with the subspace topology inherited from
(R?%, 7). Equip the set S with the direct sum topology, 7p.

By definition, the subset U of S is open with respect to the direct sum
topology if and only if U N L, is open in L,, for each r > 0. If L C S,
for any » > 0, Ly N L, is either & or equal to Li both of which are
open in Li. Then each line L, is open in S.

Since L, is not open in the A with the standard topology 7, 7p Z 7.
If T =S\Ly, TN L, = L,, for each r # k, so T is open in S. Then
L, is clopen in S, for each r. Then S is the pairwise disjoint union of
the family of clopen subsets {L, : 7 > 0} in S. On the other hand, if
B.(a,b) is an open ball in A with the respect to 7, then B.(a,b) N L,
is open in L, for each r, so B:(a,b) is open in S with respect to 7p.
Then 7 C 7p. So 7 is a weaker topology then 7p on A.

3.7 Final remarks on this introductory chapter on topology.

Some readers may wonder, if topological spaces must, by definition,
all satisfy the same three topological axioms O1, O2 and O3, what, in
essence, distinguishes one topological space from an other? It is im-
portant to understand that point-set topology did not emerge from a
vacuum. Topology is defined in reference to “sets”. Sets by themselves
are distinguished from others based on their particular “set-theoretical
properties”. So we can conclude that what distinguishes topological
spaces from each other is how the topological axioms interact with
the particular set-theoretical properties they are acting on. Set-theory
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along with its own family of set-theoretical axioms (ZFC) is the foun-
dation on which point-set topology is built on. This is why it is good to
remember that some occasionally encountered difficulties in the study
of point-set topology are rooted in a shallow understanding of set the-
ory.!!

Concepts review.

1.

10.

11.

12.

13.

Given a set S, what does a topology 7 on S represent? How does one
verify whether a family of subsets is a topology?

. Given an open subset, U, of a topological space, (S, 7), what is the

relationship between U and 77

. What are the three open set axioms of a topological space (S, 7)?

. Given a metric space, (5, p), describe a topology on S which is induced

by p.

. Describe the usual topology on R.

. Given a point, x, in a topological space, (S, 7), what is a neighborhood

of x7

Given two topologies, 71 and 7o, what does it mean to say that 7y is
weaker than 757

. Given two topologies, 7 and 7o, what does it mean to say that 7y is

finer than 757

. Given a non-empty set, S, describe the discrete topology on S.

Given a non-empty set, S, describe the indiscrete topology on S.

Suppose F' is a closed subset of the topological space (S, 7). What is
the relation between F' and 77

What are the three closed set axioms, F1, F2, and F3, of a topological
space (S, 7).

If S is a non-empty set what do we mean by the cofinite or Zariski
topology on S7

"The first few chapters of Set theory, An introduction to aziomatic reasoning by R.
André could serve as a suitable study companion in such cases.
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14.

15.

16.
17.

18.
19.

If T is a subset of the topological space (S, 7) what is the subspace
topology on T'?

Suppose B is a subset of the topological space (S, 7) such that B & 7.
Describe the topology 7p which extends 7 over B?

What does it mean to say that a set is metrizable?

What is a G of a topological space? What is an F, of a topological
space?

Describe the family of Borel sets in a topological space (.5, 7).

Provide a few examples of Borel sets in R equipped with the usual
topology. Is Q a Borel set? Why?

EXERCISES

. Prove the statement in Theorem 3.5.

. Consider the open interval S = (—3,7) in R.

(a) Construct a topology 7 on S which contains five elements.

(b) Consider the subset T' = (—2,4] C S. For the topology 7 con-
structed in part (a), what is the subspace topology 7 on T in-
herited from S.

(c) Are the open subsets of T' necessarily open subsets of S?7

. Consider R equipped with the usual topology 7 (induced by the Euclid-

ian metric). Let (Q, 7g) be the set of all rational numbers equipped
with the subspace topology inherited from R. Consider the subset
T = [-m,m)NQ. Determine whether T is open in Q, closed in @, both
open and closed in Q, or none of these.

. Construct a topology other than the discrete or indiscrete topology on

the set S = {A, 0,O}.

. Let # = {A C R : Ais countable} U {@, R}. Show that .# satisfies

the three conditions F1, F2 and F3 described on page 41. Then use
this to construct a topology on R. (This is referred to as being the
cocountable topology.
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6. Suppose 74 and Tp are two topologies on a set S. Determine whether
74N Tp is a topology on S.

7. If R is equipped with the usual topology and Z represents the set of
all integers determine whether Z is open or closed (or both or neither)
in R.

8. Suppose R is equipped with the usual topology and 7" = [1, 4]U(6, 10) C
R where T is equipped with the subspace topology. Determine whether
[1, 4] is open in T', closed in T" or both open and closed in T'. Determine
whether (6, 10) is open in T, closed in T or both open and closed in
T.
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4 / Set closures, interiors and boundaries.

4.1

Abstract. In this section, we introduce the notions of closure
and interior of subsets of a topological space. The concept of the
boundary of a set is then defined in terms of its interior and clo-
sure. Based on their properties, we derive the “closure axioms”
and “interior axioms”. We then begin viewing closure and inte-
rior of sets as being operators on P (S). From this perspective,
we better see how closure and interior operators on P (S) can be
used to topologize a set, providing examples on how this can be
done.

The closure of a set.

If T'= (2,7] is viewed as a subset of the topological space R (equipped
with the usual topology), we easily see that it is not closed since its
complement, R\T" = (—o0, 2]U(7, c0), is not open in R. And yet we feel
that it wouldn’t take very much for us to “make it closed”: We need
only add the element, 2, to T" to obtain the closed subset T = [2,7].
Adding the fewest number of points possible to a set T to obtain a
closed set is what we will refer to as obtaining the closure of T. The
key words here are “fewest number” of points, and no more. In this
case, we would say that the “closure of T' = (2, 7] is the set T = [2, 7],
the smallest closed subset of R which contains all the elements of T
With this example in mind, we will now formally define a concept
called “closure of a subset”.

Definition 4.1 Let S be a topological space and T" C S. We define the
closure of T in S, denoted by, clgT' (or by clg(T)), as

clgT'=nN{F : Fisclosed in S and T' C F}

The reader should first be aware of the following verifiable facts for
any subset, T', of the topological space S.

1) The closure of T, clgT, is closed in S: This follows from the fact
that arbitrary intersections of closed sets are closed.

2) The setT C clgT": This follows from the definition of closure of 7.
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3) The set, clgT, is the smallest closed set which contains T: Sup-
pose A is a closed set containing 7. Then A € {F': F is closed in
S and T C F'}. Hence clgT C A.

4) If T is closed, then T' = clgT: This is true since T is the smallest
closed set containing 7.

Let A be a subset of a topological space S.

If x is a point in S such that, for every S-open neighborhood U of =,
U N A contains some point other than x, then we say that...

x is a cluster point of A

The set of all cluster points of A is called the derived set of A.
This definition provides us with another way of describing a closed set.

“The set B is closed if and only if it contains all its cluster
points.”

Verification of this fact is left to the reader.

For example, if B = (1,3) U (3,5] U {6} in R, the derived set, (that
is, the set of all cluster points of B) is [1,5]. The element, 6, is not
a cluster point of B since there is an open neighborhood, (5.5,7) of
{6} which does not meet other elements of B. The set B is not closed
since it doesn’t contain the cluster points 1 and 3.

Ezample 1. Let T be the open interval, (0, 1), viewed as a subset of R
equipped with the usual topology. Then clgT = [0, 1]. To prove this
we must show that:

1) [0,1] is closed by showing that R\ [0, 1] is open.

2) {0,1} C A for any closed set A containing the interval (0, 1).

This is left as an exercise.

Ezample 2. If Q is the set of all rational numbers, then clg(Q) = R.
Proof: To prove this we will show that, if F' is a closed subset of R
such that Q C F, then F' = R.

Suppose F' is a closed subset of R such that Q@ C F. Then R\ F is
open. Suppose R\ F' # &. Then R\ F' is the union of open intervals
each of which must contain a rational number. Since Q N (R\ F) # &,
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this contradicts Q C F. Then R\ F = &. This means that the only
closed set containing Q is R. So clz(Q) = R.

Ezample 3. Suppose S is a topological space induced by the metric
p (that is, the elements of 7 are unions of open balls of the form
B.(z) ={y: p(z,y) < €}). Suppose F is a non-empty subset of S. We
define

p(z, F) =1inf {p(z,u) : u € F}

Show that clgF' = {x : p(x, F') = 0}.
Solution: To do this, we must show

1. FCH{z:p(z, F) =0},

2. S\ {z:p(z,F) =0} is open in S,

3. If F C A where A is a closed subset of S, then {z : p(z, F) =
0} C A

The details are left as an exercise.

We now list and prove a few of the most fundamental closure proper-
ties.

Theorem 4.2 Let A and B be two subsets of a topological space (S, 7).
Then,

1) clg(@) = @.
2) If A C B, then clg(A) C clg(B)
3) cls(AUB) = clg(A) U clg(B) (Closure “distributes” over finite unions.)
4) cls(cls(A)) = cls(A)
Proof:

1) Since @ is closed clg(@) C @. Since @ C clg@, then clg(@) = @.

2) We are given that A C B. If F is closed in S and B C F, then
AC BCF. Then

ACN{F:Fisclosedin S and B C F'} = clg(B)
By 1) of the facts above, clg(B) is closed in S and so
clg(A) =nN{F : F is closed in S and A C F} C clg(B)
We have shown that clg(A) C clg(B).
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Since A C AU B and B C AU B, then clg(A) C ¢ls(AU B) and
clg(B) C clg(AU B) (by parts 1) and 2)). So

clg(A)Uclg[B) C clg(AUB)

Since A C clg(A) and B C clg(B), AUB C clg(A)U clg(B), a closed
subset in S. Since clg(A U B) is the smallest closed set containing
AU B, then

Cls(AU B) - Cls(A)U Cls[B)

We conclude that clg(AU B) = clg(A)U clg(B).

By part 1) A C clg(A) C clg(clg(A)). Since clg(A) is closed (see fact
1)), clg(clsg(A)) C clg(A). It then follows that clg(cls(A)) = clg(A).

Ezample 4. Closure does not distribute over intersections. Suppose
A = (2,5) and B = (5,7). Then clg(AN B) = clg(¥) = @. On
the other hand, clg(A4) = [2,5] and clgr(B) = [5,7] hence clg(A)N
clg(B) = {5}. This shows that clg(A) N clg(B) # clg(A N B) may
sometimes occur.

It is however possible to prove that
Cls(Aﬂ B) - Cls(A) N Cls(B)

Proving this is left as an exercise.’

Remark on closures of arbitrary unions. We have seen in Theorem 4.2
that clg(AU B) = clgAU clgB, so the “closure distributes over finite
unions”.

This does not hold true for arbitrary unions. If it is always true that,
for a family of subsets, {A;: i€ I} of S,

U{clgA; i € I} C clg[U{4; i € T}]

it may occur that clg[U{A; : i € I}] is not contained in clg[U{A4; : i €
I}].
Consider, for example, the sets of the form

1 1
A; = (?3] where clpA4; = [2,3]

"However, note that, if A is open in S and W C S, clsW N A C cls(ANW). To

see this, note that, since A is open in S, clsWN A = [clsW\AUcls(WNAJINA=
[clsW\NAN AU [cls(WNA)NA] =2 U[cds(WNA)]NA] Ccls(WNA).
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4.2

for i = 1,2,3,... Verify that U{clr(4;) : i = 1,2,3,...} = (0,3] (left
as an exercise).

Since clg[U{4; : i =1,2,3,...}] = [0, 3] (left as an exercise), then

Ufclr(A;) 1i=1,2,3,..} £ clp[U{A; 11 =1,2,3,.. }]

Note that, under certain specific conditions, it may occur that the “clo-
sure distributes over unions”. For example, a bit later in text, we show
(in Lemma 6.17) that, for any collection, {A; : i € I}, of sets said to
be “locally finite”, U{clgA; : i € I} = clg[U{A4; : i € T}].

Closure viewed as an operator on Z(S).

The closure of a set can be viewed as an action
clg : 2(S) — Z(9)

performed on a set. It takes an arbitrary set, A, and associates to it
another set, clg(A), obtained by adding sufficiently many points (but
no more) so as to produce a “closed set”. It can then be viewed as a
function. With this in mind, we define the Kuratowski closure operator.

Kuratowski closure operator. Suppose S is a non-empty set and K :
P(S) — P(9) is a function which satisfies the four conditions:

Kl. K(@) =@ and A C K(A)

K2. If A C B, then K(A) C K(B)

K3. K(AUB) =K(A)UK(B)

K4. K(K(A))=K(A)
A function, K : Z(S) — Z(S5), satisfying these four properties is
referred to as a Kuratowski closure operator where K1 to K4 are the
Kuratowski closure operator axioms.

Topologizing a set S by using a closure operator. The reader should
notice that, in the above definition, the set .S is not described as being
a “topological space® since no topology is defined on it. It is just a
set. The following theorem shows that, if we are given a Kuratowski
operator, K : Z(S) — 2(S),on Z£(S), then we can use K to generate
a topology, Tk, on S such that

clgA = K(A)

for all A € Z(8S).
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Theorem 4.3 Let S be a set and suppose K : @(S) — P (S) satisfies the
four Kuratowski closure operator axioms. Define % C Z(S) as

={ACS:K(A)=A}
a) Then % is the set of all closed subsets of some topology, 7k, on S, i.e.,
Tk = {S\A: where A€ .7}
b) Furthermore, in (S, 7x), clg(A) = K(A), for any A C S.

Proof: Given: The operator K : Z(S) — £(S). Also, % = {A C S:
K(A) = A}.

a) To prove the statement(a) it will suffice to show that .7 satisfies the
three “closed sets” conditions F1, F2 and F3 on page 41. If so, then we
can define 7 by invoking the statement of the proposition on page 41.

— Note that {@, S} C .#. To see this note that, by K1, S C K(S) C
S = K(S) =S. Both @ and S belong to .#. The set .# satisfies
condition F1.

— Suppose % = {F; :i € I} is an arbitrarily large family of sets in .%.
By K1, "% C K(N%). Also, by K2, K(N%) C K(F;) = F; for each
i€l SoKNZ) C{F,:iel}=n%. Hence K(N%) C N% .
So K(N%) = N% . We then have K(N%) € #. The set .# is then
closed under arbitrary intersections. The set % satisfies condition
F2.

— We now show that % is closed under finite unions. We must show
that, if A and B € .%#, then K(AU B) = AU B. Consider A4, B € .
By K2,

AUB C K(AUB)

AUBCK(A)UK(B) = K(AUB)CK(K(A)UK(B)) x2)
= K(AUB)CK(K(A))UK(K(B)) xs)
= K(AUB)CAUB

(K4.)

We conclude that K(AU B) = K(A) U K(B). The set .# satisfies
condition F3.
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So % is the set of all closed sets in S. This means the topology 75 on S
is

Tk = {S\A: where A C .7}
Hence the set, % = {A C S : K(A) = A}, represents all closed subsets of
S (with respect to 7).

b) We now prove the second statement, clg(A) = K(A).

Let A C (S,7x). Then clg(A) € .F. So K(clg(A)) = clg(A). We claim
that, from this we can obtain clg(A) = K(A).

Proof of claim: Let A C S.

K(K(A) = K(A4) @y
= K(A)eZ
= S\K(A) €
= K(A) is closed with respect to 7x
= cls(A) C K(A) @yx2 ack)
ACclg(A) = K(A) C K(cls(A)) @yxz)
= K(A) Cclg(A) (since K(clg(a)) = clg(a))

We conclude that clg(A) = K(A), as claimed.

We have shown that any Kuratowski closure operator K : Z(S) —
P (S) can be used to construct a topology, 7k, on S in such a way
that, for anyA C S, K(A) = clg(A). We illustrate this in the following

example.
Example 5. We consider the set R?, a set with uncountably many
elements. We define a function K : 2(R?) — 2(R?) as follows:
K(A) = Aif Ais countable
K(A) = R?if Ais uncountable
K@) = o

Show that K is a Kuratowski operator. Then find the topology on R?
induced by the operator K.

Solution. Proving that K satisfies the properties K1 to K4 is routine
and so is left as an exercise. Then, thus defined, K is a Kuratowski
closure operator. By Theorem 4.3, the set

F ={ACR?: K(A) = A} = {A CR?: Ais countable} U {@, R?}
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represents the set of all closed subsets of the topological space (R?, 7x).
We deduce that

i = {B C R? : R?\ B is countable} U {@, R?}

We will refer to 7 in this example as the cocountable topology on R?.

The interior of a set.

Given a non-empty set A the “closure of A” has been defined as being
the intersection of all closed subsets of S which contain A. We now
wish to consider the union of all open subsets of S which are entirely
contained in A.

Definition 4.4 Let A be a non-empty subset of the topological space (S, 7).
We say that a point x is an interior point of A if there exist an open subset,
U, of S such that x € U C A. We define the interior of A, denoted intgA
(or as intg(A)) as follows:

intsA={xe€ S:xe€UC A for some open U in S. }

If A contains no interior points, then we will say that the interior, intgA, of
A is empty.

Clearly intgA C A. For example, if A = (2,4] U {5}, intr A = (2, 3).
The element 5 does not belong to intg A since there is no open interval
U in R such that 5 € U C A. The fact that {5} is open in A is irrele-
vant.

The reader is left to verify that intg A can equivalently be described as
being...

“the largest open subset of S which is entirely contained in A”

The following theorem shows a relationship between the interior and
closure of a set. It also proposes a method to determine the interior of
a set, A, by considering the closure of its complement, S\ A.
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Theorem 4.5 Let (S, 7) be a topological space and A be a subset of S.
Then,
S\intg(A) = clg(S\ A)
Proof: Given: (S, ) is a topological space and A is a subset of S.
Since intg(A) C A, then S\ A C S\intg(A). But S\intg(A) is closed

in S, hence
cls(S\A) C S\intg(A)
Also,
S\ACcls(S\A) = S\(cs(S\4)) €
= S\(clg(S\A ))ClntS(A)
= S\intg(A4) C (cls(S\A))

We thus obtain S\intg(A4) = clg(S\A)

Using this theorem, we let the reader verify that the following three
statements are equivalent:

(A) = S\cls(5\A),
(S\4) = S\cls(A),
(c) cls(4) = S\(ints(S\A4))

(a) 1nt5

Just as for the closure of a set we have four basic similar properties for the
interior of sets.

Theorem 4.6 Let (S, 7) be a topological space and A and B be subsets of
S.

(a) The set, intg(A), is open in S. Also, intg(A) is the largest open subset
of S which is entirely contained in A.

(b) If B C A, then intg(B) C intg(A).
(C) The Set lnts(AﬂB) - lntS(A) n lntS(B) (Intg “distributes” over finite intersections.)

(d) The set intg(intg(A)) = intg(A).



66

Section 4: Set closures, interiors and boundaries.

Proof: The proofs of statements(a), (b) and (d) are left as an exercise.

Proof of intg(A N B) = intg(A)N intg(B):

S\ints(ANB) = clg(S\(ANB))
— ds(($\4)U(S\B)
= clg(S\A)U cls(S\B)
= [9\intg(A)] U [S\intgs(B)]
= S\[intg(A4) Nintg(B)]
=
ints(ANB) = intg(A)Nints(B)

4.4

Ezample 6. Given that R is equipped with the usual topology, what is
intr(Q)?

Solution: We consider the subset, QQ, of all rationals in R. By The-
orem 4.6 part (a), intg(Q) C Q. If intg(Q) is non-empty, it should
be a union of non-empty open intervals. But every open interval in R
contains an irrational; then intr(Q) = @.

Ezample 7. If R is equipped with the usual topology, then intg([0, 1]) =
(0,1).

Ezample 8. The set intgr(AUB) need not be equal to intg(A) U intg(B):
If R is equipped with the usual topology, then
intg ([0,1]U[1,2])=(0,2)

while
intr[0, 1] Uintg[1,2] = (0,1)U(1,2)

The interior viewed as an operator intg : Z(S5) — Z2(9).

Just as for closures of sets we can view “intg” as a function, I : Z(S) —
2(S).
Let S be a non-empty set and I : Z(S) — Z(S) be a function satis-
fying the properties:

. 1(S)=9

12. I(A)C A, for all AC S,
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3. I(I(A))=1(A), for all A C S,
4. I(ANB) = I(A) N I(B), for all A, B € P(8)

The function I : £(S) — (9) satisfying the listed properties is
called an interior operator. We refer to I1 to 14 as being the interior
operator axioms.

Topologizing a set S by using an interior operator. Again, just as for
the closure operator, the definition of the function, I : Z(S) — 2(S),
doesn’t refer to any topology on .S. But we will show that the function,
I, can be used to define a topology on S by choosing appropriate sets
in its range. We desire a topology, 7, such that A is open in § if and
only if A =intgA = I(A).

Theorem 4.7 Let S be a set and suppose I : Z(S) — H(S) satisfies the
four interior operator axioms. Define % C Z(S) as

U ={ACS:I(A)=A4}
Then,

(a) The set % forms a topology on S.

(b) Furthermore, if S is equipped with topology %, intg(A) = I(A), for
any AC S.

Proof: Let S be aset and I : Z(S) — Z(S) be a function satisfying the
four interior operator azioms I1 to 14 listed above. Let % = {A €
P(S): 1(A) = A}

(a) We are required to prove that % forms a topology on S.
We see that:
— By I, I(S) = S, s0 S € %. By 12, I(g) C &. Since
@ C I(@), then I(@) = @ and so @ € %

— Suppose A and B belong to % . By property 14, I(AN B) =
I(A)NI(B) = ANB. So % is closed under finite intersections.

— To show that % 1is closed under arbitrary unions we first
verify that
(ACB)=(I(A)CcIB))

ACB = A=BnA
= I(A)=I(BNA)=I(B)nI(A)
= I(A)C I(B)
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Let {A;}iem be a collection of sets in %. It suffices to show
I(U{Aitiem) = U{Aitiem.

I(A;) CU{I(Ad)Yien = IT(I(Ay)) CI(U{I(A)iem) ®y )
= I(A;) C I(W{I(A)}iem)
= U{I(A:)}iem C T(U{I(A)}iem)

U{I(A;) }ienr so U{I(A;) iems € % .

Then set % satisfies the three open set axioms O1, 02, and O3.
So % 1is a topology on S, as required.

We will denote the topology % on S induced by the operator I,
by 77.

(b) We are now required to show that I(A) = intg(A) with respect
to 77.
Suppose A C S.

By I3, I(I(A)) = I(A), so I(A) € % = 7r; so I(A) is open.
Since, intg(A) is the largest open subset of S contained in A, and
I(A) € A (by 12),

I(A) C intg(A)
Also, see that, since intg(A) € 71 = % and intg(A) C A,

intg(A) = T
c I

(intg(A))

(A) By * above A C B = I1(4) C I(B))
then intg(A) C I(A).

We conclude that I(A) = intg(A).

We provide a few examples.

Ezample 9. Let I : Z(R) — Z(R) be a function defined as

IR) = R
I(A) = A\Q otherwise.

(a) Show that I : Z(R) — Z(R), thus defined, is an interior operator
on Z(R).
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(b) Use the interior operator described in part (a) to define a topology,
77, on R.

(c) For the topology, 77, on R shown in part (b), describe the open
subsets, the closed subsets of R, the closure of sets and the interior
of sets.

(d) A Borel sets example: If .Z represents the set of all closed subsets
with respect to the topology, 77, on R, show that

B=11JF

is the smallest o-ring containing 77 and so is a family of Borel sets.

Solution.

(a) We show I is an interior operator.
1. By definition, I(R) = R so I1 is satisfied.
2. Also, if A#R, I(A) = A\Q C A. So 12 is satisfied.
3. IfA#R

I(I(4)) = I(A\Q
(A\Q\Q
A\Q
= I(4)

So I(I(A)) = A. So I3 is satisfied.

4. If neither A nor B is R,
I(AnB) = (AnB)\Q
= (A\QN(B\Q)
= I(A)NI(B)
So I(ANB) =I(A)NI(B). Then 14 is satisfied.
This means that I : Z(R) — Z(R) is an interior operator.

(b) We now use the interior operator described in part (a) to topolo-
gize R.
Since I : Z(R) — Z(R) has been shown to be an interior oper-
ator, then
1 = {A:I(A)=A4}
— {A:4\Q=A}U{R)
= {A: A does not contain any points of Q} U {R}
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is a topology on R.

For the topology, 77, on R we now describe the open subsets, the
closed subsets of R, the closure of sets and the interior of sets.

Open sets in R. Open sets in R, are R itself and all sets which do
not contain any rationals, including &.

For example, if J is the set of irrationals and r € J, then, since
{r} contains no rationals, {r} is an open singleton set. Also, if
g € Q, R is the only open set containing q. So {¢} is not an open
singleton set.

Closed sets in R. Suppose B is not R. We claim that B is closed
in R with respect to 77 if and only if Q C B:

QS B & R\B=(R\B)\Q
& R\B=I(R\B)
= R\B iS OPe€n (with respect to 77)

= B iS Closed (with respect to 77)

For example, if r € J, since Q € {r}, the singleton set, {r}, is not
a closed set.

Closure of a set. Then taking the closure of a subset A of R comes
down to adding all of Q to A. That is, if A # R, clpA = AUQ.
For example, if ¢ € Q, since clg{q} = Q, {¢} is not closed.

Interior of a set in R. IntrA = AN J. Finding the interior of A
comes down to removing any trace of Q in A.

We are required to show: The set, & = 77 U %, is the smallest
o-ring containing 77 and so is a family of Borel sets of R.

Given: % is the set of all closed subsets in R with respect to ;.
We claim that % is a o-ring.

Closure of B under countable unions. f U € 7y and V € .F, then
UUV € % (since an open subset union a closed subset containing
Q contains Q. So U UV is a closed subset.)

The set .# is closed under countable unions (since closed subsets
are those subsets of R which contain all of QQ, arbitrary unions of
elements of .# are closed with respect to 77). This actually show
that % contains all its F,’s. Since all F,’s are closed, then all
Gs’s are open and so belong to 77.

Trivially, 77 is closed under arbitrary unions and so is closed un-
der countable unions.
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Closure of % under “complements”. Let U € B. If U € 77, then
R\U € Z#. If U € %, then R\U € 7.

So A is a o-ring, as claimed. Since it must contains 7; and all
complements it is the smallest o-ring containing 7;. By definition,
it is a family of Borel sets of R with respect to 77.2

4.5 The boundary of the subset of a space.

We have seen that, for any subset, A, of a topological space (5, 7),
ints(A) C A C clg(A)

Often, clg(A) \ intg(A) # @. We will now briefly discuss those sets
whose points belong to clg(A)\ints(A).

Definition 4.8 Let A be a subset of a topological space (S, 7). We define
the boundary of A, denoted as bdg(A), as

bds(A) = clg(A)\ints(A)?

The expressions, Frg(A4), ds(A), Bdg(A) are also commonly used
to represent the “boundary of A”. It is easily verified that

bdg(A) = clg(A) N clg(S\intgA)

Since the finite intersection of closed sets is closed, we see that the
boundary, bdg(A) of a set A, is always closed. Furthermore, for any
set A in S, both A and S \ A share the same boundary (like adja-
cent neighbours who share the same fence). It is always the case that
intg(A) N bdg(A) = @ and that intg(A), bds(A) and intg(clg(S\ A))
are pairwise disjoint sets whose union is S. The reader is left to verify
this.

*Note that, if T is the closed interval [1, 3] in R, then T' ¢ 71 U.% (since [1, 3] contains
some elements of Q, but does not contain all of Q) and so is not an element of the unique
family, A, of all Borel sets, with respect to 77. We can then refer to it as a “non-Borel
set”.

3The word “Frontier” is also sometimes used instead of “boundary”. When the term
“Frontier of A” is used, it is denoted by FrgA.
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Ezample10. If Q is viewed as a subset of R equipped with the usual
topology, then

bdr(Q) = clr(Q)\ intr(Q)
= R\@
= R

Ezamplell. If B = [0, 1] is a closed interval viewed as a subset of R
equipped with the usual topology, then bdgr(B) = {0,1}. It is left to
the reader to verify this.

Ezample 12. Let B = {(z,y) € R? : 22 + y? < 1} be a subset of R?
equipped with the topology induced by the Euclidean metric. Then

bdgz(B) = clg2(B)\intgz (B) = {(x,y) € R? : 2% + % = 1}
The reader is left to verify the details.
Ezample13. Suppose the set of natural numbers N is equipped with the

cofinite topology.* Let E denote the set of all even natural numbers.
Then

bdn(E) = cly(E)\intn(E)
= N\g
= N

Ezample14. Suppose B = (0,1) U (1,2] viewed as a subset of R
equipped with the usual topology. We compute the boundary to be,

bdR(B) = CIR(B)\intR(B)
= [0,2]\ (0,1)U(1,2)
{0,2}

It is interesting to note that

intg(clp(B)) = intz([0,2])
— (0,2)#B

4The open subsets are those whose complement is finite.
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4.6 On dense subsets of a topological space.

Suppose B and A are subsets of (S, 7) such that A C B and B\ A con-
tains only boundary points of A. When two sets relate to each other
in this way we say that “A is dense in B”. We define this formally.

Definition 4.9 Suppose A and B are subsets in a topological space (S, 7).
If

ACB and B Cclg(A4)
then we will say that
“A is a dense subset of B”

In the case where B = S, then A is dense in S if and only if clgA = S.
If A C S is such that intgclgA = @, then we say that A is nowhere dense in
S.

Ezample 15. Suppose
A={(z,y):2® +y* <1} and B = AU{(0,1),(1,0),(0,-1),(—1,0)}
Since
AC Band B C clgeA={(z,y): 2*>+y* <1}
then A is dense in B.

Ezample 16. A nowhere dense subset. Let A = {6} be a subset of R.
Then clgA = {6} and intgclgA = @. So A is nowhere dense in the
space R.

Another example: The set of all integers, Z, is nowhere dense in R,
since intrclpZ = 9.

Example 17. Verify that the set C' = {(z,y) : 22 + y? = 1} is nowhere
dense in R2.

On countable dense subsets of a space.

The property in the following definition is one which refers to an up-
per bound for the cardinality of a dense subset of a topological space.
Hence, in a way it expresses a restriction on its size.
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Definition 4.10 We will say that a topological space (S, 7) is separable if
and only if S' contains a countable dense subset.

For example, the topological space, (R, 7), equipped with the usual
topology is a separable space since, clgQ = R, and the subset of all
rational numbers is a countable subset of R. Notice how the border of
Q is much larger than Q itself.

We will subdivide the class of all topological spaces into two subclasses:
Those that are separable and those that are not.

4.7 Topic: Regular open sets and regular closed sets.

Suppose A is a non-empty open subset of a topological space (S, 7).
We know that A C clgA is always true. Also, it is always true that, if
A is open, A = intgA C intgclgA (by part (b) of Theorem 4.6). So it
is always true that

AerT = AC intgclgd (1)

One may wonder whether, when A is open, must we have equality be-
tween A and intgclg A. The following simple example will help answer
this question.

Let A = (1,3)U (3,7), an open subset of R. Then, by applying the
above reasoning we have,

A=(1,3)U(3,7) C intrclpA = intgr[1,7] = (1,7)

So in the case where A = (1,7) we do have equality; but if A =
(1,3) U (3,7) we have an open subset, A, such that A # intgclgA.
Then the best we can then do is affirm that, when A is open, A is a
subset of intgclgA. We have a special name for those open subsets
where equality holds.

Definition 4.11 An open subset, A, of a topological space (S, 7) is called
a reqular open subset of S if and only if A = intgclgA. In this book, we
denote the set of all regular open subsets of S by %o(S)
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We know that for an open set A, it is always true that, A C intgclgA.
Then

S\ (intgclgA) € S\A = clg[S\(clsA)]
= clgintg(S\A)

S\ A

-
C S\4
So, it is always true that,

F closed = clgintg(F) C F

Then, if A is regular open, A = intgclgA, so for the complement,
F = S\ A, we can say that

F = clgintg(F)

So F = clgintg(F) if and only if the complement of F' is regular open.

We have a name for the complements of regular open subsets.

Definition 4.12 A closed subset, F, of a topological space (S, 7) is called
a reqular closed subset of S if and only if

F =clgintgF

Hence the regular closed subsets of S are precisely the complements of the
regular open subsets. We denote the set of all regular closed subsets of S by

Ze(S).

Ezample 18. Let S be a topological space and Zo(.S) be the set of all
regular open sets in S.

(a) Verify that Zo(S) is closed under finite intersections but is not
closed under finite unions.

(b) We know that, if A = intgclgA, then A belongs to Zo(S). Sup-
pose A is some non-empty subset of S which does not belong to
J0(S). Verify that intgclg A belongs to Zo(S).

(c) If %(S) denotes the set of all regular closed sets in S, show that
Z#c(S) is closed under finite unions.
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Solution: Given: Zo(S) is the set of all regular open sets in S.

(a) Suppose A and B are open subsets. Then AN B is open. Suppose
A =intgclgA and B = intgclg B. Then

lntSCIS(A n B) g lntS(CISA n CISB) By Theorem 4.6
= intgclgA Nintgclg B
= ANB

Since AN B C intgcls(AN B) and intscls(AN B) € AN B, then
AN B is regular open.

So the family of all regular open sets is closed under finite inter-
sections.

On the other hand, (1,5) and (5,9) are both regular open but
(0,5)U (5,9) is not. So the family of all regular open sets is not
closed under finite unions.

(b) We are given A C S. We are required to show that intgclgA is
regular open. See that

intgclg(intgclgA) C  intgelg(clgA)  (since intgelga C clga)
= intgclgA

Since intgclgA C intgclg(intgclg A), then intgclg A is regular open.

(c) This part is left an exercise.

Ezample 19. Let S be a topological space. Show that, if D is a dense
subset of S and V is an open subset in S then clgV = clg(V N D).

Solution: Since VN D C V then clg(V N D) C clgV. Suppose, on
the other hand, that, = € clgV \clg(V N D). Then, for any S-open
neighborhood U of x, U NV # @&. The open subset U, can also be
chosen so that UNclg(VND) = @. Then UN(VND) = (UNV)ND = @.
Since D is dense in S and U NV N D cannot be empty. We have a
contradiction. So

clgV = Cls(V N D)

Ezample 20. Let S be a topological space. Suppose U, F' are two
subsets of S such that U C F. Verify that clpU = F NclgU. In the
particular case that F' is closed in S verify that clpU = clgU.

Solution: Since clpU C F and clpU C clgU then clpU C FNelgU. If
x € (FNclgU)\clpU, there exists an S-open neighborhood V of z € F
such that V NclgU # @ and V NclpU = @. Then VNU # & and
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V NU = @, a contradiction. So clpU = F NclgU. If F is closed in S
then, F'NclgU = clgU (since clgU C clgF = F). We have verified the
following result:

[U C Fluwea C©S] = [clpU =clgU]

Concepts review.

10.

11.

12.

13.

14.

15.

. Given a topological space (S,7) and T' C S, define the closure, clg(T),

in S, with respect to the topology 7.

. Does clg “distribute” over finite unions? How about finite intersec-

tions?

. List the four Kuratowski closure operator axioms, K1 to K4.

LK P(S) — 2(S) satisfies the four Kuratowski closure operator

axioms describe a topology on S which can be constructed from K.

. Define the cocountable topology on R?. Describe the Kuratowski op-

erator used to develop this topology.

. Given a topological space (S,7) and A C S, define “interior point” of

A with respect to 7. Define the interior, intg(A), of A with respect to
T.

Does intg distribute over finite unions? How about finite intersections?

. State the four interior operator axioms I1 to I4 for I : Z(S) — Z(9).

. Given a set S, describe a topology that can be constructed on S by

using the operator I : Z(S) — Z(S).

Describe the topology induced on R by the operator I(A) = A\Q.
Define the boundary of a set with respect to a topology 7 on S.
Define what we mean when we say that “A is dense in B”.

Define what we mean when we say that “A is nowhere dense in B”.
Define a regular open subset and a regular closed subset of a space.

Show that, for any subset U of S, intgclgU is regular open in S.
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EXERCISES

1.

Let T'= (0, 1), viewed as a subset of R equipped with the usual topol-
ogy. Show that clg(7) = [0, 1]. This is Example 1 on page 58.

. Suppose S is a topological space induced by the metric p (that is,

the elements of 7 are unions of open balls of the form B.(z) = {y :
p(z,y) < e}). Suppose F' is a non-empty subset of S. We define
p(z, F) = inf{p(z,u) : u € F}. Show that clg(F) = {z : p(z, F') = 0}.
This is Example 3 on page 59.

. Consider R equipped with the usual topology 7 (induced by the Euclid-

ian metric). Let (Q, 7g) be the set of all rational numbers equipped
with the subspace topology inherited from R. Consider the subset
T = [-m,m)NQ. Determine whether 7 is open in Q, closed in @, both
open and closed in @Q, or none of these.

. In Example 4 on page 60 it is shown that clg(A)N clg(B) # clg(AN B)

sometimes occurs. Show that clg(AN B) C clg(A)N clg(B) is always
true.

. Let (S, 7) be a topological space and A and B be subsets of S. Show

that:

(a) intg(A) is open in S. Also, intg(A) is the largest open subset of
S which is entirely contained in A.

(b) If B C A, then intg(B) C intg(A).
(c) intg(AN B) = intg(A)N intg(B).
(d) ints(ints(A)) = ints(A).

(This is Theorem 4.6. Part (c) is already proven.)

. Let Sbeaset and I : Z(S5) — Z(S) be an interior operator satisfying

the four conditions I1 to I4 listed on page 66. Show that, if 7 = {4 €
P(S) . I(A) = A}, (S,7) is a topological space such that I(A) =
intg(A) for all A € Z(9).

If B=10,1]is a closed interval viewed as a subset of R equipped with
the usual topology show that bdgr (B) = {0, 1}.

. Let B={(z,y) eR?: 2?2 +y?> < 1,2 > 0} U {(x,y) e R?2: 22 + 92 <

1,2 < 0} be a subset of R? equipped with the topology induced by the
Euclidean metric. Show that

bdgz(B) = clg2(B)\intgz (B) = {(z,y) € R? : 2% + 3> = 1}
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9.

10.

11.

Show that A is both open and closed in the topological space (S, 7) if
and only if bdg(A) is empty.

Let A and B be two subsets of the topological space (.S, 7). Show that,
if bds(A)N bds(B) = @, then intg(A U B) = intg(A) U intg(B).

Let B =1[0,7) U {9} where B is equipped with the subspace topology
inherited from R itself equipped with the usual topology. If A = {0}U
{3} U (5,7), find (i) clp(A), (ii) bdg(A), iii) intg(A).
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5 / Bases of topological spaces.

Abstract. In this section we define a neighborhood system of
x € S with respect to a given topology on S. Given a topology,
T, on S, we define a “base for the topology 7”. We deduce a
set-theoretic property called the “base property” possessed by any
base. Those subsets of Z(S) which satisfy the described property
will be shown to be a base for some topology on S. We intro-
duce the notion of a “subbase for the topology 7”7 by describing
its properties. We then show how to topologize a set both from
a collection of sets which possesses the “base property” and also
from an arbitrary collection of subsets. In the last part of this
section we introduce a miscellany of topological spaces in which
open bases and neighborhood bases play a particularly important
role. The introduction of these spaces this early in the text ex-
plains why it is slightly longer than one might expect. Familiarity
with theses spaces will allow us to more easily refer to these in
vartous chapters later in the text.

5.1 Neighborhoods of points.

It is not always easy to confirm that a given subset, .7, of Z(S) is
a well-defined topology, 7, on a set S. Ultimately, we would prefer a
topology on S to be described in a way that provides some intuitive
idea about what its open subsets are like. In this section we describe
a subfamily, %, of open sets from which every open set in 7 is con-
structed. With this objective in mind, we begin by introducing the
concept of “neighborhoods” of a point in (S, 7).

Definition 5.1 Let (S, 7) be a topological space and x € A C S. We will
say that A is a neighborhood of x with respect to 7 if z € intg(A). For a
given z € S, the set

Uy ={A € 2(S): Ais aneighborhood of =}

is called a meighborhood system of x with respect to T.

A subfamily, 4,, of a neighborhood system, %, such that, for any set,
A € Y, there exists B, € %, such that x € B, C A, is called a

netghborhood base at x
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The elements of a neighborhood base, £, at x, are called basic neighborhoods.
The basic neighborhoods need not be open in the space (S, 7); but if every
element of the neighborhood base, %,., belongs to 7, then we specify this by
declaring %, to be an

open neighborhood base at x

Note that, since the definition of a neighborhood refers to the “inte-
rior” of sets, a neighborhood system is always expressed with respect to
some topology, 7, defined on the set S. Distinguish the two concepts
defined in the above statement. We see that a neighborhood base, %,
at x is a subset of a neighborhood system at x. The set, %,, must
be such that, any open neighborhood of z, contains an element of 4,.
While there can be only one neighborhood system at x we will see that
there can be more than one neighborhood base at this point.

For example, B = [—1,5) U [6, 00) is a neighborhood of 0 with respect
to the usual topology of R. The set

Uy = {U € P(R): 3¢ intp(U)}

is a neighborhood system of 3. If A belongs to %3, the element “3”
must belong to the interior of A in the sense that 3 cannot be sitting
on A’s boundary. For example, [0,4] € %3, but [1,3] ¢ %5. Notice
that, for a given x € S, its neighborhood system, %, with respect to
T is, by definition, unique.

Based on the definition, we can make the following comments about
neighborhoods of a point in a topological space, (S, 7).

— The empty set, &, is not the neighborhood of any point, so & & %,
for any z € S.

— In general, a neighborhood, U, of a point x is not necessarily
open, but it must contain x in its interior, intg(U).

— Ifx € S, then %, is not empty since S is a neighborhood of . If 7
is the indiscrete topology, {&, S}, then S is the only neighborhood
of every point z € S.

— In the metric space (R,7) where 7 is the usual topology, it is
easily verified that both

#1(0) = {(—e,e):e>0}
PB(0) = {[—¢e,e]:e >0}
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satisfy the definition of a neighborhood base at the point 0. The
set %1(0) is specified to be an “open neighborhood base at the
point 07.

The “neighborhood of a point” concept allows us to come up with
another characterization of open sets provided we have predefined “in-
terior of a set”. We propose: “[ Aisopenin S| & [z € A= 3
neighborhood, U,, where z € U, C A |”. This will work since this
would imply that

A = Uzea{intg(Uy) : Uy € %, and U, C A}

Or, we could simply say that “A is open in S provided A contains an
z-neighborhood, U,, for each point x in A”. This definition of “open
set” (in terms of neighborhoods) is equivalent to its formal definition
of “open set”.

For a non-empty set M C S, the “neighborhood of a point” concept
allows us to describe clgM as follows:

cleM = {x € S : every neighborhood of x intersects M}

Clearly, the set on the right side must be a subset of clgM. Also, if
y € M, y clearly must belong to the set on the right-hand side. If
y € clgM\ M then every neighborhood of y must intersect M. So
clgM is a subset of the set on the right-hand side.

A base for a topology.

In our study of normed vector spaces (as well as of metric spaces) we
have seen that, introducing the notion of “open ball, B.(z), center x
with radius €”, led to a convenient way of constructing a subfamily,
By = {B:(x) : € > 0}, of open neighborhoods of a point z. Every open
subset of S can then simply be described as being the union of open
neighborhoods of the form B.(z) contained in the set. The collection
of open sets,
B =U{B;:x €S}

is sufficient to generate all open subsets of S.

Definition 5.2 Let (S, 7) be a topological space. Suppose £ is a subset of
T satisfying the property:
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“For any A € 7, A is the union of elements of a subset, €, of
B.”

We call the subset, 4, a base for open sets or an open base for the topol-

ogy T (often abbreviated by simply saying a base for S). The word basis is

sometimes used instead of “base”.!

The elements of a base are referred to as basic open sets.”
If % is a family of closed subsets of S satisfying the property:

“For any closed subset B in S, B is the intersection of elements
of a subset, €, of F.”

we call the subset, %, a base for closed sets of S.

A base for open sets is generally not unique. Given the topological
space (R, 7), where 7 is the usual topology, both 7 and # = {(a,b) :
a < b} are bases for R.

It is easily verified that ...

If F is a base for closed subsets of S, then the family, A,
of all complements of the elements of F will form a base for
open sets.

How does one go about constructing a useful base for a topology?
A good way to start is to determine some properties possessed by a
known useful open base. The following theorem characterizes a base
for a topology on a set S.

Theorem 5.3 Let (S,7) be a topological space and & C 7. Then the
following are equivalent:

1. The family £ is a base for 7.

2. For any x € S, £ contains an open neighborhood base, 4., of sets at
x.

3. If U € 7 and x € U, there exists B € 4 such that x € B C U.

!Both words “base” and “basis” are commonly used; thus the reader can assume these
have the same meaning.

*Note that, if A = @ € 7, then A is the union of all elements from ¢ = @ = { } C &.
So Z# also generates the empty set.
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Proof: We are given that (S, 7) is a topological space and £ C 7.

(1 = 2) Suppose the set A is a base for a topology 7 on S and x € S.
Let
By ={Be Pz c B}

Suppose A is an open subset of S which contains z. It suffices to show
that 4, contains an open neighborhood U of z such that x € U C A.
By hypothesis and definition 5.2, A = U{B : B € #}. Then, there
exists some B, € % such that x € B, C A. By definition, B, € %,.
So %, is an open neighborhood base of z contained in Z.

(2 = 3) This follows immediately from the definition of “neighborhood
base”.

(3) = (1) Suppose A € 7. If A is empty, then A is the union of all
open sets in @ = { } € #. Suppose = € A. By hypothesis, there exists
B € & such that x € B C A. Then A is the union of sets from #. So
2 is a base for open subsets of S.

5.3

The “base property”.

We have seen how an arbitrary set can be topologized by two differ-
ent techniques. One by using a Kuratowski closure operator, the other
by using an interior operator. These operators must satisfy certain
axioms. If they do, then we can define a particular topology corre-
sponding to the operator. In this section, we will propose two other
methods for topologizing a set. We will first discuss another important
characterization of a base for a topology on a set S.

Theorem 5.4 Let S be a non-empty set and 4 be a non-empty subset of
P(S). The set A is a base for a topology 7 on S if and only if S = U{B :
B € B} and, if v € AN B for some A, B € 4, then there exists C' € % such
that r€e C C AN B.

Proof: We are given that S is a non-empty set and & C Z(S).

(=) Suppose the set £ is a base for a topology, 7, on S. Since S € 7,
and 4 is a base for S, then S = U{B: B € ¢} for some subset, €, of
2. Since U{B: B € #} C S, then S=U{B: B c %}.

Suppose z € AN B for some A,B € #A. Then A,B € 7 and so
AN B € 7. Since AN B is open and (by Theorem 5.3) % contains



Part II: Topological spaces: Fundamental concepts 85

an open neighborhood base, %, there exists B, € %, C % such that
x € B, C ANB. So B, plays the role of C'is the statement, as required.

(<) We are given the non-empty set, S, and the subset, & of Z(S)
which satisfies the two properties: S =U{B: B € #} andifx € ANB
for some A, B € %, then there exists C € & such that x € C C ANB.

Let

T ={ACS: A=U{C:C € €} for some subset ¢ of A}
We are required to show that 7 is a topology on S and that £ is
base for .7. It suffices to show that .7 is a topology on S for, if so, by
definition, 4 is a base for 7.

O1 The set S belongs to .7: Since S = U{B: B € %}, then S € 7.
We claim the set @ belongs to .7: The union of all elements in
GCAisD. Sod e T.

02 Claim: The set .7 is closed under unions. Let {A, :a €'} C 7.
Fora €I, Ay = U{B : B € B, C A}. Then User{An} =
Uaer{Upez,{B}}, a union of elements in #. So Uyer{Aas} € 7.

03 Claim: The set 7 is closed under finite intersections. Let A, C €
7. Tt suffices to show that ANC € 7. Let x € ANC. See that

A=U{B:BeAByC A} and C =U{B:Bec B C A}

There exist By € B4 and Bg € $B¢ such that x € By N Be. By
hypothesis, there exists B, € % such that x € B, C By N Beo C
ANC. Then for every x € AN C there exists B, € 4 such that
x € By CANB. Then AN B = Ugeanc{B:}; 80 ANC € .7, as
required.

So 7 is a topology on S. By definition of .7, every element of .7 is a
union of elements of % so, by definition of “open base”, 4 is base of

T.

The following theorem may also be useful as a tool to topologize a set
by creating a base for closed sets for some topology.

Theorem 5.5 Let S be a non-empty set and % be a non-empty subset of
2(S). Un{F : F € .} = @ and, whenever A,B € .%, AU B is the
intersection of elements in % then the set .% is a base for the closed sets in
S for some topology on S.
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Proof: We are given that S is a non-empty set and . C Z(S5).

We are given that the subset, # of &(5) satisfies the two properties:
{F:F€.7} = and whenever A, B € .%, AU B is the intersection
of elements in .#. Let = {S\F : F € #}.

Since {F': F € F} = & then U{S\F : F € %} = S (for if not, we
easily obtain a contradiction of the hypothesis). So UZ = S.

Suppose A, B € %. Then, by hypothesis, there exists ¥ C % such
that AU B =N%. Then

S\ANS\B = S\[AUB]|
S\[M\C]
= U{S\F:Fec%}

Then there exists F} € € such that S\ F; C S\AN S\B.

By Theorem 5.4, the family of subsets, {S\ F : F' € .Z#}, forms a base
for open subsets for some topology, 7, on S. So .% forms a base for
closed subsets for the topology, 7, on S.

In this text, we will call the special property which is satisfied by
B C P(S) in the statement of Theorem 5.4, the “base property”. We
formally define this below.

Definition 5.6 Let S be a non-empty set and let & be a subset of Z(S).

Base property : The set A satisfies the base property, if S = U{B : B € %}
and, if z € AN B for some A, B € 4, then there exists C' € % such that
reCCANB3

The Theorem 5.4 guarantees that, given any non-empty set S, if a
subset, B, of P(S) satisfies the base property, then A forms a base
for some topology, 7, on S. The family, 7, is made precisely of the
arbitrary unions of the elements of subsets of #. In this case, we say
that & generates the topology 7. The above statement is a powerful
tool for topologizing sets.

3 Note: The set .# which appears in Theorem 5.5 will, more specifically, be referred to

as the base property for closed sets.
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Throughout our study of general topology it will be very useful to have
a variety of examples of topological spaces at hand. The reader is en-
couraged to take note of these, or at least bookmark them, for future
reference in this book. For this purpose, most are given a particular
name so that they can be more easily be referred to in the index. The
following three well-known examples illustrate in detail how the above
result is used to topologize certain subsets of R2.

Ezample 1. Let (S,7) be some topological space. Recall that a Gs-
set is a subset of a space, (S,7) which is a countable intersection of
elements of 7. Let

G ={Ge 2(9):GisaGsset} C 2(S)

(the set of all Gs-sets in a topological space, (S,7)). Note that an
element of ¢ need not necessarily belong to 7. Show that ¢ is an open
base for some topology, 7, on S which is stronger than the topology 7.

Solution: Since every element of 7 is an element of ¢, then S = U{G :
G € ¢}. Suppose A,B € 4 and x € AN B. Then there exist open
subsets, {U; : i € N} and {V; : i € N}, such that A = n{U; : i € N}
and B = N{V; : i € N}. Then

x € (MU;:ieN}) n (N{V;:ieN})
= N{U;NV;:ieN} gy
C ANnB

Since N{U;NV; : i € N} is a Gy, then ¢ satisfies the base property and
so generates a topology, 74 .

We will refer to 7 as the

“Gs-topology generated by T”
Since every open base element of 7 is a G5, 7 C 1%.

Ezample 2. The Moore plane. Also called, Niemytzki’s topology.

Let S = {(x,y) € R? : y > 0}. The set B:(a,b) represents the usual
open ball of center, (a,b), and radius . Let

o = {B:(x0,y0) : o € R,y > 0, and € < yp}
For each z € R and € > 0, let

D.(z,0) = {(x,0)} U B.(z,¢)
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That is, Ds(z,0) is an open ball, B.(x,¢), of radius £ tangent to the
horizontal axis at (x,0) with the point (x,0) attached to it. Let

P ={D:(z,0): 2z € R,e > 0}

Let 8 = o/ UZ. Show that £ is the base for some topology on S.

——

e
7 B
f{a, by 'l
" /
Y
= — _--’/
Pl
/ (c,d) \
\ b,
(0,00 ~ //

(c. )

Figure 2: Diagram: Moore plane

Solution: If we show that % satisfies the “base property”, then £ is
a base which generates a topology, 7, on the half-plane S. It is first
easily seen that S = U{B : B € #}.

We consider case 1: Suppose A, B € & and (x,y) € ANDB where y > 0.
Then the situation is analogous to what occurs in R? with the usual

topology, and so
(x,y) € Bﬁ(xvy) g Am B

for some £ > 0.

We consider case 2: Suppose A, B € £ and (z,0) € AN B. Then A =
{(x,0)}UB., (z,1) and B = {(2,0)}U B, (z, €2). Let e = 1MB{z1.2}
and C = {(x,0)}U B-(x,¢). Then

(z,00e6CCANB

By invoking Theorem 5.4, we conclude that & is a base for a topology,
Ty, on S.

This well-known topological space, (S, Tys), is referred to as the Moore
plane. Some authors also refer to this topology, Tas, on S, as the
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Niemytzki’s tangent disc topology .

The topology Ty is strictly stronger than T, the usual topology. To see
this, let 7 represent the subspace topology on the set .S, inherited from
R? equipped with the usual topology. We verify that 77 is strictly
stronger than 7. Let B(0,0) denote a basic open neighborhood of
the point (0,0) in 737. Then B(0,0) N {(0,0)} = {(0,0)}. The set
B.(0,0) NS is a half-open disc which contains the interval, (—¢,¢),
and so cannot be contained in B(0,0). Then B(0,0) & 7 so Ty € 7.
On the other hand, given (u,0) € B:(0,0) NS one can construct a
neighborhood base element, B(u,0), of radius small enough so that it
is contained in B.(0,0)NS. So 7 C 7.

So the Moore plane topology is strictly stronger than the usual topol-
ogy on S.

Example 3. The radial plane. Consider the set R2. We will equip R?
with what is called the radial plane topology. If (x,y) € R?, we define
a “radial ball centered at (v,y)”, B, in R2, as follows:

The singleton set, {(x,y)}, union the set of all open line seg-
ments originating at (x,y), precisely one in each direction.

The line segments need not be of the same length. For each (z,y), let

By = {B(r,y) : Bz, is a radial ball centered at (z,y)}

Show that the collection, # = U{%(, ) : (7,y) € R2}, forms a valid
base for a topology, 7%, on R%. Then show that the topology, 7*, gen-
erated by 4 is strictly stronger than the usual topology, 7.

Solution: First part: We claim that % satisfies the “open base prop-
erty” and so generates a topology on R?. Clearly, R? = U{B(Ly) :
(z,y) € R?}. Suppose (z,y) € UNV where U, V € B, ). Let Ky be
a line segment in a particular direction originating at (x,y) such that
Ky C U and Ky be a line segment originating at (x,y) pointing in
the same direction as Ky but Ky C V. Let Kyny = Ky N Ky. Then
Kyny is an open line segment originating at (x,y) which is contained
in UN V. This can be repeated for all open lines in all directions
originating at (z,y) to obtain a radial ball, M(,,). So there exists
My y) € PB(sy) such that

(z,y) € M(r,y) cUunv

So A satisfies the open base property.
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Hence, by Theorem 5.4, 4 is an open base which generates a topology
on R?, say 7*. We are done with the first part of the question.

Second part: We claim that the usual topology, 7, is contained in 7*.
Suppose (z,y) € U where U is an open base element of 7 centered at
(z,y). Then U = B.(z,y) for some e. Let (a,b) € B:.(z,y). Then
there exists ¢ > 0 such that Bs(a,b) C B.(z,y). Let V be a set such
that all open line segments originating at (a, b) are of length less than
0/2. Then V € # and V C Bs(a,b) C B.(z,y). So U € 7*. Then
T C 7%, as claimed.

We claim that 7* is strictly stronger than 7. To show this, it suffices to
show that 7 contains an element which does not belong to 7. Consider
the sets U = B1(0,1) and V = B1(0,—1).* Then, if L = {(z,0) : z €
R, |z| < k} the set,

W=UULUV

representing the two balls U and V with a straight horizontal line
through (0,0) added to them does not belong to 7. However, the set
M (0, 0) which has rays emanating from (0, 0), in all directions, each of
which is contained in W is an open neighborhood of (0,0) in 7*. So 7
is a proper subset of 7%, as claimed.

5.4 The subbase of a topology.

We have seen that, when given an arbitrary set S, a subfamily of Z2(S)
which satisfies the “base property” can be used to generate a topology
on S. We shall soon see that any subfamily family of Z(S) can be
used to generate a base which, in turn, will generate a topology, 7, on
S. We will refer to such a family as a “subbase” for 7. Even if this may,
at first, appear to be a very convenient way to generate topologies on
a set, it does make it more difficult to predict, from a subbase, what
the topology generated by such a collection of sets will be like. So, for
this convenience, there is a price to pay. We know that we can obtain
a topology from a collection of sets which satisfies the “base property”
in a single step: base — 7. But to obtain a topology, 7, from a subbase
requires two steps:
subbase — base — T

But the notion of a subbase is nevertheless intriguing enough to inves-
tigate since, if a space is already equipped with a topology, 7, it can be
useful to understand what kind of subbase generates 7. It may allow

“The set B1(0,1) refers to the open ball center (0,1) and radius 1, while B1(0,—1)
refers to the open ball center (0, —1) with radius 1.
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us to dig deeper into the background of 7 to better see why 7 satisfies
certain properties.

Definition 5.7 Let (S, 7) be a topological space. A subbase for the topology
T is a non-empty subfamily, ., of 7 such that the set, %, defined as

B ={B:B=n{U:U € Z#} where .Z is a finite subset of .7}

forms a base for the open sets in 7.

The definition states that, if a base of 7 can be obtained from the set
of all finite intersections of the elements of a collection, .#, then ¥,
is called a subbase of 7. This of course means that every element of a
subbase of T belongs to 7 and so is open.

In the following two examples we are given a particular topology on
a set. For each topological space we identify a subbase for the given
topology.

Ezample 4. A subbase for the usual topology on R. Consider the sets

(a,00) = {reR:a<za}
(—00,b) = {reR:z<b}

and the family
" ={(a,0) :a € R}U{(—00,b): b e R}

We see that . forms a subbase for the usual topology 7 on R since
the set of all finite intersections of elements of . form the set, & =
{(a,b) : a < b}, known to be a base of 7.

Ezample 5. Consider (N, 74) where 74 is the discrete topology (see the
definition on page 39). Then 74 = Z(N).

The set of all singleton sets, # = {{n} : n € N}, forms a base for
74 since every subset of N is the union of elements from some subset
€ C A It

N, = {neN:n<a}
M, = {neN:n>b}
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and
S ={Ny:a e N}U{M,;:beN}

then £ is a subset of the family of finite intersections of elements of
<. So .7 is a subbase for the topology 74 on N.

A subbase as a generator of a topology.

We now show how any non-empty subset, .7, of Z(S) will generate a
topology, 7. on S. This topology, will have . as “subbase”.

Suppose {7; : j € I} represents the class of all topologies on S. Suppose
S is a set and . is a non-empty subset of Z(S). Let,

/:{Tj:jEI,ygTj}

denote all topologies on S which contain .. The set _¢# is non-empty
since it at least contains the discrete topology, 7¢ = Z(S), which, by
definition, contains .. Since the family of all topologies on a set is
closed under intersections (see page 39), (but not necessarily under
unions), then the family

Ty =M{1:j€el,  C1}

is also a topology on S which contains all elements of .. In fact, it
is easily verified that 7., is the smallest possible topology on S which
contains & .

In the following theorem we show that .# is a subbase for the con-
structed topology, 7., on S.

Theorem 5.8 Let S be a non-empty set and . C Z(S). Suppose

T = N{7; : 7 is a topology on S, . C 7;}

Then . is a subbase for 7 on S which contains ..

Proof: Given: ¥ C #(S)and 7, = N{7; : j € I, 7; is a topology on S, .7 C

T j}.
We have already seen that 7., is the smallest topology on S with con-
tains .. Let

B ={B: B =NpeczM where .Z is a finite subset of .7}
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Claim: We claim that £ is a basis for a topology 7 on S.
Note that, the empty set, @, is a finite subset of .. Then

NyeogM ={x € S:x € M forevery M € @} =S

So S € A.

Let A, D € # and & and Z be finite subfamilies of . such that
A=NpyeyM and D = NpsepM. Then &7 U P is a finite subfamily of
.. Suppose £ € AN D. Then

= (NpesM) N (NyreaM) = NyresugM = AN D

IfFE=NyeyugM, x e EC AND.

Then £ is a base for some topology 7 on S, as claimed. Also, . is a
subbase for 7.

Since 7, is the smallest topology which contains ., then 7., C 7. On
the other hand, if U € 7, then U is the union of elements of Z C 7.
So U € 7.. We conclude that 7 C 7,,.

Then 7, = 7 and so .¥ is a subbase of 7.

The above theorem guarantees that any non-empty subset of Z2(S) is
a subbase for some topology on S. We provide the following examples
where this principle is applied.

Ezample 6. Consider the sets

X, = {zeR:a<z}
o = {zeR:2<b}

and the family . = {X, : a € R} U{Y}; : b € R}. We see that the
intersections of finite subsets of .¥ are either @ or can be of the form
(=00, b], (a,00) or (a,b]. These subsets form a subbase for a topology
on R. Note that (—o0,b) = U{(a,b—¢] : a < b—¢,e € (0,1)} and
(c,00) = U{(c,b] : b > c}. Then the set

B ={(a,b] :a <btU{o}

is sufficient to form a base for a topology, 7., on R generated by the
subbase .. This topology is referred to as the

“upper limit topology on R”
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In the same line of thought, we can also topologize R with the following
similar family of subsets of R,

B ={[a,b):a <b}U{D}

The set A is easily seen to satisfy the “base property” and so generates
a topology on R. We refer to this topology as the lower limit topology
and denote it as, 7g. When R is equipped with the lower limit topology,
we refer to (R, 7g) as the

Sorgenfrey line

Sets of the form [a, b) in the Sorgenfrey line are also seen to be closed
with respect to 7g (since R\[a, b) is the union of the two open subsets
U{[b,c):c>b} and U{[c,a—¢):e € (0,1),c < a—¢}). So...

the Sorgenfrey line has an open base made of clopen sets.

We also easily see that every singleton set {b} is closed with respect
to 75 and so every interval of the form [a,b] in (R, 7g) is closed. So R
equipped with the usual topology is strictly weaker then the topology
on the Sorgenfrey line.

Of course, we don’t construct a topology on a space, S, from an ar-
bitrary subset of S just to let it sit there on the table. There is still
some work to do. We must determine some of its properties. This will
come around later in the text.

Ezample 7. Consider the set, . = {[a,b] : a < b}, of all non-empty
closed and bounded intervals in & (R).

We see that . does not satisfy the “base property” (since there does
not exist [z, y] in . such that [z, y] C [a, b]N[b, ¢]) and so cannot form
a base for a topology on R.

However, the theorem guarantees that .% is a subbase for some topol-
ogy on R. Describe this topology.

Solution: We see that non-empty finite intersections of elements of .
are of the form [c, d] where ¢ < d. In particular, [u,z] N [z,v] = {z} is
an open base element for all x € R. So the subbase . will generate
an open base, # = {{z} : x € R}, for the discrete topology, 74.

We see that the subbase, ., holds more sets than is really required to
generate 74. We can reduce its size to

S ={r—1,z]:x e R} U{[z,x + 1] : x € R}
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Since, for each x € R, [z — 1,z] N [z, x + 1] = {x}, .* still generates
Td-

Ezample 8. Consider two topological spaces (S, 7s) and (T, 7r). Using
the sets S and T" we can construct a new set, the Cartesian product
S x T, defined as S x T' = {(z,y) : * € S,y € T}. We can topologize
the set S x T by defining a suitable subbase.

We will proceed as follows. Define the two projection functions 7g :
SxT — Sand np: SxT — T as ng(x,y) = z and np(z,y) = v,
respectively. We will define as subbase for S x T’

S ={rs"(U): U ers}U{r (V):V €rr}

where 7T§1(U) = U x T and 7.'(V) = S x V. By referring to the
principle (A x B) N (C x D) = (ANC) x (BN D) (verify this!), the
basis Z induced by this subbase is of the form

B={UxV:Uecrs,VeErr}

The topology on S x T" whose base is 4 is called the product topology
on S x T. Such topological spaces created by combining known topo-
logical spaces are important and so will be discussed in depth in the
next few chapters.

Equivalent bases. Two bases % and #* are said to be equivalent bases
for a particular set S if they generate the same topology.

Note that the usual basis for R and the basis for the upper limit topology
described in the example above are not equivalent bases since (a, b] does
not belong to the usual topology on R. However, since

(a,0) =U{(a,b—1/n]:n=1,2,3,...} € 1o

, then every base element for the usual topology belongs to 7 and so
... “the usual topology is weaker than 74”.

In the following example, we illustrate a different topology, 7.... on R.
The topological space, (R, T, ), is known as the “scattered line” or the
“discrete irrational extension of R”.

Ezample 9. Consider the real line, R. Let 7 denote the usual topology
on R and J denote the subset of all irrationals. Let

Tscat:{UUV:UETandVgJ}
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Verify that 7., is indeed a topology on R. Find a base for this topology.
Solution. Ol. Since @ € Tand FCJ, T =B UD € Tyny. S0 D E Togns-
Since R = R UJ, then R € 7.

02. Let & = {U; UV :i € I} be a subfamily of 7,.,,. Then

U = UU;UV;:iel}

- U v Uy
iel iel

where (J;c; U € 7 and J;c; Vi € J. So U € Tyus

03. Let 2 = {U; UV, :i =1 to n} be a finite subfamily of 7,.,,. Then

(UruV)N(UauVy) = (UinNUsz) U [(UNVz)u (V1N (UzUVa))]

The right-hand side is an element of 7., (where Uy N Uy € 7 and
(U1NVo) U (V1N (UyUVa)) CJ). Proceeding by finite induction on n,
we conclude O3 is satisfied.

SO Tyeas 18 indeed a topology on R.

Suppose A € 7., contains the rational number ¢. Then A=U UV
for some U € 7 and V C J. Since ¢ is not irrational, ¢ € U. Then
there exists € > 0 such that ¢ € (¢ —¢,q+¢) CU C A. So the family
{(g—€,9+¢) : e >0} forms a neighborhood base for ¢ in 7,....

On the other hand, if r € J, and A € 7., contains r, then {r} =
FU{r} € Tear- So {{r} :r € J} forms a neighborhood base of r.

Then
Hr}:reliu{(g—¢e,q+e):e>0,qcQ}

forms a base for the scattered line.

Topic: Spaces with countable bases.

Some properties of a topological space, S, may depend on the cardinal-
ity of an open base on S. We will see that some spaces have a countable
open base, while others simply have a countable neighborhood base at
each point. It will be useful to discuss these notions as soon as possible
in the text.

Definition 5.9 Let (5, 7) be a topological space. The topological space, S,
is said to be

“first countable”
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if and only if every point, x € S, has a countable neighborhood base, Z%,.
The topological space, S, is said to be

“second countable”

if and only if the smallest of its open bases is a countable base.

The three countability properties of a space. We have discussed a count-
ability property which is indirectly related to the topology of a space
before. Recall (from Definition 4.10) that a space is

“separable”

if it has a countable dense subset. The three properties, separable, first
countable and second countable are often referred to as “the countabil-
ity properties” of a topological space. When exploring an unfamiliar
topological space we usually try to determine immediately which of
these three countability properties (if any) are satisfied in this space.
We begin by discussing in the ways in which these properties relate to
each other.

Theorem 5.10 A second countable topological space is a first countable
space.

Proof: Suppose (S, 7) is a second countable space. Then S has a countable
base, Z. Then, for each z € S, B, = {B € # : x € B} is a neigh-
borhood base at x. Since 4 is countable and %, C %, %, cannot be
uncountable. So (S, 7) is first countable.

The class of all first countable spaces is a subclass of all second count-
able spaces. However, there are some uncountably large topological
spaces which are first countable but not second countable. We illus-
trate such a space in the following example.

Ezample 10. Suppose 7g represents the Sorgenfrey topology on R. (It
is also called the lower limit topology on R; see example on page 93).
Recall that the set # = {[z,y) : =,y € R} is an open base for (R, 7g).
Show that (R, 7g) is first countable but not second countable. Also
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verify that the Sorgenfrey line is separable.

Solution: Since, for each = € R,
By ={lr,z+1/n):n e N\{0}}
is a countable neighborhood base at z. So (R, 7g) is first countable.

The space, (R, 7g) is not second countable: Suppose Z = {[an, by) :
n € N} is a countable set of basic elements. Then, since R is uncount-
able, there exists z € R such that, for all n € N\{0}, z # a,. Then,
for any b > z, [2,b) is not the union of a subfamily of #. So (R, 7g)
does not have a countable base for open set.

So the Sorgenfrey line, (R, 7g), is first countable but not second count-
able. As required

To show that the Sorgenfrey line, (R, 7g), is separable we must show
that it has a countable dense subset. Since, for any z € R, the basic
open neighborhood [z, b) of z contains a rational number, Q is a dense
subset of (R, 7g). Then (R, 7g) is separable.

Metrizable spaces turn out to be first countable spaces. That is, every
point of a metrizable space has a countable neighborhood base. We
have the tools needed to prove this immediately.

Theorem 5.11 Any metrizable space is first countable.

Proof: Suppose (S, 7) is a metrizable space whose open sets are generated

by the metric p. Then the set
By = {Bi/p(x) :n € N,n > 0}

(an open ball center x with radius 1/n) forms a countable neighbor-
hood base at x.

Hence S is a first countable space.

Ezample 11. Since R (equipped with usual topology) is metrizable,
then it is first countable.

Ezample 12. Verify that the space, R, when equipped with the usual
topology, is second countable.
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Solution: We are required to show R has a countable open base.

Suppose U is an open subset of R and x € U. Then there exists an
open interval, B:(x) = (z — &,z + €), such that € B.(x) CU.

We consider two cases.

— If z € Q, then there exists an integer m such that z € Bi (z) C
B.(z) C U. "

— If x is an irrational, we know that there is a sequence of rationals
which converges to x, so we can find a rational y in B L (z), such
that

& € Byjam(y) € Be(x)°

We have just shown that % = {B,,(y) : y,m € Q} forms a base for

the open sets in R. Since Q is countable, then so is Q x Q° so

%] = {Bm(y) : (y,m) € Qx Q} = [Q x Q| =Rg

We have shown that, when equipped with the usual topology, R has a
countable base for open sets.

Example 13. Recall that the radial plane, (R?, 7,), is equipped with
what is called the radial plane topology, 7, (see the example on page 89).
The open sets in the radial plane are defined as follows: the subset U
is an open neighborhood of ¢ if and only if ¢ € U, and U is the union
of a set of open line segments, precisely one in each direction, each one
originating at ¢. It is shown on page 89, that this is a valid topology
and that it is strictly stronger than the usual topology on R2. Verify
that the radial plane is not first countable.

Solution: Let p € R%. Suppose (R?,7,) is first countable. Then p has
a countable open neighborhood base,

B, = {Bi i € N\{0}}

®Choose integer m so that 1/m < e. Choose rational y such that y € By /4m(z) C Be(x).
If uw € Byjam(y), then

|l — ul lz —y+y—ul
lz =yl + [y —ul
1/4m +1/4m

1/2m <1/m<e¢

VANVAN

So x € Byjam(y) € Be(z) CU.
67 Since Q is countable, then so is Q x Q. See R. André, Set theory: An introduction
to Axziomatic Reasoning on cardinalities.
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We will construct an element, V', of 7. which contains p but does not
contain any element of %,,.

For each radial set, B; € %,, let r; be the length of the longest ray
originating at p which appears in B; and |r;| denote its length. We
then inductively construct a sequence of rays, R = {r : i € N\{0}}
each originating at p in the direction of r; and of length

7] = |ri/2]
Since we have only countably many rays the set,

{ri -1 e N\{0}} U {p}

is not yet a complete radial set centered at p. We will add uncountably
many more rays of arbitrary length to the ones we have to obtain a
complete radial open set, V', centered at p. No open neighborhood B;
can be contained in this V' (since the rays become arbitrarily small,
shrinking down to p). So 2, cannot be an open neighborhood base for
p. So p must have an uncountable open neighborhood base.

5.7 Topic: Relating the countable base property with the separable
property.

Recall that in definition 4.10, we defined a separable topological space
as being a space which has a countable dense subset. We saw, for
example, that, since QQ is a countable dense subset of the reals, R is
separable.”

In the following theorem, we see that all second countable spaces are
guaranteed to have a countable dense subset. The proof of this state-
ment follows from a more general result (in part (a) ) which states that,
given any space S with open base, 4, S has a dense subset, D, whose
cardinality, | D/, is less than or equal to the cardinality of 4.

Theorem 5.12 “Second countable = separable” theorem. Suppose £ is an
open base of the space (5, 7s) where | %8| denotes the cardinality of 2.

(a) There exists in S a dense subset, D such that |D| < |4)|.

(b) Any second countable topological space is a separable space.

"Where R is equipped with the usual topology.
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Proof: We are given that 8 = {B; : i € I} is a base such that, if any other
base has cardinality J, J > |I|.

(a) For each i € I, choose x; € B;. (Choice!)® Let D = {z; : i € I}.
Then |D| < |4|.
We claim that D is dense in S: Let U be a non-empty open subset of
S. Then, for x € U there exists B; € & such that z € B; C U. Then
x; € B; CU. Then UND # &. So every open set in .S intersects D.
This means that D is dense in S, as claimed.

Then D is a dense subset of S such that |D| < |I|. Since I is the
smallest indexing set for any open base, then D has a cardinality
which is less than or equal to the cardinality of any base.

(b) It follows immediately from part (a) that “second countable prop-
erty” implies the “separable property”. For, if |%| = Rg, then D is
a countable dense subset of S. So S is separable.

We have just shown that those spaces that have a countable base of
open sets must have a countable dense subset. In general, the converse
does not hold true. That is, there are spaces that have a countable
dense subset which do not have a countable base of open sets. But if S
is a metrizable space, then the converse holds true, as we shall now see.

Theorem 5.13 Separable metrizable spaces are second countable.

Proof: We are given that S is a metrizable separable topological space.
Then there is a metric, p, on S such that the space, S, is equivalent to

(S, p).

Since S is separable, then S has a countable dense subset, D = {z; :
i€ N\{0}}.

For each 7 and n in N\{0} let B(; ,y = B /,(;), be an open ball center
x; and radius 1/n. Consider

B = {B(z,n) ti,n € N\{O}}

For z € S, let U, be an open neighborhood of x. Then there exists,
J € N\{0} such that B, /;(x) C U,. Since D is dense in S, By /;(z) N D
is non-empty. Say,
Tk € BQA(JL‘) NnD
J

8Existence theorems often (but not always) suggest an application of the Axiom of
choice in the proof. Keep an eye open for it.
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Then
x € Bi(xg) CBi(x) CU,
27 j

2

<

Then £ is a countable base for open sets in S. So the separable metric
space, S, is second countable.

The following diagram summarizes the above results.

metrizable + separable metrizable
4 4
second countable = first countable
4
separable

Ezample 14. From the above statements, we have another proof that
the set of all reals equipped with the usual topology is both separable
and second countable.

We can also conclude from the theorem that...
the Sorgenfrey line is not a metrizable space.

Since we have shown in an example above that (R, 7g) is both first
countable and separable. If it was also metrizable then it would have
to be second countable. But we have proven that this is not the case.

5.8 Topic : Hereditary topological properties.

Some properties on spaces are carried over from the whole space to
their subspaces, while others are not. Those properties that do are
called “hereditary properties”.

Definition 5.14 A topological property, say P, of a space (S, ) is said to
be a hereditary topological property provided every subspace, (T, 77), of S
also has P.
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Ezxample 15. Show that metrizability is a hereditary property.

Solution: Suppose (S, 7) is metrizable. Then there exists a metric p
such that (S,7) and (S, p) have the same open sets. Suppose T' C S
has the subspace topology and p; : T' x T' — R is the subspace metric
on T. Then (T,7) and (T, p;) have the same open sets and so T is
metrizable. So subspaces of metrizable spaces are metrizable.

“First countable” is another example of a hereditary topological prop-
erty.

However, the reader may want to verify that, if S is separable and V'
is an open subspace of S, then V is separable. But, in general, separa-
bility is not a hereditary property. (An example supporting this fact
is found later in the book on page 526.%)

We now show that the “second countable” property is hereditary.

Theorem 5.15 Suppose (5, 75) is a second countable topological space.
Then any non-empty subspace of S is also second countable. So “second
countable” is a hereditary property.

Proof: Suppose (S, 7s) has a countable base # = {B; : i € N}. Suppose
(T, 7) is a non-empty subspace of S. Let U be an open subset of T.
Then there exists an open subset U* of S such that U = U* N T.
Then there exists N C N such that U* = U{B; : ¢ € N}. Then
U=U{B;NT :ie N}. So Br ={B;,NT :ic N} is a countable
basis of 1. Hence T inherits the second countable property from its
superset S.

“Separable metrizable” is hereditary.

It is immediately worth noting that the above results allow us to con-
clude that subspaces of separable metrizable spaces are separable. That
is, the “separable metrizable” property is hereditary. To see this, sim-
ply note that, if T is a subspace of the a separable metrizable space
S, then T is metrizable (by the above example). We claim that T
is separable: From Theorem 5.13, the metrizable space, S, must be
second countable. By Theorem 5.15, the second countable property is

9Where it is shown that SN\N is not separable even though 8N is known to be separable.



104 Section 5: Bases of topological spaces.

hereditary. So T must be both metrizable and second countable. Since
second countable spaces are separable (by Theorem 5.12), then T is a
both metrizable and separable.

So, for example, should one want to argue that the irrationals, J
(equipped with the usual topology), forms a separable space, it suf-
fices to justify that R is both metrizable and second countable.

5.9 Topic : Ordinal space.

Ordinal numbers play a useful role in general topology. The particular
topological properties of this “linearly well-ordered” set often serve as
a rich source of counterexamples to certain conjectures. One reason
being that it can be chosen to be as uncountably large as we want.
A second reason is that it is “well-ordered”. Uncountably large well-
ordered sets exist with the assumption of the Well-ordering theorem,
one of the least friendly forms — some might say “one of the least
believable” — forms of the Axiom of choice. Recall that a linearly
ordered set is said to be “well-ordered” if,

“...every non-empty subset contains its least element.”

Many of its properties can appear counter-intuitive, which is why some
shy away from referring to them so as to not alienate some readers.

We state some of the most fundamental facts about ordinal numbers.

We remind ourselves of the definition. An ordinal number is a set
whose elements are themselves sets.! We say that the set, o, is an
ordinal number if it satisfies the two properties:

— If u,v are elements of «, they are themselves “sets of sets” such
that either v € v, v € u, or u = v
— Ifu €wv,and v € o, then u € a.
The elements of an ordinal number, «, are linearly ordered by “€ or

=”. The first countable ordinal numbers are in fact the natural num-
bers. Each ordinal is the set whose elements are all of its predecessors.

0The family of all ordinal numbers is too large to be called a “set”. So we refer to it
as the class of all ordinal numbers.
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%2} =0

{2} = {0}=1

{2,{2}} = {01} =2
{@7{@}7{@7{@}}} = {07172}:3
{@7{@}7{@7{@}}7{@’{@}7{@7{@}}}} = {0717273}:4
nU:{n} : {0,1,2,...,n}=n+1
{0,:1,2,3,...} : w

wU{w} = w+l

See that n + 1 = {0,1,2,3,...,n} is both a subset of n + 2 and an
ordinal contained in the next ordinal, n+2 ={0,1,2,3,...,n,n+ 1}.
Also, see that any n + 1 is both a subset of w and an element of w
(where w is the first countably infinite ordinal).

All elements of an ordinal are themselves ordinals (a statement which
requires proof). Those ordinals that do not contain a maximal ordinal
(such as w, for example) are referred to as limit ordinals. These can also
be recognized by the fact that limit ordinals don’t have an immediate
predecessor. The limit ordinal, w, can be expressed as a half-open
interval,

w = [0,w) = {ordinal o : @ < w}

where “a < w” is interpreted as @ € w. A non-limit ordinal, 6+ 1 =
{0,1,2,..., 3} can be expressed as an interval

ﬁ"i'l:[Ovﬁ]:[ovﬁ"i'l):{a:agﬁ}

where “a < (7 is interpreted as “a € w or a = (7.

In the case of non-limit ordinals, #+ 1 = [0, /],

U (ﬁ + 1) = U[O, /8] = U{OZ e L‘Eor:” /8} = /8
sup (B+ 1) =sup[0,5] = sup{a:a“Ca="p}=0

Limit ordinals are quite different in nature. We can recognize non-zero
limit ordinals by the following characterization. The following three
statements are equivalent:

— The ordinal, v = [0,v) = {a : a € v}, is a limit ordinal.

— For the ordinal 7y, Uy =U[0,v) = 7.

— For the ordinal 7, supy = sup|0,7) = 7.
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From this characterization, we can eventually argue (this is not imme-
diate) that the union of all countable ordinals is the “least uncountable
ordinal” or “first uncountable ordinal” denoted as, wi. The ordinal
w1 U{wr} =wp + 1 is its successor.

5.10 Topic : Topologizing an ordinal set.

We will topologize an initial segment of ordinals, S = [0,w,], (either
with an open or closed right end) by defining an appropriate subbase,
<, which will generate a collection, &, satisfying the “base property”.
The collection, A, will, in turn, generate a topology on S.

Definition 5.16 Let w, be an ordinal and S = [0, w,]| = {ordinals o : o <
Wy}
Suppose 3 and p are both ordinals which belong to S. Let

S, = (pwy={aeS:a>u}
S = [0,8)={aecS:a<f}
The standard subbase of S is defined as,
S = {8, neSYULSs:Be St = {(mw]:peStu{l0.f):GeSs)

This subbase will generate a base, %, which in turn will generate the topol-
ogy, T., of S.

When the space S is equipped with the topology 7., (S, 7,), is referred to
as an
“ordinal space”

The topology that is generated by this subbase is called the

“interval topology on the set of ordinals”

A few facts about an ordinal space. When we say “ordinal space” we
mean a set of ordinals with the topology generated by the described
subbase .. But the best way to memorize the topology of the ordinal
space is to remember what the elements of its base for open sets look
like. Remember that there are two types of ordinals: limit ordinals
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and successor (non-limit) ordinals. Every ordinal number, «, without
exception, has an immediate successor, o + 1, by definition. Some
ordinals, v, have an immediate predecessor, say 3, provided

y=0+1

In this case, sup [0,7) =sup[0,5+ 1) =sup [0, 5] = 6.

While some ordinals, p don’t have an immediate predecessor (limit
ordinal). In this case,

sup {0 :d < pt =supl0, p) = p

So, when we consider the intersection of two elements, (p,w,] and
[0, 3), of the subbase, .#, we get the open-ended interval (u,3). At
this point, we see only two possible cases for 3:

— Case 1 : Suppose [ has an immediate predecessor, say v (because
B =~ +1). In this case, we can express the open base element,
(1, B), as the half-open interval, (p,~].

— Case 2 : Suppose ( doesn’t have an immediate predecessor. Then
B ={0:0 < p}. In this case, we must leave (u, 3) as is.

Another interesting fact to retain: The first uncountable ordinal, wy,
cannot be reached (from below) by any sequence of ordinals. Another
way of expressing this fact is to say

“No countable subset of wy is cofinal.” !

To see this, suppose S is a cofinal subset of w;. Then U{[0,«a) : a €
S} = wy. Since each ordinal « in S is countable, if S is countable then
w1 would have to be countable set, a contradiction.

Ezample 16. Show that the first uncountable limit ordinal, [0,w;) is
dense in wy 4+ 1 (with respect to the ordinal topology).

Solution: Recall that w is a limit ordinal equal to [0, w;), the set of all
countable ordinals. The set w; = [0,w;) does not contain the ordinal
wi. Then w; U{wi} ={0,...,wi} = [0,w;] = w1 + 1. We are required
to show that [0,w;) is a dense proper subset of [0, wy].

Let (u,3) be a basic open neighborhood of w;. Then pu < wy; < 3.
The expression p < wjp is to be interpreted as p € wi. Then, since

A subset S of ws is said to be cofinal if SN (a,w1) # @ for all @ < wi.
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w1 is a limit ordinal, there is an ordinal v such that 4 < v < w;. So
(1, B)Nwy # @. Then wy = [0, w;) isdense in {0, ..., w1} = wiU{w1} =
wi + 1.

Ezample 17. Suppose A and B are two disjoint closed subsets of the
first uncountable limit ordinal, wi. Show that one of these two closed
subsets of w1 must be a bounded subset. That is, at least one of these
two subsets is not cofinal in w;.

Solution: Suppose both A and B are both cofinal and closed. We can
then construct an increasing sequence of ordinals {a,, : n € N} such
that {ap, a2, a4,...} € A and {a1,a3,as,...} € B. Then sup{a, :
n € N} = sup{ag, : n € N} = sup{agn+1 :n € N} =k € [0,w;). Since
A and B are closed then sup{ag, : n € N} € A and sup{ag,41 : n €
N} € B. Then k € AN B contradicting AN B = @.

Topic : On bases generated by regular open sets.

Suppose we are given a topological space (S, 7). Recall that, in 4.11,
we defined:

An open subset, U, of S is called a regular open subset if it
satisfies the property,

U = intgclgU

In the expression, intgclgU, the interior and closure are with respect
to the topology 7 on S. The symbol

J#0(S) ={U € 7:U is regular open}

represents the set of all regular open subsets of S. So %o(S) C 7. But
since Z0(S) is not closed under unions (see the example on page 75),
then it is not, by itself, a topology on S.

Clearly, @ and S belong to Zo(S). On page 75, we showed that Zo(.S)
is closed under finite intersections. Then, if x € S and x € AN B where
{A, B} C %/(S5), since AN B € Z(S), then Zo(S) satisfies the “base
property”. Then, by Theorem 5.4,

Z0(S) is an open base for some topology, say 7s, on S

The elements of Zo(S) are all open with respect to 7 but not all ele-
ments in 7, are necessarily regular open in S. Furthermore, there may
be some open sets in 7 which are not unions of elements in Zo(S) and
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so these are not in 75. So we have possibly distinct topologies, 7, and
7, where,

Ho(S)C1s C T

Note that the topology generated by %o(S) is weaker than 7, but un-
der certain conditions, 7 and 7, may be equivalent topologies.

Definition 5.17 Let (S, 7) be a topological space and 75 denote the topol-
ogy whose base is Zo(S). We have seen that 7, and 7 may be distinct
topologies for the same underlying set, S.

If 75 is a proper subset of 7, the topological space, (S, 7s), is called the
semireqularization of S with respect to T.

If 7 = 75, then we will call (S, 7) a semiregular topological space.'? That is,
a semiregular topological space is a space such that for all U € 7, U is the
union of regular open sets.'3

The semiregularization of, (.S, 7), is akin to running 7 through a strainer
where only the elements of 7, successfully make it through. The reader
should verify that the set of real numbers, R, equipped with the usual
topology is an example of a semiregular topological space. Hence it
is its own semiregularization. We will refer to various properties of
semiregular spaces further on in the text.

Regular open sets as well as reqular closed sets play an important role
in the form of examples found in the chapter titled The Stone space in
the last sections on this book.

5.12 Topic : Spaces with a base of clopen sets.

We now consider the set, Z(S) = {U € £(S) : U is clopen}, of all
clopen sets in the topological space, (S,7). The set %(S) is never
empty since @ and S are elements of that set. Furthermore, if U and
V belong to B(S) and z € U NV, given that U NV also belongs to

12VWe will specify later in this text that, in the literature, semiregular spaces are assumed
to be Hausdorff. But for now this is irrelevant.

13The choice of the name “semiregular space” suggests that we will be introduced to a
“regular space” at some point. This is the case. We will show in chapter 9 that “regular
spaces” (to be defined in that chapter) are semiregular spaces, but there exist semiregular
spaces which are not regular spaces.
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A(S), then B(S) satisfies the “base property”.

This means that %(S) forms a base for some topology, 75, on S. Since
P(S) C 1, then the topology, 7, is weaker than 7, but may, under
certain conditions, be equivalent to it.

Definition 5.18 Let (S, 7) be a topological space. If every point in S has a
neighborhood base of clopen sets the we say that (S, 7) is a zero-dimensional
topological space.

5.13

We have already witnessed an example of a zero-dimensional space.
We have shown above that the Sorgenfrey line is generated by a base
of clopen sets, and so is a zero-dimensional topological space.

Ezxample 18. Consider the subspace, (Q, 7), of rational numbers with
the subspace topology inherited from R, itself equipped with the usual
topology. Verify that (Q, 7) is a zero-dimensional topological space.

Solution: Consider % = {(a,b): a < b, a and b irrationals} C R. It is
easily verified that this forms a base for open sets in R equipped with
the usual topology. Then

Uy={UNQ:U €%} ={(a,b)NQ: a and b irrationals}

It is easily verified that each element of % is clopen in (Q, 7) and that
it forms an open base for (Q, 7). Then % generates the topology, 7.
By definition, (Q, 7) is a zero-dimensional topological space.

This example confirms that there are non-discrete zero-dimensional
spaces.

Topic : A topology on Z, which is neither discrete nor indiscrete.

We now consider a topology on Z which is neither the discrete topol-
ogy nor the indiscrete topology in an example which may present a bit
more of a challenge to the reader.'* The example has a number theo-
retic flavor to it, so students of number theory may find the problem
easier to solve. But, in essence, it is still a topology problem.

144If there is no challenge, then where’s the fun?”
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Ezample 19. For each k € Z and n € N\ {0}, let
Bn,k)={y€eZ:y=mn+k,mecZ}
For example,
B(5,2)={...,(-2)5+2,(—1)5+2,(0)5+2, (1)5+2,(2)5+2,.. .}

Let # = {B(n,k) : k € Z,n € N\{0}}. Show that % forms an open
base for some topology on Z.

The solution is deferred to the Appendix B.

It is a good idea to attempt to solve the problem before glancing at
the proposed solution in the appendix.

Example 20. The 1)-space.

a) Show that N contains an infinite family of infinite subsets such that
any pair of sets in this family has a finite intersection.

b) Let .Z denote the collection of all subsets % of (#(N), C) such that
every element of 4 is infinite and every pair F' and G in &4, F NG

is finite. Show that the family .# has a maximal element, .#, with
respect to “C”.

c) Let v = NU.Z. Then
¥ CNU 2(N)
Let

& ={{D}UD\F:De€ . #,F is a finite subset of D }

Note that, if D € .#, D C N, so {D} € Z(N). Since D\ F C N,
D\ F € Z(N), then
& C P(N)

Let
B={{n}:neN} U &
Since {{n} :n € N} C Z(N), then #Z C Z(N).
Show that Z is an open base for some topology on .

d) Verify that every subset of ¢ is a Gs set. Hence the 1-space is first
countable.
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e) Verify that the i)-space is a separable space.

Solutionto part a):

We inductively construct an infinite family of subsets of N, a family
such that any pair of its elements has finite intersection.

Let (g,0) € N and Do = {x(g)} and let
D ={Anq), Ap)t
be two infinite subsets of N such that

A(l,l) U A(Lg) = N and A(l,l) N A(Lg) = {.Z‘(070}} = DO

Let
Dy =A{xq 1), 20,2} € Z21\D;

where z(; 1) is chosen in A(; 1)\ Do, k = 1,2.

Let
Do = {A(2,1)7 A(2,2)7 A(2,3)7 A(2,22)}

be a set of infinite subsets such that

ApyUApy =Aan\D1 and AN Ag) =1{za1,1)}
Az UApg2)=Aq\D1 and A3y N Apae = {z@q2)}

For k = 1 to 22, choose points T(ok) € A2k \ D1 and define
Dy = {z(2,1), T(2,2, T(2,3)s T(2,22) } © UZ2\ D1

Note that Dy N D = @.

More generally, at the nt" level, let
-@n = {A(n,k) k=1to 2”}

be a family of 2" infinite subsets and choose x(,, 1) € Ay k) \ Dn-1 to
form the set

Dn = {.Z‘(mk) k=1to 2”)} - U-@n\Dn—l

We construct from %, the (n + 1)t level

-@n—i—l = {A(n+1,k) k=1to 2n+1}
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and choose points z(,11k) € A1) \Dn—1 and define
Dn+1 = {x(n-l—l,k) k= 17 27 37 .- '2n+1} - U{-@n-l—l}\Dn

as follows:

For each k =1 to 2", let A(;,41,2k—1) and A, 41 21) be infinite sets such
that

Ams12k-1) Y Amgioe) = Ak \Dno1
Ams1,2k-1) VAmgi2) = AT}

This gives rise to an infinite family of sets
P2 =U{%,:n=0,1,2,3,...}

where D,, C UZ,\D,,—1.

The construction also produces an infinite set of “branches”,
# ={B, : q € J}, of infinite subsets of N, such that, for each ¢ € J,

Bq = {JL‘(mq) n e N}

and
T(ng) € Dn=A{xmmp :k=1,2,3,...,2"}

For any pair, s,t, s # t, the intersection, Bs; N By is finite.

Then % = {B, : ¢ € J} is the infinite family of subsets of N for which
every pair has finite intersection.

Solutionto part b):

We are given that .# denotes the collection of all subsets 2 of the par-
tially ordered set, (#(N), C), such that every element of £ is infinite
and every pair F' and G in 4, F NG is finite. (Ncﬁa that every el-
ement of A belongs to Z(N),so B € Z(#(N).)and .# C Z(Z#(N)).)
We showed in part a) that .% is non-empty. We are required to show

that % has a maximal element with respect to C.

Let € be a chain of elements in .. Let €* = U{%# : & € €}. We
claim that €* is an upper bound of € in .#. Let F,G € €*. Since
the elements of @ are linearly ordered with respect to C, F' and G
belong to some # € €. Then F NG is finite. So €* is an upper
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bound of €. So every chain ¢ in Z has an upper bound ¢* € Z.
By Zorn’s Lemma .% has a maximal element. We will denote it as, .Z.

Then,
... forany Be.F, BC M

To say that .# is “maximal with respect to the given property”, means
that if F is any infinite subset of N, there exists D € .# such that END
is infinite (for if not, then we could increase the set .# by one more
element).

Solutionto part c):
It suffices to show that

B={{n} :neN} U {{D}YUD\F:D € #,F Cap. D}

satisfies the “base property”: We must show that v = U{B : B € %}
and, if x € AN B for some A, B € &, then there exists C' € £ such
that r€e C C AN B.

The set A covers ¢: Let x € v = NU.Z. If x € N, then x € {z} € £.
If e =D € #,then D € {D}UD\F € & Soy CU{B: B € %4},
hence Z covers 1.

Case 1. Suppose A = {n} and B = {n} are both elements of%.
If z € {n} N{m} then

r = n=m

Then there exists {z} € £ such that z € {z} C {n} N{m} = {z}.

Case 2. Suppose A = {n} and B = {D} U D\ F are both elements of
% and z € {n} N [{D}UD\F]. Then z = n and z € D\ F. Then
there exists {z} € % such that x € {n} = {z} C{n} N [{D}UD\F].

Case 3. Suppose A = {D1} U D1\ F; and B = {Ds} U D3\ F; are both
elements of % and

S {Dl}UDl\Fl] N [{DQ}UDQ\FQ]

If x € {D;} then x = Dy. Then x = D; € {Ds}. Hence Dy = D;.
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See that

({D1}UDiI\F1) N ({D1}UDi\F2) = {D1} U [(D1\F1) N (D1\F3)]
= {Dl} @] (Dl\(FlLJFQ)

Then there exists {D1} U (D1\(F1 U Fy) € & such that

S {Dl} U (Dl\(FlLJFQ) C ({Dl}UDl\Fl) n ({Dl}UDl\Fg)

Then % forms an open base for some topology on the set 1 = NU.Z .15

Solutionto part d):

Clearly every point in N is a G§. Suppose D € .. If F is a finite
subset of N and D € .# then {D} = n{{D} UD\F : F Cgp. D}.
So 1 is first countable and every point is a G5. Let K be a subset of
A . Then T'= F UN is an open neighborhood of the set F'. The set
K =n{T\{n}:neN}. So K is a Gs.

Solutionto part e):

See that every basic open neighborhood of an element D in .# inter-
sects N. Then N is dense in . So v is separable.

5The space (1, T) is referred to as a the t-space or the Mrdwka-Isbell space. Note on
interesting facts about 1 in chapters to come. We will see in the example found, later, on
page 421 that v is Hausdorff locally compact and so is completely regular. From that it will
follow that 1 is zero-dimensional. On page 276 we show that the 1-space is not normal.
On page 186 we show that .# is uncountable. The maximality of .# will guarantee that
1 is pseudocompact, as will be shown in the example found on page 399.
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Concepts review.

10.
11.

12.

13.

14.

15.

16.

17.

18.

. Define a neighborhood system of x with respect to 7.
. Define a neighborhood base of x with respect to the topology 7.

. Is @ a neighborhood of a point 7 Is a neighborhood of x necessarily

open?

. Define a base for a topology 7.
. Find a base for the usual topology 7 on R.

. Give a characterization of a base of 7 in terms of “neighborhoods”.

What does it mean to say that a subset &?(.5) satisfies the “base prop-
erty”?

. Describe the Moore plane and the base for its topology.

. Given an arbitrary subset . of Z(S) explain how it can be used to

construct a topology on S.
Define a subbase for a topology.
Describe a subbase for the usual topology on R.

Describe a topology generated by a subbase . in terms of other topolo-
gies on S.

Given two topological spaces S and T" and a Cartesian product S x T'.
Find a useful subbase involving projection maps that can be used to
generate a topology on S x T.

Describe the lower limit topology (or Sorgenfrey topology) on R in
terms of its base and subbase.

Is R with the upper limit topology first countable? Is it second count-
able.

What does it mean to say that two subsets of Z?(S) are equivalent
topologies for the set S.

What can we say about the size of the neighborhood bases at the points
of R with respect to the usual topology?

What can we say about the size of the base of R with respect to the
usual topology?
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19. Define first countable topological space.
20. Define second countable topological space.
21. Is R equipped with the usual topology first countable? What about
second countable?
22. Describe a topological space which is first countable but not second
countable.
23. State a relationship between “second countable” and “separable”.
24. Describe the topology on an ordinal space.
25. Metrizable space are necessarily first countable. Describe a neighbor-
hood base.
26. Describe how the set of regular open subsets can be used to generate
a topology on a space.
27. What does it mean to say that a property is hereditary?
28. Define a semiregular space.
29. Given a topological space, (S,7), what is the semiregularization of
(8,7)7
30. Define a zero-dimensional space. As an example provide a subspace of
R which is zero-dimensional.
EXERCISES
1. Show that, if F' is a closed subset of the topological space (S, 7) and
x ¢ F, then x has a neighborhood which does not intersect F'.
2. Let ¥ = (a,b) € R? equipped with the usual (Euclidean) topology. For
each ¢ € R, let Bz(q) = {(z,y) : max{|a —z|, |b—y|} < ¢}. Show that
Bz ={Bz(q) : ¢ € R,q > 0} forms a neighborhood base at Z.
3. Suppose 11 and 79 are two topologies on the set S with respective bases

P and HBy. Show that m C 7o if and only if whenever x € B; there
exists By € %y such that x € By C Bj.



118

Section 5: Bases of topological spaces.

. Let A and B be two infinite sets each equipped with the cofinite topol-

ogy. Describe a basis of A x B equipped with the product topology.

. Let (S,7) be a topological space with base #. If A C S, show that

PBs={BNA:Bec A} is a base for the open sets of A.

. Let (S, 7g) and (T, 77) be two first countable topological spaces. Show

that S x T equipped with the product topology is first countable.

Prove that, if (A, 71) is a subspace of (B, 72) and (B, 72) is a subspace
of (C,13), then (A, 1) is a subspace of (C, 73).
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6 / Continuity on topological spaces.

6.1

Abstract. In this section we formally define the notion of a con-
tinuous function mapping one topological space into another. We
discuss various characterizations of these. An important subclass
of continuous functions is the one called “homeomorphisms”. We
will see why these are fundamental in the study of topological
spaces.

Basic notions and notation associated to functions mapping sets
to sets.

We begin by establishing the notation and terminology we will use in
our discussion of functions. Suppose f : S — T is a well-defined func-
tion mapping a topological space, S, into another topological space,
T. For f: S — T the expressions, “f is one-to-one and onto” and “f
is a bijection between S and T” are simply different ways of conveying
the same idea.

The function, f : S — T, induces another function, f : 2(S) — 2(T),
where

flAl={yeT:y= f(x) for some z € A C S}

Essentially, f[A] is the image of the set A under the function f : S — T,
The function f : S — T also induces the function f~ : Z(T) — Z(95)
where

fT[B] ={z €S : where f(z) € B}

We can also say that, if f~[B] = D, then D is the “inverse image”
or “pre-image” of B under f, or that the function f— “pulls back”
the set B onto the set D inside the domain S of f. In the case where
" [{y}] = {=}, if there is no risk of confusion, we will simply write
f~(y) = z.! In the case where f : S — T is one-to-one and onto T,
then f can itself be seen as a well-defined function, f : T'— S, and
so we can write “f(x) = y if and only if f(y) = «” (without using
the square brackets).

In this book, if f : S — R is a function and 0 ¢ f[S], f~! will be
interpreted as follows:

'Note that f need not be one-to-one on all of the domain in order for us to speak of
f7 in this way.
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In the following theorem statement, we review some basic principles
on how functions act on sets. In particular, we are reminded of the
following three principles:

1) A function “respects arbitrary unions of sets”.

2) If a function is one-to-one it will “respect arbitrary intersections”.
Otherwise, a function “does mot always respect intersections of
sets”.

3) An inverse function “always respects unions, intersections
’ ) )
and complements of sets”.

Theorem 6.1 Let f : A — B be a function mapping the set A to the set B.
Let o7 be a set of subsets of A and % be a set of subsets of B. Let D C A
and F C B. Then:

(a) f [USe,Q/ S} = Usew f195]

(b) f [ﬂSeQ/ S] C Ngey f[S] where equality holds true only if f is one-
to-one.

(c) fIA\D] C B\ f[D]. Equality holds true only if f is one-to-one and
onto B.

(d) 7 [UsewS] =Usesn f19]

(@) f~ [NsexS] =Nsen f 18]
f) f7[B\E]=A\f" [E]

Proof:

(a) xef[US] & x:f(y)forsomeyEUS
Seo Sed
< = = f(y) for some y in some S € &

x = f(y) € f[S] for some S € &7
& we | fI9)

Seof

i3
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(b) It will be helpful to first prove this statement for the intersection
of only two sets U and V. The use of a Venn diagram will also
help visualize what is happening.

So we first prove the statement: f[U N V] C f[U] N f[V] with
equality only if f is one-to-one on U U V.

Case 1: We consider the case where UNV = @.
@ C flU] N f[V]. So the statement holds true.

Case 2: We now consider the case where U NV # &.

Then f[UNV] =

zeflUNV] & z=

=
=
=

We now show that,

X

fly) for some y e UNV
= f(y) for some y contained in both U and V'
= [(

y) € f[U] and f[V]

ef[U] fIV]

if f is one-to-one on UUV, then f[U]Nf[V] C

flUNV] and so equality holds true.

— Suppose z = f(y) € f[U]N f[V]. Then there exist u € U and
v € V such that f(u) = f(v) = f(y). Since f is one-to-one,
u = v = y. This implies y € U NV. Hence, f[UNV] =

fIUIn fIV].

The proof of the general statement is left as an exercise.

(c) Proof is left as an exercise.

(d) xef_[U S]

Se#

4

i3

Thus, £~ (Uses 9)

(e) Proof is left as an exercise.

Tr = f(y) for some IS U S (By definition of f*.)
Se#
x = f(y) for some y in some S € B

z € fT{y}] C f7[S5] for some S € #

ze | J 18]

Se#

= Usen [~ (9).

(f) Proof is left as an exercise.




122

6.2

Section 6: Continuity on topological spaces

Continuous functions on topological spaces.

Given two topological spaces, (S, 7s) and (T, 77), we will discuss var-
ious types of functions, f : S — T, which map S into T". The reader
is already familiar with those functions called “continuous functions”
mapping R to R. We will generalize this notion of continuity to topo-
logical spaces.

Our formal definition of a continuous function mapping a topological
space into another is presented below. Those readers who are familiar
with the “epsilon-delta” definition of a continuous function (normally
presented in any Introduction to analysis course) will notice the ana-
lytical approach cannot be used in topology since topological spaces, in
their most rudimentary form are not equipped with distance functions
such as absolute values, norms or metrics.

Definition 6.2 Let f : S — T be a function mapping (5, 75) into (7', 7).

(a)

We say that
“f S8 — T is continuous on S”

if, for any open subset U in T, f<[U] is open in S.
If x € S, we will say that

“f is continuous at the point x”

if, for any neighborhood, U, of f(z) (inside T') there exists a neighbor-
hood V' of z such that f(x) € f[V] CU.

So a function f : S — T is continuous if f pulls back open sets in T’
to open sets in S”.

The above definition has two parts to it. The first describes continuity
of f on a set, while the second describes continuity of f at a point z.
Clearly, we cannot apply the first definition to determine continuity of
f at a point. But a set A is simply a collection of points. If a function
f can be shown to be continuous at every point x in a set A we would
hope that we would obtain continuity on the set as defined in part (a).
The next theorem confirms that this is the case.
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Theorem 6.3 Let (S, 75) and (T, 77) be two topological spaces and f : S —
T be a function. Then f is continuous on S if and only if f is continuous at
every point of S.

Proof :

(=) Suppose f is continuous on S, x € S and y = f(z) € f[S]. We
are required to show that f is continuous at the point x.

Suppose U is a neighborhood of y. By definition of continuity on a
set, f<[intrU] is an open neighborhood of x € f~[{y}] C f[intrU]
in S. By definition of neighborhood, there exists an open set, V C
f[intpU], such that x € V. Then y = f(x) € f[V] CU. So we have
found the required neighborhood, V', of x. So f is continuous at the
point x.

(<) Suppose that f is continuous at every point of S. Let U be a
non-empty open subset of f[S] C T. We are required to show that
f[U] is open in S.

Let x € f~[U]. Then f(z) € U. Since f is continuous at x, then
there exists a neighborhood V' of x such that f[V] C U. Now z €
intrV C f[f[V]] € f7[U]. Then f[U] is an open subset of S. So
f is continuous on S.

There are other ways of recognizing those functions which are contin-
uous on a set. For example, if f: S — T satisfies the property,

“f[F] is closed in S whenever F' is closed in T

then, when U is open in T', S\ f~[U] = f[T\U] is closed in S. Then
f[U] is open in S and so f is continuous on S. The reader is left to
verify that the converse also holds true.

Other useful characterizations of continuity on a topological space are
given below.

Theorem 6.4 Let (S, 75) and (T, 77) be two topological spaces and f : S —
T be a function.

(a) The function f is continuous on S if and only if f pulls back subbase
elements of the topological space T to open sets in 5.2

2That is, f~[B] is open in S whenever B is a subbase element of 7.
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(b) The function f is continuous on S if and only if f pulls back open base
elements of the topological space T to open sets in S.3

(¢) The function f is continuous on S if and only if, for any subset U of
S,
flelsU] C clr fU]

Proof: The proofs of parts (a) and (b) are left as an exercise.

¢) (=) Suppose f is continuous on S. To show that flclsU] C clp f[U]
it will suffice to show that = & clp f[U] implies = & f[clsU].

Suppose z & clpf[U]. Then there musts exist an open V in 7' such
that € V. C T\ clpf[U]. Then f~(z) C f—[V] C S\U. By con-
tinuity of f, f~[V] is open in S and so clgU N fT[V] = @. Then
fIf=@)] ==z ¢ flelsU]. So flclsU] C clp f[U].

The proof of ( < ) is left as an exercise.

Suppose A is a subspace of the topological space, (S, 7), equipped with
the subspace topology, 74. Suppose f : S — T is known to be con-
tinuous on its domain. Then, when f is restricted to f|4 on A, f|a
preserves the continuity property on A. This is confirmed by the fol-
lowing theorem statement.

Theorem 6.5 Let (S, 75), (T, 7r) and (Z, 7,) be topological spaces.

(a) f f: S — T and g : T — Z are both continuous on their domains,
then go f : S — Z is continuous on S. (That is, the composition of
continuous functions is continuous.)

(b) Suppose f : S — T is a continuous function on S and A C S. Let
fla : A — T denote the restriction of f to the subset A. Then f|4 is
continuous on A.

Proof :
(a) The proof of this part is left as an exercise.

3That is, f~[B] is open in S whenever B is a base element of 7.
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(b) Let U be an open subset of f[A] with respect to the subspace
topology 7¢(4) in 7. Then there exists U* € 7, such that U = U*N f[A].
Now

ze flalU] = {z€A:f(zx)eU}
= zef{zeS:fx)eU'}INA
= ze fTUINA

Since f is continuous on S, f[U*] N A is an open subset of A with
respect to the subspace topology. So f|%[U] is open in A.

We have seen that continuous functions are those functions which “pull
back” open sets to open sets, or, equivalently, “pull back” closed sets
to closed sets. We will encounter at least two other similar types of
functions, which are not necessarily continuous.

Definition 6.6 Let f : S — T be a function mapping the topological space,
(S, 7s), onto the space, (T, 77). We say that f: S — T is an open function
on S, if, for any open subset U of S, f[U] is open in f[S]. We say that
f:S —Tis a closed function on S, if, for any closed subset F' of S, f[F] is
closed in f[9].%

The reader should be alerted to the fact that an open function need
not be a continuous function; similarly, a closed function need not be
continuous. Also, we caution the reader by pointing out that, even
if f:S5 — T is an open function, it does not necessarily follow that
f~ :T — S is a continuous function on 7. (See one of the examples
that will follow.) However, for one-to-one functions f, “f is closed if
and only if f is open” is true, as we shall now prove.

Suppose f : S — T is one-to-one and onto T. Then f is an open
function if and only if f is a closed function. To see this, suppose
f S — T is a one-to-one and onto open function. We are required

“Whether the function f : § — T is open or closed depends on the topology defined on
S and 7.
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to show that f is also a closed function. Let F' be a closed subset
of S. Then U = S\ F' is open in S and so f[U] is open in 7. Then

U] = [fIS\F]
= fIS]\f[F] (Since f is one-to-ome.)
= T\f[F]

Since T'\ f[F] is open in T, then f[F] is closed in T. We conclude
that f is a closed function, as required. Proof of the converse is left
to the reader.

Ezample 1. Suppose (R, 7) denotes the real line with the usual topol-
ogy, 7, and (R, 75) denotes the real line with the upper limit topology,
TS.

Let i : (R, 7) — (R, 75) denote the identity map, i(x) = z. Verify that
this identity map is open on (R, 7) but is not continuous on its domain.

Solution: Since the function i(x) = z maps the open base element,
(a,b), of T to the open set (a,b) € 75 (as we have seen earlier, 7 C 7y),
then ¢ maps open sets to open sets hence, 7 is an open function. But
(a,b] & 7. Soi"[(a,b]] = (a,b] & 7. So the open identity map i is not
continuous on R with respect to 7.

This example illustrates that, if the codomain has more open sets, then
the domain, then the identity function will not pass the test of conti-
nuity.

Example 2. Let (R?,7) be equipped with the usual topology. Suppose
the open ball center (0, 0) of radius 1,

B={(z,y) eR?: 2? +9* <1}

is equipped with the subspace topology, 75. We define the function
f: B — R? as follows:

flz,y) = (2,9)

If U is an open subset of B, then f[U] = U N B an open subset of R.
So f is an open map. But f is not a closed map. To see this note that
B is a closed subset of itself with respect to 75. On the other hand,
f[B] = B is not closed in the codomain R

If f is one-to-one and onto, we arrive at a different conclusion, as we
shall now see.



Part II: Topological spaces: Fundamental concepts 127

Theorem 6.7 Let (S,75) and (7T, 77) be topological spaces. For a one-to-
one and onto continuous function f: 5 — T,

7 :T — S is continuous & f:S — T is open

Proof: The proof is left as an exercise.

6.3 Homeomorphic topological spaces.

For a continuous function, f : S — T, its inverse function, f~ : T — 5,
may, or may not, be continuous, even if f is one-to-one. Those one-
to-one continuous functions f : S — T where f~ is continuous on
f[S] € T are fundamental in the study of topology. They have a spe-
cial name.

Definition 6.8 Let (S, 75) and (T, 71) be topological spaces and f: S — T
be a function. If f simultaneously satisfies all three of the following condi-
tions,

1. f is one-to-one on S and onto T’
2. f is continuous on S
3. f< is continuous on T’

then the function, f, is called a homeomorphism from S ontoT. If f : S — T
is a homeomorphism, then S and T are said to be homeomorphic topological
spaces, or f is said to map S homeomorphically onto T'.

Ezample 3. Let the open interval, S = (—7n/2,7/2), be equipped
with the usual subspace topology. The one-to-one and onto function,
tan : S — R, is well-known to be continuous on its domain, .S. Simi-
larly its inverse (arctan), tan™ : R — S, is continuous on its domain,
R. By definition, tan is a homeomorphism. We can then say that
S = (—m/2,7/2) and R are homeomorphic topological spaces. In fact,
as we shall see, any non-empty open interval of R is homeomorphic to
R.
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Theorem 6.9 Let (S,75) and (T, 7;) be topological spaces. Suppose f :
S — T is one-to-one and onto S. The following are equivalent:

1. The function f is a homeomorphism.

2. The function f is both continuous and open.

3. The function f is both continuous and closed.

Proof: The proof follows from the statement in Theorem 6.7. It is left as

an exercise.

When the function f : S — T is one-to-one and open but is not onto
T, the pair S and T cannot be said to be homeomorphic spaces. In
this case S is homeomorphic to the proper subspace, f[S], of T. We
often express this situation by saying that “f embeds S in 7”7. We
define this formally.

Embeddings. Let (S, 7s) and (T, 77) be topological spaces and f : S —
T be a function mapping S to a proper subset of T'. If the function
f:S — f[S] C T is a homeomorphism, then we say that

“f embeds S into T”

or, simply that “f is an embedding’'. When the specific homeomor-
phism in question is not explicitly described, we might simply say that

“T" contains a homeomorphic copy of S”

For example, the function, f = %arctan, embeds R into [—1, 1] since
f[R] = (_17 1) - [_17 1]

This homeomorphic copy is, of course, the image of the hypothesized
homeomorphism.

Also, note that, if f: S — T embeds S into T, then f— : f[S] — S is
also a homeomorphism. In general, we can say that

'Some authors use the spelling “imbeds” rather than “embeds”, which is also correct.
One should be careful on how one uses the word “embed”. For example, suppose f : S — T
embeds S into T and g : T — S embeds T into S, can we conclude that S and T are
homeomorphic spaces? Consider the functions f(xz) = x/2 and the function g(x) = = and
the sets S = (0,1) and T = (0,1/2) U (1/2,1). Verify that f embeds S into T and that g
embeds T into S. Are S and T" homeomorphic?
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... “the function, f : S — T, is a homeomorphism if and
only if there is a continuous map g : T — S such that gof
and fog are the identity map on S and T, respectively.

We have seen that, if f: S — T is a homeomorphism between the two
topological spaces (S, 75) and (7', 77), the one-to-one function, f, maps
each open base element in 74 to a unique set in 7,, and vice-versa.
Since f is one-to-one it respects both arbitrary unions and arbitrary
intersections; then every element of 74 will be paired, under f, to ex-
actly one element in 7. This suggests that some properties in S which
involve open sets will be “mirrored” inside 7. We will refer to such
properties as “topological properties”. We formally define this notion.

Definition 6.10 Suppose P is a property which is satisfied on a topological
space S. If P is satisfied in any homeomorphic copy of S, then P is called a
topological property or a topological invariant.

If f: 5 — T is a homeomorphism and P is known to be a topological
property, then, by definition,

P is satisfied in f[S] if and only if P is satisfied in S

Ezample 4. Recall that in a metric space, (5, p), a sequence, {z,, :
n € N}, is referred to as being a Cauchy sequence if and only if,
for every € > 0, there exists N such that whenever n,m > N, then
p(Tn, xm) < €. Being a “Cauchy sequence” in a metric space is a
property which does not translate easily to a topological space. To
see this consider the continuous function g(z) = 1/x on R\ {0}. The
function ¢ maps R\ {0} homeomorphically onto itself. The sequence
T={1,1/2,1/3,...,} is a Cauchy sequence in the domain of g. But
g[T] ={1,2,3,...,} is not Cauchy in the image of g in R\{0}. °

Ezample 5. Consider the following property, P, on a space S: “Every
real-valued continuous function on S assumes its maximum value on
S” Verify that P is a topological property.

Solution: The negation, =P, of the property P is: “There is a con-
tinuous real-valued function on S which does not attain its maximum

SWe will eventually see that the notion of uniform continuity of a function on a subset
of a metric space also does not translate automatically to a topological space.
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value in S”. We will show that =P is a topological property. The
desired result will follow.

Suppose S is a space which satisfies =P. Then there exists a continuous
function,

f:9—=R
which does not attain its maximum value in S.

Let h : S — T be a homeomorphism mapping S onto 7. We claim
that T also satisfies —P.

Proof of claim: Consider the continuous function, foh™ : T — R.
If b € T, then h~(b) € S. Then, by hypothesis, there must exist
a € S such that f(a) > (foh™)(b). Note that (foh™)(h(a)) = f(a) >
(foh™)(b). Thus foh™ does not assume a maximum value on 7. Then
T also satisfies =P, as claimed.

We conclude that S satisfies =P if and only if T' satisfies =P. Then
S satisfies P if and only if T" satisfies P. So P is a topological property.

It is interesting to note that the closed interval [0, 1] cannot be homeo-
morphic to R since elementary calculus shows that [0, 1] satisfies prop-
erty P and R does not.

Continuity and countability properties.

We have previously defined the three countability properties,

separable
first countable
second countable

We would like to verify whether or not a continuous function will always
carry over each of these properties from its domain into its codomain.

Recall that a topological space, (S, 7), is separable if and only if S
contains a countable dense subset. We expect that “separable” is a
topological property. This fact is confirmed by the following result
which shows that separability is carried over by continuous functions.
Hence, if S is separable, every topological space which is homeomorphic
to S is also separable.

Theorem 6.11 Suppose (5, 75) is a separable topological space. Then any
continuous image of .S is also separable.
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Proof: Suppose (S, 7s) is separable and f : S — T is a continuous function
mapping S onto the topological space (T, 7).
We are required to show that the image, T, of S under f is also sepa-
rable. That is, that T has a countable dense subset. Given that S is
separable, then it contains a countable dense subset, say D.

We claim that f[D] is a countable dense subset of T' = f[S].
Proof of claim: Since the cardinality of the image of a function is less
than or equal to the cardinality of its domain, then f[D] is a countable
subset of T'. It now suffices to show that f[D] is dense in 7. Suppose
U is a non-empty open subset of T'. Continuity of f guarantees that
f[U] is open and so there must exist z € f~[U] N D. Then

flx) e FIfTIU]
c [l
= UnfD]

n D]
N f[D]

Hence, every open subset U of T intersects f[D] in a non-empty set.
We conclude that f[D] is dense in T'. So T' = f[S] is a separable space.

So homeomorphisms carry over the separable property.

A simple continuous function is (by itself) not quite strong enough
to carry over the second countable property nor the first countable
property from its domain to its codomain. We suspect that homeo-
morphisms can certainly do so.

But, as we shall see, we don’t need the full power of a homeomorphism
for this. The following theorem shows that a continuous open func-
tion will suffice. If so, since homeomorphisms are both continuous and
open, then “second countable” and “first countable” are topological
properties.

Theorem 6.12 Let f : S — T be a continuous open function mapping
S onto a space 1. If the space S is second countable, then T is second
countable. If the space S is first countable, then 7" is first countable.

Proof: Let (S,75) and (T, 7;) be topological spaces and f : S — T be a
continuous open function mapping S onto 7.
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If S is second countable, then S has a countable open base, 4. Con-
sider the family, 7 = {f[B] : B € #}. By hypothesis, #r is a set of
countably many open subsets of T'. We claim that the countable set,
PBr, is a base for open sets in T

Proof of claim: Let U be a non-empty open subset of T"and let y € U.
Let z € f~(y) € f~[U]. Since f is continuous, f[U] is open in S,
so there exist an open V' € Z# such that x € V' C f—[U]. Since f is
declared to be open, f(z) =y € f[V] € Br, an open subset of U. We
can then conclude that U is the union of elements from %r. So %Br
forms a base for T, so T is second countable.

The proof that the “first countable” property is carried over by con-
tinuous open functions is left as an exercise.

6.5

The weak topology induced by a family of functions.

Suppose (T, 7r) is a space and we are given a function, f : S — T,
mapping the set S onto the topological space, T (where S is not yet
topologized). With this premise alone, we would normally not discuss
the continuity of f since “continuity” is defined in terms of a topology
on both the function’s domain and codomain. But we could first hy-
pothesize “continuity of f” and then force on S enough open sets so
that this family of open sets would support the continuity of f.

Is this hard to do? Not really. We need only equip the domain, S of
f, with the discrete topology, 74. Then, no matter how f is defined,
since every subset of S is open, then f is, by definition, continuous on
S. But most readers would not find this answer entirely satisfactory —
nor an interesting problem — since the proposed topology on S doesn’t
depend on the function, f, at all. We can tighten up our question a
bit so that the topology on S will relate specifically to the function f
in question.

Let f: .S — T be some function mapping the set S into the topological
space T'. We will topologize S so that, not only is the function f
guaranteed to be continuous on S, but that the chosen topology is the
“smallest possible topology that will guarantee the continuity of f”.
To do this, we will define

Sy ={f"U]:U € 1r}
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a subset of Z(5), declaring it to be a subbase for a topology on S. By
taking all finite intersections of elements from .#y we will generate the
subset, Ay, of Z(S) which satisfies the “base property”. By taking
all unions of elements from % we will generate the smallest topology,
7f, with subbase .. The family 7 is the weakest topology possible
that will guarantee the continuity property on f. We will refer to 7
as being the
weak topology on S induced by f

Eliminating just one element from this topology would be sufficient to
prevent f from being continuous on S. Also, the topology we obtain
is directly related to the function f. If we consider a different function
we may obtain a different topology.

If we want the two functions f: S — T and g : S — T to be continuous
on S, we would require more open sets on S. That is, the required
subbase would have to be,

Ty =TI U e} U{gT[U]: U € 71}

In this case the topology generated by the subbase .7 ;4 would be
called the weak topology induced by {f, g}.

We can generalize this even more. Rather than restrict ourselves to
only two functions each with the same domain S, we will consider the
more general “weak topology on S induced by a family of functions
{fa: S = Tu}aer”, formally defined below.

Definition 6.13 Let S be a non-empty set and {(7T,, 74) : @ € I'} denote a
family of topological spaces. For each o € ', suppose

fa:8—1T,
is a function mapping S onto T,. Let
S = {f&_[Ua] :Uq € Ta}aEF

Then . can be declared to be the subbase of a topology, 7.», on S. The
topology 7. is called the

“weak topology induced by the family of functions {fo : a« € T'} on S”
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The reader is encouraged to keep this definition in mind since we will
refer to the weak topology induced by a set of functions when we define
a suitable topology on the Cartesian product of a family of topological
spaces.

6.6 Topic: Continuity on a dense subset of a topological space.

We examine particular properties of a continuous function on a dense
subset of (S, 7).

Note that, if A is dense in B and A C D C B, then D must be dense in
B. The reader is left to verify this. It is also easy to verify that, if D is
dense in S, then S\D cannot contain any non-empty open subsets of .S.

Before we state the next theorem we define the following commonly
used expression: Given two functions, f: S — T and g: S — T we
say that

“f and g agree on A”

if f(x) =g(z)forallz € ACS.

Theorem 6.14 Suppose (5, 7) is a topological space and (7, 7,) is a metriz-
able topological space induced by the metric p. Suppose f : S — T and
g : S — T are two continuous functions which agree on some dense subset
D of (S, 7). Then f and g must agree on all of S.°

Proof: Let (T, p) be the metric space which is equivalent to (T, 7,). Sup-
pose the continuous functions f : S — T and g : S — T agree on a
dense subset D of S. We are required to show that f and g agree on S.

Suppose a € S\ D such that f(a) # g(a) in T. We will show this leads
to a contradiction. Then there exist in 7', disjoint basic open balls,
B.(f(a)) and B:(g(a)), of S of radius

with center f(a) and g(a), respectively. Since both f and g are con-
tinuous on S, both fT[B.(f(a))] and ¢~ [B:(g(a))] are open in S each
containing at least the point a. So, the open subset

a € fT[B:(f(a)]NgT[B:(g(a))] # @

5Once we have introduced the concept of “Hausdorff” this statement generalizes from
“metrizable topological spaces” to “Hausdorff topological spaces”.
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in S. Since D is dense in S, then f[B:(f(a))|Ng~[B:(g(a))|ND # @.
Ifz e fT[B(f(a))]NgT[B:(g(a))]ND, then f(x) # g(x) contradicting
the fact that f and g agree on D. So there can be no point a € S\ D
such that f(a) # g(a) in T.

So f and g must agree on S.

6.7

Ezample 6. Suppose S is a topological space whose points are closed in
S. Suppose S is such that, for any closed subset K, any point z ¢ K
is guaranteed to have a closed neighborhood F' which misses K. Let
D be a dense subset of S. Suppose f : S — T is a continuous function
mapping S into a topological space T such that f|p embeds D into T,
but is not a homeomorphism on all of S. Show that f[S\D] C T\ f[D].

Solution: Suppose f[S\D] < T\ f[D].

That is, suppose there is some y € S\ D such that f(y) € f[D]. Then
there is € D such that f(y) = f(z). We will show that this leads to
a contradiction.

By hypothesis, = has a closed neighborhood, F', which misses the closed
subset {y}. Since D is dense in S and f is a homeomorphism on D,
f[F N D] is a neighborhood of f(z) in f[D].

Since F' is closed in S, by hypothesis, there is an open neighborhood,

U, of y which misses F. Since D is dense in .S, U N D # & and since
f is a homeomorphism on D,

[fIUINfID]] N [fI[FIN fID]] =@

Then, no matter the choice of the neighborhood U of y, f[U] ¢
fIF] N f[D]. This contradicts continuity of f at y. The source of the
contradiction is our assumption that f(y) € f[D]. Then, if y € S\ D,

f(y) & fID]. So fIS\D] € T\ f[D].

Topic: On algebras of continuous real-valued functions.

We now take a quick glance at the algebra’, (C(S), +, -, scalar mult),
of those continuous functions on a topological space, S, with range
in R. If S is a topological space, we denote the set of all continuous
functions, f : S — R, mapping S into R by C(S). The set C(S5) is

TAn algebra is a set with 4+ and - and scalar multiplication by elements of a field.



136 Section 6: Continuity on topological spaces

normally considered equipped with the algebraic operations +, - and
scalar multiplication defined as

(f+9)(x) = flx)+g(z)
(f-9)x) = [flx)g(z)
(af)(x) = af(z)
We will assume that the reader is able to write proofs showing that

C(.9) is closed under sums, multiplication and real scalar multiplication
and that |f| defined as

[f1(2) = [f(2)]

also belongs to C(S) whenever f is in C(S). We will also refer to
(C(S),+,-) as a ring of continuous functions. The elements of C(S)
can be partially ordered with “<”® where

f <gif and only if f(z) < g(x)
for all x € S. We also define the operations V and A on C(S) as,

(fvg)x) = max{f(x),g(z)}forz e S
(fAg)(x) = min{f(z),g(x)} forz e S

Verification of the following formulas is left to the reader.

fvg = f+g+2|f—g|
FAg = f+9—2|f—9|

From these we can conclude that both fV g and f A g are continuous
whenever f and g are continuous.

6.8 Topic: The Pasting lemma and a generalization.

The continuity of a function, f, on a given space can sometimes be
more easily confirmed by determining the continuity of f on some of its
subspaces. The “pasting lemma” is a statement which says that two
continuous functions can be ”pasted together” to create some other
continuous function. The lemma is implicit in the use of piecewise
defined functions.

8 A partially ordered set is a set P on which is defined a binary relation “<” which is
reflexive, antisymmetric and transitive.
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Lemma 6.15 Let A and B, be closed subsets of a topological space S such
that S = AU B. Then f: S — T is continuous if and only if f|4 and f|p
are both continuous.

Proof: Let f:S — T be a function and A and B be both closed in S.

( = ) Suppose f is continuous on S. Then, by Theorem 6.5 both f|4
and f|p are continuous on A and B, respectively.

( < ) Suppose both f|4 and f|p are continuous on the closed subsets
A and B, respectively. Let F' be a closed subset of T'. Then both
fI5[F] and f|5 [F] are closed since each is the pre-image of f when
restricted to A and B, respectively. Then their union, is also closed,
being a finite union of closed sets. So fT[F]| = f|5[F]U fl5[F], a
closed subset of S. So f is continuous on S.

We generalize the Pasting lemma to the case where f acts on an infi-
nite collection of closed sets. The statement in the following theorem
involves a family (possibly infinite) of subsets referred to as being a
“locally finite collection”.

Definition 6.16 A locally finite collection, €, of subsets of a topological
space, S, is one for which every point in S has at least one neighborhood
which meets only finitely many elements of €.

So a locally finite family 4 of subsets of S can be visualized as being
one whose elements do not “cluster” about any of the points of S.
A locally finite family of subsets is one which satisfies an interesting
property, presented in the following lemma. Recall from the example
on page 60, that even if U{clgA; : i € I} C clg[U{A; : i € I}] is always
true, it may occur that U{clgA; : i € I} # clg[U{A; : i € I}].

Lemma 6.17 Suppose (5, 7) is a topological space. Let % = {U; :i € I}
be a locally finite collection of sets in S. Then Z* = {clgU; : i € I} is also
locally finite.

Furthermore,
Cls[U{UZ‘ 11 € I}] = U{ClsUi 11 € I}
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Proof: Let % = {U; :i € I} be alocally finite collection of sets in S.

Then, for x € S, there is an open neighborhood B such that BNU # &
for finitely many members of % and BN U = & for all others. For
these “other”, U’s, since B is open in S, BNclgU = @. In the case
where BN U # @& then B NclgU # @ for finitely many U’s. The
existence of this open neighborhood B of z is all that is required to
prove the local finiteness property of {clsU; :i € I}.

We now prove the second part. Let
M=U{U;:icl}

We are required to prove clgM = U{clgU; : i € I}.

Clearly, U{clgU; : i € I} C clgM. So we need only prove clsM C
U{ClsUZ‘ 11 € I}

Let p € clgM. We claim that p € U{clgU; : i € I'}. There exists an

open neighborhood B of p such that B NclgU; # & for finitely many
elements, %, in % *.

See that, for p € clgM,
pecsM = cdg [u{UZ» e :dsUi ¢ F} | Uil € g?}}
= dg[H{Uie 2" : dsU; ¢ Y | ds[A{U;i € 7}
= dg[H{Ui e 2" :cdsU; ¢ T} | W{csUi € F} (i, is closed ana 7 is i)

Now p cannot belong to clg [{U; € Z* : clgU; ¢ .Z }] since BN clgU; =
@ for all clgU; ¢ #. Then p € U{clgU; € F} C U{clgU; : i € I}, as
claimed.

So clgM = U{clgU; : i € I}, as required.

It follows from the lemma that, if .# = {F : F € .#} is any locally
finite collection of closed sets, then

cg|{F:FeZF}=U{F:FecZ}

Theorem 6.18 Suppose (S, 7) is a topological space. Let # be a locally
finite family of closed subsets which covers all of S (i.e., S = U%). Let
f S — T be a function mapping S into a space T. Then f is continuous
on S if and only if f|p : FF — T is continuous on each F € .%.
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Proof: By Theorem 6.5, (b), we need only prove ( < ).

( < ) Suppose Z is a locally finite collection of closed subsets of S
which covers all of S. Also, suppose f : S — T is a function mapping
S into a space T such that f|p : F' — T is continuous on each F € .%.
We are required to show that f is continuous on all of S. To prove
this, it suffices to show that, if A is closed in T', then f“[A] is closed
in S.

Let A be a closed subset of T'. Then,

74 = UWFNfT[A:FeZ}
= U{/f[FlA]: FeZ}
Since f|p is continuous for each F' € %, then f|5[4] is a closed

subset of F. Then there exists a closed subset G of S such that
fl7[A] = GNF, a closed subset of S.

Consider the collection
¢ ={flr[A]: F e 7}
of closed subsets of S. Note that f; [A] = U¥. We will show that this
set is closed in S.
Claim: We claim that € is locally finite.

Proof: Let p € S. Then there exists an open neighborhood, V', of p
and a finite subcollection, ¢, of .% such that VNF # g if F € 4 and
VNF=gfor FeZ\¥9.

Note that for F#\¥,

VoflrlAl = vn(FnfT[A])
— (VAN
= @nf[4]
= O
Then at most finitely many elements of € intersect the neighborhood
V of p. So € is locally finite collection of closed subsets, as claimed.
Then f<[A] = U% is closed (see paragraph preceding the theorem).

Then f: S — T is continuous on S.

Note that, in the above theorem, if the members of the collection .# are
all open subsets (rather than all closed as hypothesized in the theorem)
the family .% need not be locally finite for the statement to hold true.
That is...
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Let S and T be topological spaces and {O; : i € I} be a
collection of open subsets of S which covers all of S. Let
f:8 — T be a function. Then, f : S — T is a continuous
function on S if and only if the restriction, flo,, of f to O;
is continuous for each i € 1.

It is left as an easy exercise for the reader to verify that this holds true.

Corollary 6.19 Suppose (5, 7) is a topological space. Let . = {F; : i € F}
be a finite family of closed subsets which covers all of S. Let f: S — T be a
function mapping S into a space T. Then f is continuous on S if and only
if f|p, : F; — T is continuous on each F; € .%.

Proof: See that, if .# = {F; : i € F} be a finite family of closed subsets
which covers all of S, then .# is a locally finite cover of closed sets on
S. The result follows immediately from the theorem.

Concepts review.

1. Given the function f: S — T and A C S, define f[A].
2. Given the function f: S — T and B C S, define f[B].

3. State the formal topological definition of “f is continuous function on
the set A”.

4. State the formal topological definition of “f is continuous function at
the point z”.

5. Give a formal theorem statement which links the above two definitions
of continuity.

6. A continuous function f : S — T pulls back open subbase elements in
P (T) to what kind of set in S?

7. A continuous function f : S — T pulls back open base elements in
P (T) to what kind of set in S?

8. If f: S = Tiscontinuouson S and A C S, show that f|4 is continuous
on A.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

. Is it correct to say “f : S — T is continuous if and only if f pulls back

closed sets to closed sets”?
What does it mean to say f: S — T is an open functions?
What does it mean to say f: S — T is a closed functions?

Is it okay to say that “open functions are always closed”? What about
“continuous functions”?

What does it mean to say that f : S — T is a homeomorphism?
What does it mean to say that S and T' are homeomorphic spaces?
Give two characterizations of homeomorphic functions.

What is a topological property?

Is “first countable” a topological property? What about “second count-
able”?

Do continuous functions necessarily carry over the second countable
property to its codomain? What about the first countable property?

What does it mean to say that A is a dense subset of B?

What can we say about two continuous functions which agree on a
dense subset of a metrizable topological space?

What does it mean to say that a topological space is separable?
What can we say about continuous images of separable spaces?

What can we say about second countable spaces in reference to the
“separable property”?

Provide examples of hereditary and non-hereditary topological prop-
erties.

Define the weak topology induced by a family of functions {f, : S —
Ta}ael-

Provide two characterizations of “f : S — T is continuous on S” in-
volving families of subsets which cover S.



142

Section 6: Continuity on topological spaces

EXERCISES

7)

8)

. Suppose S = {a,b} is a set with topology 7s = {@,{a},S}. Let

T = {a,b} where T is equipped with the discrete topology 74. Let i :
S — T denote the identity map. What can we say about the continuity
or non-continuity of the functions ¢z: S — 7T and i~ : T — S7

. Let f:S — T be a continuous function mapping (S, 75) onto (7', 7).

IfUisaGsinT,is f7[U] necessarily a Gs in S? Show that f pulls
back F,’sin T to F,’sin S.

. Let f:(S,75) — (T, 77) be a continuous function mapping S onto 7.

Show that f is continuous on S if and only if f[clg[U]] C clr f[U], for
any U € Z(S).

. Recall that infinite countable sets are those sets which can be mapped

one-to-one and onto the natural numbers N. Suppose X and Y are
both countable dense subsets of (R, 7) where 7 is the usual topology.
Show that X and Y must be homeomorphic subspaces of R.

. Consider the topological spaces S = (R?,7{) and T = (R, 7) where 7;

and 7 represent the usual topology. (The open base of 71 are the open
balls, B:(x,y), with center (z,y) and radius €). Consider the function
f:S — T defined as f(z,y) = x.

(a) Show that f is an open function.

(b) Show that f is not a closed function. (Hint: See that F' = {(z,y) :
xy = 1} is a closed subset of S. Consider the image of F' under

f)

Prove: The function f : S — T is a closed function if and only if when-
ever F'is a closed subset of S, then {t € T': f~[{t}]NF is non-empty}
is a closed subset of T'.

Suppose f: S — T is a closed function. Show that whenever V is an
open subset of S and f[{z}] is a subset of V', then = € inty(f[clgV]).

Suppose f : S — T is a closed function and F' is a closed subset of S.
Show that the restriction, f|g : F' — f[F], is also a closed function.
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9) Suppose U and V are subsets of S such that UUV = S and x € UNV.
Suppose f : S — T is a function such that both f|y and f|y are
continuous on U and V, respectively. Show that f is continuous at x.

10) Suppose that f: S — T is a one-to-one and onto function. Show that
f is a homeomorphism if and only if, for any U € Z(S), flclsU] =

Cle[U] .
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7 / Product spaces.

7.1

Abstract. In this section we will review some fundamental facts
about those sets that are “Cartesian products of sets”. We will
then consider two topologies on a Cartesian product of topolog-
ical spaces and study some of their most fundamental proper-
ties. In the last half of the chapter, we will look at some applica-
tions where product spaces play an important role. In particular,
we prove the existence of a continuous function which maps the
closed interval [0, 1] onto the product space, [0, 1] x [0, 1] x [0, 1],
a cube in a three dimensional space.

Fundamentals of Cartesian products.

In topology, Cartesian products are a rich and important source of
examples of various known topological properties. Given a family of
known topological spaces, we can construct a new larger topological
space with it’s own particular properties. For this reason, it is crucial
to understand them well. The best way to do this is to practice using
them in various contexts.

Most students are exposed to the notion of a Cartesian product with
two or three factors, in some form or other, at the high school level.
For example,

Ax BxC ={(a,b,c):a€ Ajbe B,ce C}

When discussing infinite Cartesian products of sets we must proceed
cautiously, while deciding which topology we will adopt to best suit
our purposes. We thought it would be best if we begin by presenting a
formal definition of products of sets. Those readers already well famil-
iar with these concepts can skim through this section and go directly
to section 7.2.

Definition 7.1 Let {S, : @ € I} be an indexed family of sets. The Carte-
sian product of these sets, denoted by [],, Sa, or in more detail as,

HaEIS :{f | f:IHUQGISa}

is the set of all functions f mapping the index set, I, into the union, U,c1S4,
such that, for 3 € I, f(3) € Sg.! So, if u is an element of [], S, and

We will assume that a verification involving a combination of the Aziom of union and

the Aziom of power set guarantees that [ S is indeed a

“set”.
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Yo = f(), then we can express it in one of the forms
u={fla):a€l}={ya:a €I} = <Ys>aer

or we can write it more simply as {yo} =< yo >. If § € I, the set, S, is
called the
B factor

of the Cartesian product, [], S, while yg is called the
B™ coordinate

of the element, < y, >acr

For example, if I = {1,2,3}
Haelsa:{(a,b,C):a651,bESQ,CES?,}:Sl XSQ XSg

The size of [],c; So depends on the size of the respective sets, S, and
the size of the index set.

If we are given an indexed family of sets, say {S, : @ € J}, where all
factors, S,, represent the same set, S, the reader should be familiar
with the following notation:

ST =T1,esS
The expression, S”, is normally interpreted as meaning
“the set of all functions mapping J into S”
For example, if J = N and S, =R for all a € J, then
RN = [T,enR = {< Za >aen: 2o € R}

This product can also be expressed as RN = [[oenRa- It thus repre-
sents all countably infinite sequences of real numbers, {ag, a1, az, as, ...},
or equivalently, the set of all functions mapping N into R. Another ex-
ample is, RR, which represents the set of all functions mapping R into
R. 2

2Since R is not normally viewed as an index set, the expression, R¥, is usually the
preferred form to represent the family of all functions mapping R into R although, it may
sometimes be more convenient to use the form [],_,R;.
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A few words on the definition of Cartesian product. In our definition
of Cartesian product we refer to an indexed family, {S, : o € I}, of
sets. We didn’t state explicitly that each one of these is non-empty.
Should we include this requirement in the definition? What happens
if, say Sg = @, for some 3 € I? Since there is nothing in Sg, then
there cannot exist a function which will map 3 to some element in Sg
and so the cautious reader will conclude that [[, S must be empty.
This is not catastrophic, since to say the product is non-empty is to
assume that each factor is non-empty. So we can leave it as is.

On the other hand, if no S, is empty, are we guaranteed that there
exists at least one function, f : I — UyerS, (in our mathematical
universe of sets), such that f assigns to each 3 in I a particular element
in its corresponding set Sg? If so, is there a way to decide which
element should be selected by f? The assumption that at least one
such function exists invokes the statement in the Axiom of choice:

“Given any set &7 of non-empty sets, there is a rule f which
associates to each set A in &/ some element a € A”.

So the Axiom of choice grants us permission to assume that at least
one function f will select a point f(5) = mg in Sg for us. However,
other than this guarantee that at least one f exists, we have no way
of ever determining what that function f is. We are assuming the
existence of a mathematical entity we will never ever see. Invoking
the Axiom of choice is not ideal, but it is the best we can do. For
most people, the fact that the Cartesian product of non-empty sets
is non-empty is obvious and is simply not worth losing any sleep over
it. Throughout this section, we will, as a rule, assume the Axiom of
choice holds true, and not point out it’s application at each place it is
involved, unless it is of particular interest to do so (as it, sometimes, is).

In this book, we declare that the “Cartesian product of topological
spaces, S = [[,c;Si”, we will always mean “the non-empty Cartesian
product, S, of spaces.”

A few set-theoretic properties of Cartesian products.

We have yet to topologize Cartesian products of spaces. But before we
do so, we present a few of the Cartesian product’s most fundamental
properties.
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Definition 7.2 Let S = [[,.;S:; be a Cartesian product of sets. The
family of functions {m; : i € I} where 7 : [[,c; Si — S}, is defined as

(< @ >ier) = 5

We will refer to m; as being the j* projection which maps [[,.; Si onto S;.

For example, consider the product AxB = {(a,b) : a € A,b € B} (with
only two factors A and B) where m[A x B] = A and m[A x B] = B.
Then m[{a} x B] = {a} and m3[A x {b}] = {b}. Also note that

m (¢)={(a,b)e AxB:a=c}={c} xB

Theorem 7.3 Let {S; :i € I} and {T; : i € I} be two families of sets and
S =[lic; Si and T = [],c; T; be their corresponding Cartesian products.

(a) If HiEISi C Hie]Ti? then Sz CT; for each 7 € I.

(b) For U;, V;, both subsets of \S;,

[LeUi 0 TLiesVi=1Le(Uin Vi)

Proof:(a) Let j € I. Since the j** projection map, 7j, is onto the (S;)™
factor,

Sj = m (Tier) € m (ThieT) = T

The proof of part (b) are left for the reader.

In particular, it is always true that

[Ax B N [Cx D] = [ANC] x [BN D]
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7.2 Topologizing the Cartesian product of topological spaces.

Taking Cartesian products of large numbers of topological spaces is
a powerful way to construct new topological spaces from “old” ones.
There is more than one topology for us to choose from, some of which
will eventually be more useful than others, depending on the context.
For finite products there is one which most users would consider as
being the most intuitive and as being the “standard” one. For infinite
products the choice of topology may depend on which one appears to
be more useful in the situation at hand.

The third example on page 95, illustrates how one might proceed to
topologize the Cartesian product of two spaces (S, 7s) and (T, 77). In
that example, the topology, 7, on S x T" was generated by choosing, as
subbase for 7, the family of sets

S ={ng [U]:U ergtU{np [V]:V €}

where 7g : S xT — S and np : S x T — T are projection maps.
Recall that 7g(a,b) = a for all b € T and wp(a,b) = b for all a € S
and so 75 (a) = {a} x T and 75 (b) = S x {b}. So the set of all finite
intersections of the elements in . forms a base, %, for this topology.
Thus, the base elements of 7 are of the form

A5 UINT V] = (UxT)N(SxV)

= (UNS)x(VNT)
= UxV

where U € 73 and V € 7. Thatis, Z={U xV :U € 15,V € 71}

Note that, in this particular example, the topology constructed for
S x T is the

“weak topology induced by the projection functions {ms, 7r}"

This “weak topology” on S xT" comes with the guarantee of continuity
for each projection map, 7, on S xT'. This motivates the choice of the
“standard topology” for arbitrary products described in the following
definition.

Definition 7.4 Let {(S,,7,) : @ € I} be an indexed family of non-empty
topological spaces and

S= HaEISa
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be the Cartesian product of these spaces. Let {7, : @ € I'} be the family of
the associated projection maps

73t [[aerSa — Sp

We define the product topology or the standard topology as being the weak
topology on [[,c;Sa generated by the family of functions {7, : o € I}.
The Cartesian product of topological spaces, when equipped with this weak
topology, is referred to as a product space. The family of all sets of the form,

{n[U]:U € 14}

is the subbase, ., for the product space, while each element of the base of
open sets, %, is of the form

maGF{W;[Ua] : Ua S Ta}

where F' is a finite subset of I.

Since 75 [Ua) N 75 [Va] = 75 [Ua N Va], we can assume that all the
«’s in the finite set, F', are distinct. This assumption does not alter
the definition of product topology. Also, 7T:8_[U,3] is a subset of [ . Sa
where, if o # (3, the o' factor is, Sy, itself, and only the §*™ factor is
Ugs. Hence, for any open base element, every factor is S, itself except
for finitely many factors, U,, as proper subsets of S,.

It is also worth noting that the product topology is the absolute small-
est topology on S = [], ;S which guarantees that each and every
projection map in

{ﬂ-a : HaEISa - Sa}

is continuous on its domain, S.

Finally, note that. ..,

“the product topology on the Cartesian product depends on
the topology which has been defined on each of its factors”.

It does not depend on some topology defined on the index set, I. There
is no topology defined on the index set.

Projection maps are open.

In the following theorem we will show that, for a product space [ [, ;Sa,
each map, m,, is an open map. This is important to keep this in mind.
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Theorem 7.5 Given a product space, S = [[,c; S, the projection map,
m3: S — Sp

is an open map.

Proof: Given: A product space, S = [],c; S, and a projection map,
m3:S — Sg.

Since functions respect arbitrary unions, it suffices to show that the
projection map sends basic open sets to open sets.

Let
V:ﬂ{w;[Uai] i=1,2,...,k}

be a basic open set in S. It suffices to show that mg[V]is open in Sgs.
If 8= aqjthen ng[V] =ng[ {75 [Us;] :i=1,...,k}] = U,,.
If, for i = 1,...,k, B # a; then mg[V] = mg[{n [Us,] :i=1,...,k}] = Sg.

In both cases, m3[V] is open in Sg, so 7z is an open map, as required.

Having now convinced ourselves that whenever a Cartesian product
is equipped with the product topology the projections maps are open
maps, this does allow us to conclude that that they are “closed maps”.
In general, they are not!

Theorem 7.6 Let {(Su,7a) : @ € I} be an indexed family of non-empty
topological spaces and [],.; S« be the Cartesian product space equipped
with the product topology, 7. For each o € I, S, has an open base repre-
sented by, %,. Then the set

B ={ Nacr{my [Ba] : Ba € o} }ocr

where F' is finite, forms a base for 7.
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Proof: Let V = Naerp{n5 [Ua] : Ua € To} (with F finite) be an open base
element of the product topology, 7. Suppose < x4 >qcr € V. Then,
for each a € F, there exists an open base element, B, € %,, such that
To € By C U,. Then

<Tq >ael € maGF{W;[Ba] : Ba c %a} Q %4

Then every open base element of 7 is the union of elements from %*.
So #* forms a base for the product topology.

The “box topology” on a Cartesian product.

The product topology is not the only topology we can define on (infi-
nite) products of topological spaces. Some readers may have noticed
that, for an infinite product, S = [],c; Sa, the collection

B = Naecr{my [Ua] : Uy € 7o}

(observing that the intersection is of infinitely many sets) satisfies the
“base property”. Hence, this set will be a base for a topology 7" which
is different from the product topology, 7, on S. In the literature, it is
referred to as the

“box topology on the product J],c;Sa”

where S, is a topological space, for each o € I.

Suppose
<Ta>acl € B =Nacr{ny [Us] : Uy € 7o}

where I is a finite subset of I. Then

<Zgo>ael € maeI{W;[Ua] :U, € Ta} C B

So every open base element for the product topology is open in the
box topology. That is, Tprea € Thox-

The “box topology” is strictly finer than the “product topology”. To
see this, consider, for example, a basic open neighborhood, [],c;Ua
of the point < x4 >qer With respect to the box topology on [ 7 Sa,
where U, # S, for all « € I. If Bj is a basic open neighborhood
of < x, >qer in the product space S, all but finitely many factors
of B; are equal to [0,1]. So B; cannot be contained in B. That is,
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the box topology has sets which do not belong to the product topology.

Note, however, that, for the Cartesian product of finitely many spaces,
the product topology and the box topology are equivalent topologies.

The “uniform topology” on a Cartesian product Hje][a, b].

We take the opportunity to introduce another topology on a product

HjeJ[av b]'

Let S =1]].. [a,b].

jeJ

For < z(j) >jes and < y(j) >jes in [[;c[a, b] we define,
p(<z(f) >jes, <y(i) >jes) =sup{lz(j) —y(j)|:j € J}

Verification that this is a valid metric on S is left to the reader.

The metric, p, is referred to as the

uniform metric on [[;c ;[a, ]

The topology, 7,, corresponding to the uniform metric is called the

uniform topology induced by p

The metric topology, 7,, induced by p on S, is not equivalent to the
product topology, Tp..q, on S. To see this, let < 0(j) >jecs€ S and
e = 1/10. Suppose B;19(< 0(j) >) is a basic open neighborhood of
< 0(j) > in 7,. Then

Bij10(<0(j) >) = {<y(j)>€5:p(<0(j) > - <y(j) >) <1/10}
= {<y(j) >€ §:p(<0—-y(j) >) <1/10}
= {<y(j) >€ S:suply(j)| < 1/10}
jed
No basic open neighborhood of < 0(j) >jes with respect to the prod-
uct topology, can “fit” inside B /10(< 0(j) >je), since all but finitely

many of its factors are equal to [0,1]. So By,19(< 0(j) >) is not open
with respect to the product topology on S. So 7, Z Tpea-

Ezample 1. Suppose a = (a1, a2,a3) = (1,4,3) and b = (b1, b3, b3) =
(1,0, -3).



Part II: Topological spaces: Fundamental concepts 153

Then
pla,b) = sup{la; —b;|:i=1,2,3}
= sup{|a1 — b1}, |ag — bal, |ag — b3|}
= sup{2,4,6}
= 6
Example 2. Suppose the two functions, f(j) = 1/(j%2+ 1) and g(j) =

arctan(j), are viewed as elements of [];.;[—3,3]. Then

p(< f(G) >jezs < 9() >jer) = sup{|f(5) —9(i)]:j € Z}
= sup{[1/(j* + 1) — arctan(j)| : j € Z}
= m/2

A word of caution: Theorems in which the Cartesian product equipped
with the product topology is involved may not hold true if that prod-
uct is equipped with the uniform topology.

Example 3. For each j € N, let

fix) = sin(x)/ (5% + 1)
a function mapping R into [—1,1]. Let .# = {f; : j € N}. Define the
function, ez : R — HjeN[_lv 1], as
ez (x) = < fj(x) >jen € [ljenl-1,1]

Then ez[R] C [];en[—1,1]. We can equip [[;cy[—1,1] with the uni-
form metric topology 7,. Consider < 0; >jen € HjGN[_17 1].

Does < 0; >jen belong to clle #[R]] with respect to 7,7

Fore;j =¢ >0,

p(<ej >jen, <0 >jen) = p(<egj —0;>jen)
= sup{le;|: j € N}
= ¢

Are there values of = such that ez (z) € B.(< 0; >jen)?
Then, for x € R,

plez(x), <0; >jen) = p(< fij(z) >jen, <0; >jen)
p(< fj(z) — 0 >jen)
= sup{[f;(z) —0;] : j € N}
= sup{|%E)|: j e N}

- | Sln(.l‘)| (Ifj (x)] is maximal when j = 0.)

x)
x)
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For any € > 0, for x such that |sin(z)| < ¢, ez (z) € B:(< 0 >jen).
So, for any € > 0, ez [R] N B.(< 0; >jen) # 2.

So < 0; >jen belongs to clle#[R] ]| with respect to 7,.

Ezample 4. Consider the set, [—1,1]%, of all functions mapping R
into [—1, 1] equipped with the usual topology. Express this set as the
product [[,cg[—1, 1], (where [—1, 1], is the 2!" factor of the product.)

Consider the subset,

A:{fe[—l,l]R:x_

of HzeR[_lv 1.

a) If we equip J],cp[—1, 1] with the box topology then the subset A
is open, since

A=n o - = - ! C[-1,1]
TR\ e vzt )| \@2rrerer) sl

b) On the other hand, suppose [[,cr[—1,1]; is equipped with the
uniform norm topology, 7,, where

p(f(x),g(x)) = sup{|f(z) —g(z)| : x € [-1,1]}
Consider the element 0(z) in A.

Suppose A is open in [[,cr[—1,1], with respect to 7,. There should
be, for some 1, a basic open neighborhood B, (0(x)) of 0(z) (with
respect to 7,) so that B, (0(z)) C A.

B, (0(z)) = {f:p(f(x),0(z)) <er}
= {f:sup{|f(x)|:z€eR} <&}

Suppose h(xz) = &, on R. Then, since sup{|h(z) — 0(z)| : # € R} =

S < €1, then h € B, (0(x)).

Then 3 < rglﬁ for all . But lim, r2—1+1 = 0. Hence B, (0(z))

cannot be contained in A.



Part II: Topological spaces: Fundamental concepts 155

7.3

More topics involving the product topology.

The content of the remaining part of this chapter need not be covered
immediately. The results may, however, be referred to quite a bit later
on in the text. These can thus be studied at that point when there is
more motivation to do so.

Topic: On interiors, closures and boundaries of product spaces.

It is sometimes useful to know how to handle the interior and the clo-
sure of a product. The interior of a product is well-behaved only in the
case of a finite product space, while the closure of a product distributes
nicely over its factors even for infinite products.

Theorem 7.7 Let {(Sa,7a) : @ € I} be an indexed family of non-empty
topological spaces and S = [],c; S« be a Cartesian product equipped with
the product topology. Let T' =[], Aa Where each A, is a subspace of S,,.

Then,

clsT = [[oercls. Aa

Proof: The Cartesian product space S =[] 7S« and A, C S, are given.

We claim that [] . cls, Ao € clsT .

Let <z,> € HQEICISaAQ' To show that <z,> € clgT we must show
that any open neighborhood of <z,> in S meets [[,c; Aa-

Let U = Hael U, be a basic open neighborhood of <z, > in Hael Sq-
Then, for each «, z, € clg, Ay NU,. Then U, N A, # 9.
For each «, there exists y, € U, N A,. Then

<Ya> € [loerAa NI IoeiUa = [acfda NU

So
<xo> € cls[[herla

Then [],ccls, Ao C clgT as claimed.

We claim that clgT" C [],ccls, Aa -
Let <zo> € cls][,e1A4q and Ug be an open neighborhood

of x5 in Sg. Then 75 [Up] is open in [ [, ;Sa. The set 75 [Us] contains
some point <yo> € [[,c;Aa. Then yg € UgN Ag. So x5 € clg, Ag.
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Therefore <z,> €[], cls, Aa -

We conclude that clgT C [] acrCls, Aa as claimed.
We then have

CISHQEIAQ = Haeldsa Aa

as required.

Note that the above statement holds true also if the product is equipped
with the box topology.

Theorem 7.8 Let S and T be topological spaces which contain subsets A
and B, respectively. Then,

intsx7(A x B) = intgA X intp B

Proof: We are given the Cartesian product M = SxT and AC S, BCT.
Since intgA and int7 B are both open in S and T, respectively, then
intgA X intpB is open in M. Since intgA X intyB C A X B, then

intgA x intyB C intps(A x B)

Conversely, let (a,b) € inty;(A x B). We claim (a, b) € intgA X intp B.
There is an M-open neighborhood, U, of (a,b) such that

(a,0) e U C intyy(Ax B) C Ax B

Then U = U;er(V; x W;), where V; is open in S and W; is open in T
Let j € I such that (a,b) € V; x W; CU C A x B. Then a € intgA
and b € intyB. Then (a,b) € intgA x intrB.

We conclude that inty (A x B) C intgA x intp B.
So intys (A x B) = intgA X inty B.

We should be careful not to generalize the statement in the theorem
immediately (involving interiors) above to arbitrary products.

Consider, for example, M = [],,cx R equipped with the product topol-
ogy, and the subset, [[,,cn(0,1), 0of M. Then [, cnintr (0, 1) = [, (0, 1).
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7.4

On the other hand consider,

W = intas [[T,en(0,1)]

Let U = [],,cn Yn be a basic open subset (with respect to the product
topology) of M, where Y,, = R for all but finitely many n’s. Since
[1,en(0,1) cannot contain even a single basic M-open set, [[,cn(0,1)
can have no interior.

We conclude that intas [[],en(0,1)] = @ # [],enintr(0,1).

Ezxample 5. Let S and T be topological spaces which contain subsets
A and B, respectively. Verify that

bdsxr(A x B) = [clgA x bdrB] U [ bdsA x clpB]
Solution. See that

bdsxr(A x B) = clgxr(A x B)\intgxr(A X B)
= (clgA x clyB)\ (intgA X inty B)
= [clgA\intgA x clpB)| U [clgA x clpB\intr B]
— [bdsA x clpB] U [clsA x bdrB]

We are done with Example 5.

Topic: Countability properties involving product spaces.

In this text, when we say “product space”, we will always mean the
Cartesian product equipped with the product topology. The product
topology is to be considered as the default topology unless stated oth-
erwise.

In the following two theorems we investigate whether the countably
properties carry over from factors to product and vice versa. Recall
that a topological space, (S, 7s), is second countable if it has a count-
able base for open sets. It is first countable if each point, x € S, has a
countable open neighborhood base at x.

Theorem 7.9 Let {(S4, 7o) : @ € N} be an indexed countable family of non-
empty topological spaces and S = [[,cySa be the corresponding product
space.

(a) Then the product space, S, is second countable if and only if each S,

is second countable.
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(b) Then the product space, S, is first countable if and only if each S, is
first countable.

Proof: We are given that S = []
many factors.

acn Sa is a product space of countably

We will prove part (a).
(=) Suppose S is second countable. We claim that each S, is second

countable.

Recall (from proposition 7.5) that the projection map 7, is continuous
and open for each @ € N. Hence, by Theorem 6.12, given that m, is
continuous each S, = m,[5] is second countable. We are done with
this direction. (Note that the countability of the index set plays no
role in this direction.)

( < ) We are given that, for each o € N, (S, 7o) is a second countable
topological space, and [] ¢y Sa is a countable product equipped with
the product topology, 7.

By hypothesis, for each a € N, S, has a countable base, %, of open
sets. Then, by Theorem 7.6, the elements of 7 of the form

Nacr{mT[Ba] : Ba € Ba)

when gathered together form a base, %, for open sets in 7. Since each
A, is countable, then so is the subfamily

{n [Ba] : Ba € PBo, o € N}

of the base, £, of S. Let .# = {F : F C N, F is finite}. Note that
the set, ., has countably many elements. (See footnote®) (This is
where the countable the number of factors is countable is taken into
consideration.)

Since the cardinality of .% x %, x N is Ry, then the base

B = { Nacr{ny [Bal : Ba € %o} }F finite, a € N
is countable. This means [],y Sa is second countable.

The proof of part (b) is similar and so is left as an exercise.

3The number of finite subsets of N is countable: For each n € N, let %, = {A ¢ Z(N) :
max A < n}, the set of all subsets of {0,1,2,...,n}. Then, for each n, |%,| = 2"**. The
countable union of countable sets is countable (See R. André, Set theory: An introduction
to Aziomatic Reasoning), so Unen{%} is countable. If F is a finite subset of N, F' € %,
for some m. Then Unen{%.} contains all finite subsets of N. Then the number of finite
subsets of N is countable.
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In the following analogous theorem, the “separable property” will carry
over from factors to the product and vice-versa, provided the number
of factors in the product is restricted to no more than ¢ = |R| = 2%
(the cardinality of R). The provided proof is notationally involved, but
exhibits an interesting technique.

Theorem 7.10 Let {(Sq, 7o) : @ € I} be a family of sets indexed by the
set I, where |I| < ¢ = 280, Also, suppose that S, is a non-singleton set, for
all € I. Let S = [],c; Sa, be the corresponding product space. Then S is
separable if and only if each S, is separable.

Proof: We are given that S = [[ c;Sa is a product space of non-empty
non-singleton sets where | I | < ¢ = 2%o,

( = ) Suppose S is separable. Recall from the proof that appears on
page 150, the projection map m, is continuous for each o € N. Hence
by Theorem 6.11, the continuous image of a separable space is separa-
ble, so each S, = m,[S5] is separable. We are done with this direction.
The cardinality of I is irrelevant for this direction.

( < ) Suppose each S, is separable and |I| < ¢. Then |I| < |[0,1]].
So there is a one-to-one function f : I — [0, 1] which maps I into
[0,1]. We can then index the product space S with f[I]. That is,
S = [laer Sf(a)- So, if x € S, then z is of the form < x4,y >aer-

Since each factor of S is separable, each Sy () contains a countable
dense subset

Df(a) = {df(a)n n= 1,2,3,...,}

We will now construct a countable subset, D*, of S which is dense in S.

For each k € N\ {0} we can construct in [0,1] a finite sequence of
pairwise disjoint closed intervals

A, = {[aj,bjlr:j€{1,2,...,k} }
such that a;,b; € QN[0,1] and aj41 > b; < 1.
For each k, if a € I, f(a) € [aj, bj]i for, at most, one j € {1,2,...,k}.

See that # = U{w, : k = 1,2,3,...} is a countable set of intervals.
We can then index the elements of # as

W ={lajbilkn:j€{1,2,.. .k}, ke {1,2,3,....,}, ne {1,2,3,...,} }
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where, for each n, [aj, b;lkn = [aj,bjlk € 4.

We define a function h: % — [[,c; Df(a) € [lacr St(a) as follows:

Yia) = df(a), if fl@) € [aj,bjlkn

h( [(Ij, b]]k,n ) =< yf(a) >a€l where { yf(a) = df(a)l otherwise

Is h : # — S a well-defined function? Yes it is, since (as men-
tioned earlier) for each k, if a € I, f(a) € [aj, bj]x for, at most, one
jed{1,2,....k}.

Also, note that every coordinate of h( [aj,bjlkn ) = < Yf(a) >acr 18
an element of Dy (), which is dense a dense subset of S¢(q).

Let D* = h[¥/].
Claim 1: That D* is countable in S.

Since the domain of h, #, is countable then so is its range, D* = h[#/],
in [T,er St(a), as claimed.

Claim 2: That D* (the countable image of #') is a dense subset of S.
(If so, then S is separable.)

Let B =75 [Us(aylN-- N o) [Uf(ay)) be a basic open neighborhood
of a point in S = [],c; Sfa)-

We need to verify that BN D* # @.

Since Dy(o) = {df(a)n :n = 1,2,3,...,} is dense in Sy, then for
each f(a;) there exists df(,,) € Up(q,), fori=1... k.

If df(ai)m € Sf(ai), then
Tia) (i), ) = 1< Yr) >t flaw) € [aj, bjlem} = M[aj, bjlkm)] € h[#]
Tian) (dfan,) = {< Upa) >0 flew) & [aj, bjlkm} = h([aj, bilkm) € B[H]

Then, h[#] N 7, [Upan] N+ N7 40 [Ug(ay)] # 2. Then BND* # @,
so D* is dense in S, as claimed.

So h[#'] is a countable dense subset of [],c; Sf(a)- Then [],crSf(a)
is separable, as required.
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7.5

One should exercise caution when transferring a topological property
possessed by all factors of a product to the product itself. The state-
ments of the above two theorems were proven with particular restric-
tions on the number of factors.

Topic: On continuous functions involving product spaces.

The choice of the “product topology” on a Cartesian product, [],c; Sa,
is due mostly to the fact that it guarantees the continuity on a prod-
uct space of all its projection maps, {7, : @ € I}. It is the smallest
topology that will guarantee this.

Lemma 7.11 Let S = [[,.; Sa be a product space and (T, 7) be a space.
Suppose

g:T—>HSa

acl

is a function mapping the space T' to the product space, S. For each o € I,
let the function f, : T — S, be defined as,

Then

fa =Tgod

[g is continuous on T'] < [ f, : T — S, is continuous for all o]

Proof: Recall that, by definition of “product space”, each 7, is guaranteed

to be continuous on S.

(= )1If g: T — S is continuous, then, for all & € I, so is (74 09) :
T — S, (since, by hypothesis, 7, is continuous, and the composition
of continuous functions was shown to be continuous).

(<) We fix g € I. We are given that (mg.g) : T'— S is continuous.
We are required to show that g is continuous. If V3 is open in Sg, since
(m30g) is continuous, then

97 75 [Vsl] = (mpo9) " [Vs]

is open in S =[] c; Sa- Since [],c;Sa is equipped with the product
topology, WE[VQ] is a subbase element for this topology. So g pulls back
an open subbase element, WE[VQ], to an open subset of S = [[,c; Sa-
By Theorem 6.4, g is continuous on 7', as required.
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Remark. In the above theorem, the fact that the Cartesian product,
S = Ilper Sa, is equipped with the product topology is what guaran-
tees that each 7, is continuous. If S is equipped with the box topology
the theorem may not hold true. The following example illustrates how
the above theorem may break down if [] .;Sa is equipped with the
box topology.

Example 6. Consider the Cartesian product [, .y R and suppose R is
equipped with the usual topology. Let ¢ : R — R denote the identity
function i(x) = x (a continuous function on R). Let g : R — [[,eyR
be a function where, for each n € N,

(neg) (x) = i(x)

(where 7, is the n'® projection map). If [, R is equipped with the
product topology we know, by the theorem above, that g must be con-
tinuous on R.

Suppose that [,y R is equipped with the box topology. Show that g
need not be continuous.

Solution: If T], .y R is equipped with the box topology, consider the
open subset

B=(-1,1) x (-1/2,1/2) x (=1/3,1/3) x (—1/4,1/4) - --

with respect to the box topology. Suppose ¢~ [B] was open in R. Then
there would exist ¢, such that g[(—e,e)] € B. Then (m,09)[(—¢,¢€)] =
i[(—¢,e)] = (—¢,e) C (—1/n,1/n) for all n. This can’t possibly be. So
g~ [B] is not open. So g is not continuous on R.

Theorem 7.12 Let {S,}acr and {7, }aer be two sets of topological spaces
(with identical index set, I) and let {f,}aer be a family of functions, f, :
Sa — T,. Then the function, g : [[,c; Sa — [loer Lo, defined as

g(<xa >a€1) = <fa(xa) >ael

is continuous if and only if f, is continuous on S, for each « € I.

Proof: Suppose S = [[ ;S T = [lperTa and {fataer is a family of

functions, fo : So — To. Let mg, : S — Sg and ng, : T — Tj
be Bt projection maps. Let ¢ : [IocrSa — Il,erTa be defined as
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g(<xa >a€1) = <fa(xa) >ael-

( <= ) For this direction we are given that each function f, is continu-
ous on S,. We want to show that the continuity of g follows.

To show continuity of ¢ it will suffice to show that g pulls back subbase
elements of [ . ; T to open sets in [ . ; Sa. Let Ug be an open subset
of Tg. Then 75 _[Upg] is a subbase element for open sets in T" = [locrTa-

By Lemma 7.11, if 740g is continuous for all «, then g is continuous.
It then suffices to show that ¢~ [mj [Upg]] is open in S.

See that,
Taslfa (Ul = ma[{x € Sp: fa(x) € Us}]
= {<®q >acr€S: fa(zg) € Ug}
= {<za>acr€ S {falza)} € 75, [Upl}
= {<%a >ae1 €95 9(< T >acr) € 753, [Usl}
97 [< 2a >acr € 5 {wa} € 75, (U]}

= 9" [m5,[Usl]

S0,

9" 75, [Usll = w5, [f5 (U]
Since both mg, and fg are continuous, then the right-hand side is open;
SO g‘_[wb_T [Us]] is open. So g is continuous, as required for <.

(=) Suppose g : [[,c7Sa — [laer Ta is continuous, where

g(<xa >a€1) = <fa(xa) >ael
We are required to show that each f, : S, — T, is continuous.

Then for each 3, (1.9)(< o >acr) = 78(< fo(Ta) >acr) = fa(z3) €
Tp. Since both mg and g are continuous on their domain, then so is fg
on Sg, as required. This proves =-.

We expect that, if two product spaces, S and T, have corresponding
factors which are homeomorphic, then S and T are homeomorphic. In
the proof of the following theorem, we confirm this by explicitly ex-
hibiting the required homeomorphism.

Theorem 7.13  Let S = [[ ;5 and T = [[,c;Ta be two product
spaces. Suppose that, for each o € I, S, and T, are homeomorphic. Then
the spaces S and T are homeomorphic.
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Proof: For each a € I, let f, : So — T, be a homeomorphism mapping S,
onto T,.

Let g: [[,erSa = [laer Ta be defined as
9(<ra>aer) = < folTa)>acr € HaelTa

Since each f, is continuous and one-to-one, then so is g (by Theorem
7.12 above).

We claim that g is open.
By hypothesis, each f, is an open map. Let 7, [Ua,] N7y, [Uay] - N
T [Ua,] be an open base element in [],.; So. Since g is one-to-one,

see that

g [Wo‘z [Ua,] N Ty [Un,] N o [Uak]]
=g [r5, [Ua]] N [[75,[Ua,]] - - N g [[75, [Ua,]]
= fou [T Uan]] X+ % fa, [75, [Uay )]

With all other factors equal to T’ .

Since each f“‘i is open RHS is open in Hae[ To -

Since the right-hand side is open, then g is open. So ¢ is a homeomor-
phism.

We have shown that ¢(< 24 >acr) = < fa(Za) >acr is the required
homeomorphism mapping S onto 7.

We now show that every product space contains a homeomorphic copy
of each of its factors.

Theorem 7.14 Let S = [] ;5 be a product space. Then, for each
a € I, S contains a subspace which is a homeomorphic copy of S,.

Proof: Let g € I. For a # 3, we choose and fix k, € S,. Define
T =[laeiTa ={< ®a >icr : Tp=8p; if a# B let T, = {ka}}

So every T'is a subspace of §. We claim that 7" is homeomorphic to Sg.

We define g : S — T as g(x) =< x4 >aecr, Where zg = z, and if
a # B, xo = ko. Then g maps Sg one-to-one and onto " C S. Then
the function, (mg.g) : S — Sz is the continuous identity map onto
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Sp. Invoking Lemma 7.11, we conclude that g is continuous on Sgz. So
g embeds Sg in the proper subset T of [[,c; Sa and so embeds Sz in
[Iocr Sas as required.

We now study a metric, p, on a product space, [ [,,cSn, whose factors,
(Sn, pn), are metric spaces.

Ezample 7. Let {(Sn, pn) : n € N} be a countable family of metric
spaces. Suppose that, for each n € N, sup{p,(z,vy) : z,y € S,} < 1.
Let

S= HnGNS”
the set of all sequences, < x; >;en, with x, € S,. If f, g € S then
f=<fn)>pen, 9= <g(n)>nen

Let p: S xS — R be defined as

o(fg) =3 pn(f(zzl, g9(n))

neN

Verify that p : S xS — R is a metric on the product space, S. Further-
more, verify that the topology on S =[] _x Sn derived by the metric,
p, is, in fact, the product topology.

neN

Solution: We are given that S = []
space and, for each n,

nenSn Where each S, is a metric

sup{pn(z,y) : 7,y € Sp} < 1

That is, the distance between any two elements of .S;, does not exceed 1.
We claim that p: S x S — R thus defined, is a valid metric on S.
For f,g € S let f =< f(n)>neny and g = <g(n) >pen-.

- For M1, p(f.9) = ¥ e 2 < 5, i 5 =22 0.

I p(f,9) = Spen 2GR — 0, then py(f(n), g(n)) = 0 for all
n.
Since f =< f(n)>pen and g = <g(n) >,en then f = g.

- ForM2, p(f,g) = ¥,y 22UGLot)) — 57 onla@JO0) — (g, ).
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- For M3, we compare p(f,h) and p(f, g) + p(g,h). Since, for each n,
pr( f(n), h(n)) < pu( f(n), 9(n)) + pn(g(n), h(n) ), then

i = 3 pn(f(zl, h(n))

neN
n n h(n
< ;@:\I P n)) ; pu(g(n), h(n))
_ pu(f(n),g(n)) | pn(g(n), h(n))
— nzg:\: [ 5 + on ]
= Z pn —|— Z pn )) (All terms are positive)
neN neN

= p(f,9)+p(g,h)

So p is a valid metric on S = [],,cx S, as claimed.

We will now compare the metric topology on (S, p) to the product
topology on S.

Let

f=<f(n)>nen € S
and
V = By (f)
be an open ball in S with respect to p.

Claim: We claim that V is open in S with respect to the product
topology.

Proof of claim: Let

U={geS:g=<gn)> p(f(n),g(n) <272 forn>p+2}

Note that U is a union of open base elements and so is an open subset
of S with respect to the product topology.

It suffices to show that U C V. If y € U, then
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o(f.g) = an(f(nzl,g(n))

2
neN
_ (po(f(gz,g(o))+p1(f(12)17g(1))+m+pp+2(f(p—2kpi)2,g(p+2))>
flp+3), +3
N pp+3(f(p 2p+)3 g(p+3)) N

9-p—0-2  9—p—1-2  9—p—2-2 9—p—(p+2)-2
R T e s R S A7 A

1 1

topm T Tt

1 1 1 1 1 1
- <2p+z+2p+4+2p+6+“'+m>+<2m+2m+'“+>
1 1
201 9ot
1
2»

Sog eV = Bym(f)
So V is open in S with respect to the product topology.

Suppose now that U is an open subbase element in S with respect to
the product topology. Suppose U contains the point a = <a(n) >,en.
It will suffice to find an & such that B.(a) (with respect to p) is con-
tained in U.

Now U is of the form {z : f(n) € W,,} where W,, = S, for all n except,
possibly, for some k € N where Wy, is open in Sg. Then there is an e
such that

Ba = {g €S: pk(a(k)vg(k)) < 51}

is a subset of U containing a. Then

pr(ak), g(k)) _ e
2k <ok
Choose € = 1/2F. We then claim that B.(a) C B, C U (with respect
to the metric, p).

Proof of claim: Let g € B.(a). Then

plag) =3 pn(a(zzgg(n)) e %
neN
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Since

= pla,g) <e=e1/2"

then this g € B,. So B:(a) C B, C U, with respect to p. We conclude
that U is open in (S, p).

Then, the metric space, (S, p), and the product space, (S, 7), have the
same topology.

In the last part of this chapter we will be investigating how the product
topology is involved in various examples (some of which can be quite
intricate).

Example: The Tychonoff plank

We now briefly discuss the product of two ordinal spaces, for future
reference. The ordinal space was introduced in definition 5.16.% In the
following example, w; represents the first uncountable ordinal, while,
wq represents the first countable infinite ordinal. Let W represent the
ordinal space, [0,w1], and T represent the ordinal space, [0, wp]. Recall
(from the discussion which appears after the definition 5.16) that the
elements of the subbase elements of the form (u,w:] and [0, 3).

Let
S=WxT = [0,&)1] X [O,WO]

be the product space of the two given ordinal spaces. Then the ele-
ments of S can be viewed as ordered pairs, (o, ) € W x T. Since
both sets are linearly ordered, it doesn’t hurt to visualize the product
space, S, as a Cartesian plane of numbers where W represents the
horizontal axis and T represents the vertical axis. We would then have
(0,0) in the lower left corner and (wy,wy) in the top right corner. The
topological space S = [0,w1] x [0,wp] equipped with this topology is
commonly referred to by topologists as the

“Tychonoff plank”

It is worth keeping this in mind, for future reference. The subspace S*
of S defined as
5" = S\{(w1,wo)}

1A more detailed study of the ordinals in the context of set theory is found in Set
theory: An introduction to Axiomatic Reasoning, by Robert André
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simply obtained by deleting the top right corner from the Tychonoff
plank is appropriately referred to as the

“Deleted Tychonoff plank”

This is also standard nomenclature. As an open neighborhood base of
the point, (5, u) € S, we can use elements of the form

By ={(@,B+1)x (v, n+1):a<Band y < u}

The Tychonoff plank may appear to be a topological space that is, in
many ways, similar to the product space R x N but, as we will eventu-
ally see, has quite different properties. Both the Tychonoff plank and
the Deleted Tychonoff plank are useful topological spaces to remember.

7.7 Topic: Embedding a topological space in a product space.

In this section we will show how a particular family, %, of continuous
functions on a topological space, (S, 7), can be used to embed S in a
product space whose factors are the range of the functions in .%. This
method is exhibited in a theorem titled “The Embedding Theorem
1”. The Embedding theorem I applies only to topological spaces, S, in
which singleton sets are closed. In order to understand this theorem
one must be familiar with the following three very important notions
in topology:

— Family of functions which separates points and closed sets of S,
— Fvaluation map with respect to a family, .#, of functions.

— If f: A — T is a continuous function which maps (non-empty) A
homeomorphically into T', we say that “f embeds A into T”.

Definition 7.15 Let (S, 7s) be a topological space and {(S4,7,) : @ € '}
be an indexed family of non-empty topological spaces. Let % = {f,: a € I'}
be a set of continuous functions, fo : S — S, each one mapping S onto its
range fo[S] C S,.

(a) We say that # separates points and closed sets if, whenever F' is a
closed subset of S and = ¢ F', then there exists at least one function
fs € F such that fg(x) & clsﬁfg[F].F’

5Similar expressions such as “the subsets A and B are completely separated” and “the
real-valued function, f : S — R separates A and B if A C Z(f) and B C Z(f — 1) for
some f € C(X)” will be defined when discussing normal spaces in definition 10.2.
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(b) We define a function, ez : S — [[,cp Sa, as follows:
e7(2) = <fa(r)>aer € [laerfolS] € TlaerSe
We refer to the function ez : S — [] o Sa as the

“evaluation map of S into [[,cr Sa with respect to F”

Theorem 7.16 The embedding theorem 1.  Let (S,7s) be a topological
space in which every singleton set in S is a closed subset of S. Given an
indexed family of non-empty topological spaces, {(Sa,7n) : @ € T'}, let
F = {fa:a €T} be aset of continuous functions where each f, maps S
onto its range, f,[S], inside S,.

(a) If F separates points and closed sets of its domain, S, and [[, .S« is
equipped with the product topology, then the evaluation map,

ez(x) =<fa(@)>aer € llaerfalSl S IlaerSa
with respect to %, is both continuous and one-to-one on S.

urthermore, the function, ez : S — o, TNAPS omeomorphi-
b) Furth the functi S acr S S h hi
cally onto

ez[S] C IlaerfalS] € llaerSe

Hence this evaluation map embeds a homeomorphic copy of S into the
product space, [[,cr Sa-

Proof: We are given that (.S, 75) is a topological space in which all singleton
sets, {z}, are closed in S and a family of topological spaces, {S, : @ €
I'}. For the set, # = {fo : S — Satacer, of continuous functions on S,
we define

exg S — HaeFfa[S - HaeFSa

as an evaluation map with respect to .%.

(a) Note that, for each « € T" and x € S,

(7Ta° egz)(l') = 7Ta( < fa(x) >a€F) = fa(x)

Since, for each o € T, f,, is continuous, then so is mhoez : S — fu[S5].
By Lemma 7.11, ez : S — [] e folS] is continuous.

We claim that ez : S — [[,cr fo[S] is one-to-one on S. Suppose a
and b are distinct points in S. Then, since the single set {b} is closed
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and % separates points and closed sets, there exists 8 € I' such that
fa(a) & cls, fs[{b}]. Then the 3" component of e#(a) = < fa(a) >aer

and ez (b) =< fo(b) >qer are distinct and so egz(a) # ez (b).

We

conclude that the evaluation map ez : S — [], cp fa[S] is one-to-one

on S, as claimed.

b) To prove that the evaluation map ez : S — [] cp fo[S] embeds S
into [[,er Sa, it will suffice to show that it is an open function and,

then invoke Theorem 6.9.

Let U be a non-empty open subset of S with the point u € U. Then
F = S\U is closed in S. Since .# separates points and closed

sets, there exists 3 € I' such that fg(u) ¢ cls, fg[F].

fo(u) € Sp\ [cls, f3[F1].

That means,

We now show that e z[U] is open in [] . Sa-

Note that,
(mgoez)(u)

S

3

slez(u))

5( < fa(u) >aer)
()

S5\ [cls, f3lF1]

3

>

Since ez (u) € my [S5\ [cls, f3[F]]] and since mg is continuous, then
Ly [Sg\ [clsﬁfg[Fm is an open neighborhood of ez (u) in [], cp Sa-

It now suffices to show that

g [S6\ [els, f5[F1]] € ez (U]

Suppose ez (a) € Ly [Sg\ [clsﬁfg[

ez(a) € w5 [Sp\ [cls, f5FI]] =

R

FlJ].

(mgoegz)(a) € g [Wb_ [Sg\clsﬁfg[Fm
fa(a) € [Sp\cls, f3F]]

fola) & cls, fa[F]
aeS\F=S\(S\U)=U

ez(a) € e[U]

So w5 [S5\ [cls; fa[F]]] is an open neighborhood of ez (u) which is
entirely contained in ez[U]. We conclude e#[U] is open in [] . Sa
and so ez : S — [],cr Sa is a homeomorphism.
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We have thus shown that ez : S — []
uct space, [[,er Sa-

acr Sa embeds S into the prod-

Topic: The Cantor set: Viewed as the continuous image of a prod-
uct space.

In this section we will discuss the Cantor set. We will provide a for-
mal set-theoretic definition of the Cantor set and then study it from a
topological point of view. It is often referred to because of its surpris-
ing set-theoretic and topological properties. We will study it in this
chapter since its description extensively uses Cartesian products.

A prologue to a definition of the Cantor set.

Recall that Z* = {1,2,3,...,}. Let D = {0,1,2,...,8,9} (the ten
digits from 0 to 9). So

+
Hn€Z+D = DZ

represents the set of all functions mapping Z* into D. The set, [],,,+ D
can be described as the set of all countably infinite ordered strings, of
the form,

<My >pez+, where my, € {0,1,2,...,9}

Suppose we define the function, ¢ : [],cp+ D — [0,1] (the closed
interval in R from 0 to 1) as follows:

mnp

)
g0(<m1,m2,m3,...,mn,...,>):Zl—n

n=1

Note that every number = € [0, 1] (represented in its infinite decimal
expansion 0.mijmeomsg - --) can be expressed in the form,

(o)

= m—Ommm
E Ton — Qe
n=1
For example,
0
0,0,0,... :E — =
(p(< Y M >) 10n 0
n=1
=9
9,9,9,... :5 — =10.9999...=1
(p(< ) ) >) n:110n

0(<2,9,9,...>) =0.2999...=0.3000...= (< 3,0,0,...>)
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and so ¢ maps [[,c,+ D onto [0,1] but is not necessarily one-to-one
(since an endless string of 9’s and an endless string of 0’s may be
mapped to the same element in [0, 1]). But the entire set [0,1] is, in-
deed, the image of [], .,+ D under o.

However, if we reduce the size of D to say, D* = {0,1,2,5,7,9} (by
removing the four digits 3, 4, 6, 8), then the function, ¢ : [[,cz+ D* —
[0, 1], defined similarly, would produce a range which is, not surpris-
ingly, a proper subset of [0, 1] which would contain multiple gaps in it
(since the digits 3, 4, 6 and 8 are lacking in the ordered strings of the
domain).

If we set D = {0, 1,2} and every number x in [0, 1] is expressed in its
triadic expansion form®, then the set

o [Tlhez {0, 1,2}] = [0.000. . 5, 0.2222. . 5] = [0, 1]

would look like,

[ee]
m
P(< M >nezt) = Y 3—: = 0.mymgms - - -3 € [0.000. . 5, 0.2222. . 3] = [0, 1]

n=1

For example,

o
0
©(<0,0,0,...>) =0.0000...5 = 237

o0
0(<2,2,2,...>)=02222..53 = »_

2
g !
n=1
o
(<1,1,1,...>) = 0.1111 = L1
(p s Ly Ly e — U. .3 == Z 37‘L == 2 (Check!)
0(<0,1,2,2,...>) =0.0122225... = 0.0200000000.. 5 = ©(0,2,0,0,0,...)

Note that, ¢ is not one-to-one onto [, .,+1{0,1,2}.

We reduce the set {0,1,2} to D = {0,2} (by removing the digit 1),
with m,, € {0,2} and let ¢ : [],,c7+{0,2} — [0,1] be defined as,
=m
g0(< mpy >n€Z+) = Z 3—: = 0.mimams...3 € [0000 ...3,0.2222 . .3]
n=1
where 0.mimsoms . . .3 contains only 0’s and 2’s. The set, ¢ [Hnez+{0, 2}]
is now a proper subset of [0.000.. .3, 0.2222.. 3] = [0, 1].

6...,0,1,2, 10, 11, 12, 100, 101, 102, 110, ...
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We will see that the “Cantor set” involves the particular function

¢ [nez+10,2} = [0,1]

who’s range, ¢ [Hnez+{0, 2}], is a proper subset of [0, 1].

We can now provide a formal set-theoretic definition of the Cantor set.

Definition 7.17 The Cantor set: A set theoretic definition. Suppose ZT =
N\{0} and [],, .7+ {0, 2} = {0, 2327 the set of all countably infinite sequences
of 0’s and 2’s. Let the function

P - Hn€Z+{07 2} - [07 1]

be defined as
o0
mnp
O(< My >nez+) = an
3
n=1
where (< my, >,cz+) = 0.mimams . . .3 is an element of [0, 1] expressed in
its triadic expansion form. Since the digit 1 is lacking in the ordered strings,
¢ is one-to-one on its domain and the range, ¢ [[[,cz+1{0,2}], is a proper
subset of the interval, [0.000.. 3, 0.2222.. 3] = [0, 1], with multiple gaps in
it. The one-to-one image,

C=¢ [ [Inez+{0.2}]

of the product, [[,,cz+ {0, 2}, under ¢, is a proper subset of [0.000. . .3, 0.2222 .. .3] =
[0,1]. The set, C, is referred to as the Cantor set.

Then the Cantor set can be seen as

all possible values of the infinite sum ) ° , % where m, = 0 or 2.

What does the Cantor set look like, as a subset of [0,1]¢

The definition of the “Cantor Set”, C, states that C is a particu-
lar subset of the closed unit interval, [0,1]. This set is the range,
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©[Il,ez+10,2}], under the well-defined function, ¢, with domain,
[I,c7+{0,2}. This definition, by itself, is not very useful when try-
ing to visualize what kind of subset of [0, 1] it represents. If the reader
is willing to go through the trouble of verifying this, C does not con-
tain any of the points in the open intervals, (1/3,2/3), (1/32,2/3%),
(7/3%,8/3%). Since ¢ maps [],cz+{0, 1,2} onto [0, 1], then ¢ will map
[L.cz+10,2} only onto a proper subset of [0, 1]. Such gaps will occur.
It doesn’t take long before one sees a pattern emerge. We normally
view the Cantor set as a set which is inductively constructed in stages
by successively defining a nested sequence, Cy, C1, Co, ..., of subsets
of [0,1]. Ultimately we define the Cantor set as being the intersection,
C = NpenCh, of all of these (after convincing ourselves that C would
not be empty). We can visualize this procedure as follows.

Co =1[0,1]
Cl - CO\(173)
Cy = Ci\(5238) U (523%)

C3 = 5\ ...open middle thirds in Co

Cni1 = Cy\...open middle thirds of the remaining intervals in C),

The construction of (), is normally described by saying “ ... to ob-
tain C,,, subtract open middle thirds from C,,_1” After inductively
obtaining an infinite sequence of nested sets, {C), }nen, in this way
we define the Cantor set as being the infinite intersection

We visualize the Cantor set geometrically (up to the construction of
C5) as follows.
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Note that, in the definition 7.17 of the Cantor set C = ¢[[[,,c7+{0,2}] —
[0, 1] where

o0

P(< M Spezi) = Y o 3

n=1
the topology of the set C involved was not discussed. So we didn’t
speak of the “continuity” of ¢ on the product [],.,+{0,2}. We will
define topologies of all sets involved in the most natural way. We will
equip the set {0,2} with the discrete topology, the set [], .,+1{0,2}
with the product topology, and finally, the Cantor set, C, with the
subspace topology inherited from R. We will now show that, the Can-
tor set, C, is a homeomorphic copy of the product space, [],,c7+{0,2}.

Theorem 7.18 The one-to-one function, ¢ : [],,c5+{0,2} — [0, 1], defined

as,
o0

90(< My >n€Z+) =

mnp
3n
n=1

maps the product space [ ], .;+{0, 2} homeomorphically onto the Cantor set,

C= ¥ [Hn€Z+{07 2}]

a subset of [0,1]. So the Cantor set is a topological copy of the product
space, [[,cz+ 10,2}, contained in [0, 1].

Proof: Given the one-to-one function ¢ : [],,c5+{0,2} — [0, 1] where

oo
mnp

(< mp >n€Z+) = 3n

n=1

Let € > 0. First note that, for all < my >,cz+€ [[,cz+{0,2},

=2
|90(<mn n€Z+ 23_:

Then the sequence,
00 9 k 9
PPt
n=1 n=1 ke7+

converges to zero as k — o0o. So there exists IV such that
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Claim #1. The function ¢ is continuous. If < k, >,cz+ € [[,ez+10, 2}
then
— k
n
gO(<kfn >nEZ+): E 3—n:x6C

n=1

where < k,, > is a string of 0s and 2s.

Let B-(x) be and open interval in R with center  and radius e. Then
B.(z) N C is an open neighborhood of = in C. To show continuity of
¢ at < ky, >,cz+, it will suffice to find an open neighborhood, U, of
< kpn, >pnez+ such that p[U] C B.(z) N C.

Since the series, > 7, ]?f—ﬁ, converges to x, then the sequence
{z -0, g—ﬁ} = {> i1 g—ﬁ} converges to zero as m tends to in-
finity. Then,
o o
k 2
Z 3—Z < Z gn <& By

Let U = 7y [{k1}] N - N 7wy [{kn}] (wlog) be an open base neigh-
borhood of < &, > in [],c;+{0,2} (Each {k;} is an open subset of
{0,2}). Suppose < b, >,cz+ is some element in U. This implies
bl :k‘l,bgzk‘g,...,b]\[:k‘]\[. So

b
2= (< bu ezl = o= 3o
n=1
s
n:lgn n:lgn
00
k b
< 0+ Y [k - n)
n=N+1
> 2
B n:N+13n
< &€

Then ¢[U] C B.(z) N C. Then ¢ is continuous at < ky, >,cz+, and so
at all points of [[,,c7+1{0,2}. Then ¢ is continuous on ], .5+ {0, 2}, as
claimed.

Claim #2. The function ¢ is homeomorphic. To prove that ¢ is a
homeomorphism it will suffice to show it is an open function.

For y =< kp >,ez+€ [1,e2+10, 2}, >0y lg—ﬁ converges to ¢(y).
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Let U = m; [{kj,}] N - N7 [{kj,,}] be an arbitrary open neighbor-
hood base element of < k,, >,,cz+.

To show that ¢ is open, it will suffice to find some ¢ such that B (¢(y))N
C C [U].

Let N = max{j1, j2,...,Jm} and leta‘:ﬁ. (**%)

We claim that, if | p(< kp >pez+) — @(< 2 >pez+) | <€, then
(< zn >pez+) € @[U].

[ee] [ee]
k z
| (< bn >nezt) = @(< 2n >neze) | = D _gn = =t
n=1 n=1
n=1 3"
N 00
kn — zn kn — zn
= Tt T
n=1 n=N-+1
< €
Then
N 00
-1 kn — zn kn — zn 1
—&= 3N+1 < Z 3n + Z 3n < 3N+1 =€
n=1 n=N-+1
N 00
-1 > kn — zn kn — zn 1 kn — zn
3N+1 B Z 3n < Z 3n < JN+1 B Z 3n
n=N-+1 n=1 n=N+1
After some computation we obtain,
N
—4 kn — zn 4
W < Z 3n < 3N—|—1 (Verify this!)
n=1

To show that (< z, >,cz+) € @[U], it suffices to show that, y, —z, =
0 forn=1to N.
For m =1 to N, let

Suppose k1 — 21 = 2 or —2; then S; = +2/3 ¢ (—3]\;%, 3]\;%) So
k:l—zl =0.
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Suppose ky, — 2z = 0 for m < N and k1 — 2m+1 = 2 or —2. Then
Smi1 = +2/3 € (— 3577, 3377)- 50 kmt1 — Zm+1 = 0.

We then have y,, — z, =0 forn =1 to N.

This is precisely what was needed to show that ¢({z,}) € ¢[U]. This
means that, for our choice of ¢ = 3]\,% (at (**)), Be(e({kn}) N C C
©[U]. So ¢ is an open map on [ ], .5+ {0,2}. So ¢ is a homeomorphism,
as claimed.

The theorem is proved, as required

The Cantor set was defined as being the range ¢ [ [, c+10,2}] of
[L.cz+10,2}. But the above statement shows much more. Since we
have shown [],,.5+{0,2} is a homeomorphic copy of C, then, topolog-
ically speaking, the subspace, C, of [0, 1] we call the Cantor set “is”
the product space, [], .7+1{0,2}.

A topological definition of the Cantor set: The Cantor set
is the product space,

[T 0.2} = {0,2}*

neZ+

where {0,2} is the two-point discrete space and {0, Q}ZJr is
equipped with the product topology.”

The topological point of view provides a different perspective on the
nature of C. Since the Cantor set is homeomorphic to a subset of the
metrizable space [0, 1] then the Cantor set is a metrizable space.

About the cardinality of C.

Our geometric description of the construction of the Cantor set, C,
showed that C was obtained by successively removing open middle-
third interval from a previous set, leaving behind, at least, the end-
points of countably many closed intervals. The endpoints, all of them
of the form, 3=, (m, € {0,2}) are rationals and are never removed

and so must belong to C. This may lead one to believe that C is

"For curious interested readers, there are other topological characterizations such as
“the Cantor set is homeomorphic to those spaces which are compact, metrizable, totally
disconnected and perfect (a space is said to be perfect if none of its points are open)”.
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countably infinite. But our formal definition of C (as well as the pre-
vious theorem) shows that this cannot be so. It states that C can
be mapped homeomorphically onto the uncountable set [, c7+{0,2}.
Then, |C| = 2/471 = 2% = ¢ = |R|. So C is uncountable. We leave the
reader to reflect on the intriguing question: If x is a point in C which
is not an endpoint of a middle third, what does it look like? How can
it be that a “non-endpoint” is left behind?

Is the Cantor topological space discrete?

By this question, we are wondering whether every single point of C
is both open and closed. We have shown that the Cantor set, C, is
the homeomorphic image of the product space, [, cz+10,2}. If ev-
ery point of C was open, then every point of [],.,+{0,2} would be
open. But this is easily verified not to be the case, since no point of
the product space can contain a basic open set of the product space,
[L.cz+10,2}. Those spaces in which none of its singleton sets are open
are referred to as being perfect spaces. So the Cantor set is a perfect
space.

So C can be viewed as a sprinkling of an uncountable set of points
in [0, 1]. It is interesting to note that C can continuously be mapped
onto [0, 1] as the following theorem shows.

Theorem 7.19 There is a continuous function, § : C — [0, 1], which maps
the Cantor set, C, onto the closed interval [0, 1].

Proof: Recall that the function, ¢ : [],cz+1{0,2} — C, maps [],c5+{0,2}
homeomorphically onto C. It is defined as

oo
mnp

o(<mp >pegt) = 3

n=1
We begin by defining a similar function, + : ], .;+{0,2} — [0,1]
which maps the same set, [],,c5+ {0, 2}, onto [0,1]. It is defined as,

00
mpy

(< mn >pezt) =Y ot T

n=1
We claim that 1) is continuous on its domain and onto the closed inter-
val [0, 1]. To see that 1) is onto [0, 1] simply note that the expression

(o) (o)

m My, /2 el
2271—:—11:2 2nn/ 222_2:0.81828384...26[071]

n=1 n=1 n=1
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where each s, is 0 or 1 and 0.51528354 . . .2 is simply the dyadic expan-
sion for an element in [0, 1].8

To prove continuity of i proceed precisely as for ¢ in the previous
theorem.

We define ¢ : C — [0, 1] as

§ = 1hop™

where ¢~ continuously maps C one-to-one and onto [], .,{0,2} and
v continuously maps [], .+ {0, 2} onto [0, 1].? So § continuously maps
C onto [0, 1], as required.

7.9

Topic: Product spaces are “commutative”.

What effect does it have on the topology of a product space if we alter
the order of its factors? We investigate this question by first consider-
ing a particular case in the following example.

Ezample 8. Show that for topological spaces S1, S and S3,
5251X52X53 andT253X51XSQ

are homeomorphic.

Solution: Let S = S1 x Sy x Sz and T'= S3 x S1 x Sa. Let ¢ : {1,2,3} —
{3, 1,2} be the one-to-one function where ¢(1) = 3, ¢(2) =1, ¢(3) = 2.
SoT = Sq(l) X Sq(g) X Sq(g) = Sg X Sl X Sg.

Let ¢* : S — T be defined as follows:
q*[Sl X Sg X Sg] = Oq(1) X Sq(g) X Sq(g) = Sg X Sl X Sg
If (a,b,c) € S then

q*(a7 b7 C) = (67 a? b) 6 T

8For example, if y =< m, >,cz+ is the string {2,0,2,0,2,0,...,}, then 9(y) =
0.10101010 ... a point in [0, 1] in dyadic expansion form. The function ¥ is easily seen to
be onto [0, 1]. For example, given z = [0.001001001...,], ¥({0,0,2,0,0,2,...}) = .

?Note that 1 is not one-to-one since ¢ maps the two distinct strings {0,0,2,2,2....,}
and {0,1,0,0,0....,} to the same point 0.001111 ... = 0.01000000. ..
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Claim: We claim that ¢* : S1 x S2 X S3 — Sy(1) X Sge2) X Sy(3) is a
homeomorphism.

Proof of claim: We will first show that the three functions
Tq(3)° q* : Sl X SQ X Sg — q(3)

Tq(2)° q* : Sl X SQ X Sg — q(2)
Tayeq" 251 X S x 83— Sy
are continuous. If so we can apply Lemma 7.11, to conclude ¢* is con-

tinuous.

Let U be an open subset of Sy3) = S2.

(Tyzoq") T [U] = ¢ [mgs)~ [U]]
= ¢ [Sg) X Sy(2) x U]
= Sl X SQ x U

S0 T30 q" is continuous. We mimic these steps to show that both
Ty q" and 7,0 ¢* are continuous.

By Lemma 7.11, ¢* : S — T is continuous.
By a similar reasoning, ¢*~ : T'— S is continuous.

We conclude that ¢* : S1 X Sz x S5 — Sy(1) X Sg2) X Sy(3) is a homeo-
morphism, as required.

In the next theorem we generalize the proof in the example to one
involving larger product spaces.

Theorem 7.20 Let S = [[,c; S« and let ¢ : I — J be a one-to-one func-
tion mapping I onto an indexing set, J. Then there is a homeomorphism ¢*
mapping S onto T' = [[,e; Sq(a)-

Proof THe proof follows the pattern illustrated in the example, and so is
omitted.
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The above theorem confirms that “altering the order of the factors of a
product space produces another product space which is homeomorphic
to the original one”.

7.10 Topic: Product spaces are “associative”.

We address the question: How can we simplify the product of a prod-
uct spaces? We begin by illustrating what we mean by this question.

Let I ={1,2,...,12}, A={1,2,3,4}, B={5,6},and C = {7,8,...,12}.
The set [ is the disjoint union the of sets A, B and C. Let {(Sq, 7o) :

a € {1,2,...,12} be a set of twelve topological spaces. Consider the
two product spaces S and Y defined as follows:

S - HQEISQ and Y — HQEASQ X HCMEBSQ X HCMECSQ

We wonder, “How do the two product spaces compare?”. We see that
S is a product space with twelve factors, while Y is a product space
of only three factors. This observation is sufficient to conclude that
S #Y. On the other hand, we see that each of the three factors of Y
are themselves product spaces, all three with factors, S,, identical to
the ones found in S. While we have excluded, the possibility that S
equals Y, it would be reasonable to suspect that these two spaces are
homeomorphic copies of each other.

Ezample 9. Let {S1,S2,...,5} be a set of non-empty topological
spaces. Suppose I = {1,2,...,6} is the union of three disjoint non-
empty subsets, A = {1,2}, B = {3,4,5} and C = {6} where the
elements in A U B U C respect the order in which they appear in I.
Show that

S =1lerSi and T = [S1 x Sa] x [S3 x Sy x S5] x Sg

are homeomorphic product spaces.
Solution : We define three functions,
fA S — Sl X SQ

fB:S — SgXS4><S5
fc:S — Se
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as
fa(xy, xo, w3, 24, T5,26) = (21, %2)
fB(x1, 22, 23, 24, x5, 6) = (T3,24,T5)
fo(x1, o, 3, x4, x5, 26) = 6

Note that,

for j € {1,2}, (mjefa)(< i >ieny) = wj(x1,72) = x5 € {71, T2}
for j € {3,4,5}, (mjofB)(< i >icicr) = mj(x3,24,25) = xj € {x3, 24,25}
for j € {6}, (Wjofc)(< Z; >Z'€Z‘€]) = 7Tj(3;‘6) =Ij; € {3;‘6}

It is easily verified that the six functions, miofa, meofa w30 fB, TaofB,
m50fp and meo fo pull-back basic open sets in S; to basic open sets in
S and so are continuous on S.

By Lemma 7.11, the functions fa, fg, and fc are all continuous on S.

We now consider the function
f : HieISi — [Sl X SQ] X [Sg X S4 X 55] X Sﬁ
defined as

f(<zi>ier) = (fa(< i >ier), [B(S i >ier), fo(<xi >ier) )
= ( (3?17332), (33371'471'5)71'6 )
[Sl X SQ] X [Sg X S4 X 55] X Sﬁ

m

Claim#1. We claim that f is one-to-one and continuous on [[;.;S;.

Since fa, fp and fo are all three continuous then, by theorem 7.12,
f S — T is continuous on its domain S. Also, since [ is the union of
disjoint A, B and C, then f maps S one-to-one and onto T'. So f is
one-to-one and continuous on S, as claimed.

Claim#2. We claim that f is a homeomorphism.

To show that f is a homeomorphism it suffices to show that f is an
open map.

Let V = i [Ui] N5 [Ua] N ---Nws [Ugy] be a basic open set in S =
[Lic/Si- Then

fIV] = fa[V] x fBlV] x fc[V] C [S1 x S2] x [S3 x Sy x S5] x Sg
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Then
falV] = falmr [U Ny [Ug] O - - 0o [U]]
= fA[UlXUQX"'Uﬁ]
= U1 X U2
fB[V] = U3 X U4 X U5
elVl = Us

So fa[V], fg[V] and fo[V] are open in [S] x Sa], [S3 x S4 x S5] and Sg.
respectively.

Then f[V] is open in [S7 X Sa| x [S3 x Sy x S5] x Sg.

We conclude that
f:51XSQX53XS4><S5><Sﬁ — [51XSQ]X[53XS4XS5]XS(5

is a homeomorphism. So S and [S; x S| x [S3 x S4 X S5] x Sg are
homeomorphic sets, as required.

In the next theorem we generalize the proof in the example to one
involving larger product spaces.

Theorem 7.21 Let {(Sa, 7o) : @ € I} be a set of non-empty topological
spaces. Suppose [ is the disjoint union of three non-empty subsets, A, B
and C' where the elements in A U B U C respect the order in which they
appear in I. Then

S — HQEISQ and Y — HQEASQ X HCMEBSQ X HCMECSQ

are homeomorphic product spaces.

Proof : The proof mimics the method illustrated in the example and so is
omitted.
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Ezample 10. In an example found on page 111 we defined the space

(1, 7)

where ¢ = NU .# where .# is a collection of infinite subsets of N in
which every pair has finite intersection and is such that .# is maximal
with respect to this property. Show that .# is uncountably large set.

Solution: In that example we inductively constructed an infinite family

P =U{Z,:neN}

of distinct subsets of N where

Zo = {Awo}
7 = {Aq,Aae}t
D = {A(2,1)7 A(2,2)7 A(2,3)7 A(2,22)}

D = {A(n,k) tk=1to2"}

and
Dn = {x(mk) :k=1to 2”}

are distinct points such that x(, ») € Ag, )\ Dn—1.

Dy = {z()}

D, = {37(1,1)7 $(1,2)}

Dy = {z(2,1), T(2,2), T(2,3), T(2,22) }
Dn = {x(mk) :k=1to 2”}

Consider the map ¢ : [[;2,{0,1}; — [0, 1]2 defined as

[ee]
m;
o(mi,mg,ms,...,) =0.mimoms- - = o

=1

If we exclude those elements of [[;2,{0,1}; which end in an infinite
sequence of 1s, the function is one-to-one and onto [0, 1]z a set of
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cardinality 2. We can index the elements of D,, as follows:

DO = {.1‘0}

D1 = {xq, 00001, 01)}

Dy = {3?(2, 0.00)» L(2, 0.01)> L(2, 0.10)s L(2, 0.11)}

D3 = {3?(3, 0.000)> (3, 0.001)s L(3, 0.010)s L(3, 0.011)5 - - - » L(3, 0.111)}
Dn = {x(mk) k=1to 2”}

This gives rise to a an infinite family of sets % = {B; : ¢ € J} where
the sequence By = {z(y 4 : 7 € N} converges to a point in [0, 1]o.

So the cardinality of J is 280, If s # t, then B, N B, is finite.

So the cardinality of .# is larger than Ng.

Concepts review.

1.

2.

3.

10.

Give a general definition of a Cartesian product of sets.
Provide two definitions of the Cantor set.

Define the product topology on a Cartesian product.

. Define the bozx topology on a Cartesian product.
. Define what we mean by product space.

. What effect does changing the order of the factors have on the topology

of a product space.

Describe the Tychonoff plank and its topology.

. What does it mean to say that a set of functions .# separates points

and closed sets of a set S.

. Define evaluation map with respect to a set of functions .%.

State the Embedding theorem.
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11.

12.

13.

14.

15.

Section 7: Product spaces

The embedding theorem describes a homeomorphism between a topo-
logical space and a product space. What are these spaces? What is
the homeomorphism?

The Cantor set equipped with the usual topology is shown to be home-
omorphic to a product space. Which one? Describe the homeomor-
phism.

Describe a continuous function which maps the Cantor set, C, contin-
uously onto the closed interval [0, 1].

Is the Cantor set a countable subset of R?

Is the Cantor set, equipped with the subspace topology, discrete? Is it
second countable?

EXERCISES

. Show that [] cp Sa is dense in [] o Tt if and only if, for each a € T,

S, is dense in T,.

. Suppose that, for each oo € I', S, C T,,. Then [[,cr Sa is a subset

of the product space, [],cpTo. Show that the product topology on
[Iocr Sa is the same as the subspace topology [[,cr Sa inherits from

HaEF Ta'

. Given the product space [[,cp Sa, show that the projection map 7, :

[Iocr Sa — Sa is an open function. Is it a closed function?

. If in the product space, S = [[,cr Sa, each S, is discrete, describe the

open subsets of S.

. If in the product space, S = [[,cr Sa, each S, is indiscrete (7 =

{@,S}), describe the open subsets of S.

. Let X =[[,cr Sa and Y = [ 4 Ty be two product spaces where I'

and ® have the same cardinality confirmed by the one-to-one function
q: ' — ®. For each «, S, and Tj(,) are homeomorphic topological
spaces. Show that X and Y are homeomorphic.
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7. Suppose we are given a topological space (S, 75) and a family of topo-
logical spaces, {(Ty,7q) : @ € I'}. Suppose .F = {fo : @« € '} is a
family of functions, f, : S — T,, where each f, maps its domain S
into T,,. Let

B={f,1U]: (,U) €T x 74}

Show that Z is a base for open sets of S if and only if .# separates
points and closed sets in S.

8. Suppose U C S and V C T. Show that intgxp(U x V) = intgU x
intTV.

9. Show that, if the product space, [[,cr Sa, is first countable, then S,
is first countable for each o € T'.
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8 / The quotient topology.

Abstract. In this section we will present a method to topologize
the range, T, of a function, f, whose domain, S, is a topological
space. The topology on the range is referred to as the “quotient
topology induced by f”. When the function f is used for this pur-
pose, it is referred to as the associated quotient map.

8.1 The strong topology induced by a function.

We have previously discussed a function, f, with an untopologized
domain, S, which is mapped to a topological space (T, 7). We topol-
ogized S in such a way that guarantees the continuity of the function
f:S — T on S. To do this, we must be sure that S is provided
with enough open sets so that f : S — T is continuous. The easiest
way to do this is to assign to S the discrete topology, since, on such a
space any function will be continuous on S. But, ideally, we preferred
a topology which is custom-made for f and 7. We then opted for the
weak topology induced by f and 7. Namely,

7¢ ={U CS:U = f~[V], for some open V in T }

In this section, we will work the other way around. We are given a
topological space, S, and a function f : S — T. We wish to assign to
T a topology, 7r, that will guarantee that f is continuous on S.

Again, we could take the easy way out by assigning to 7" the indis-
crete topology, {&, T'}. It only has one non-empty open set, 7', pulled
back by f to the open set, S € 75. We again obtain continuity, but
one which is independent of the function, f. We opt for choosing a
topology on T which is custom made for the given function, f, and the
topology on the domain. That is, we will choose the strongest topology
on T that will guarantee continuity of f on the given topological space
(S, 75). With this mind, we present the following formal definition.

Definition 8.1 Let f: S — T be a function mapping the topological space
(S, 75) onto the set T'. We assign to the set T" the following topology

7 ={U CT: f[U]isopenin S }

The set, 7y, is referred to as the quotient topology induced by f and 7. When
T is equipped with the quotient topology, then (T, 7;) is referred to as the
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quotient space induced by f and f : S — T is referred to as its associated
quotient map.

The set 7; is referred to as being the strongest (or finest) topology on T' that
will guarantee continuity of f : S — T on the given topological space (.5, 75).

Since f respects both infinite unions and intersections of sets, then
7; is a well-defined topology on T'. Also, since 7; contains precisely
those sets which are pulled back to some set in 74, and no other sets,
then 7; is indeed the largest topology that guarantees continuity for f
on S. The quotient topology, 7;, induced by f is then unique.

It is important for the reader to notice that, in the above definition, we
declare the function f : § — T to be onto T'. This fact may be relevant
in some of the proofs that follow. If f : S — T was not declared to
be onto T, we would at least have to modify our definition of quotient
topology to

7 ={U C f[5]: f7IU] € 75}

What we have discussed up to now has to do with topologizing a set T’
with the help of a function f : S — T mapping a topological S space
onto to T, in such a way that the topology defined on 71" guarantees
that the function is continuous on S. The space T is then said to be a
quotient space induced by the quotient map f. Suppose, on the other
hand that we are given two topological spaces (S, 7s) and (7', 77) and
a continuous function, f, mapping S onto 7. If we are given no more
information about 7, we may wonder whether the topology on T is
the quotient topology induced by f. It would be useful to have a few
tools to determine this. The following theorem shows that there are
various ways of recognizing a quotient topology induced by a given
function.

Theorem 8.2 Suppose (S,7s) and (T, 7;) are topological spaces and f :
S — T is a continuous function onto T.

(a) If f:S — T is an open map, then 7, is the quotient topology on T
induced by f. That is, 7 = 7.

(b) If f: S — T is a closed map, then 7, is the quotient topology on T
induced by f. That is, 7 = 7.

'Some authors use the terms “identification topology” instead of quotient topology and
“identification map” instead of quotient map.
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(c) If there is a continuous function g : ' — S such that (fog)(z) = x on
T7 then Tr = Tf.

Proof: We are given that f : S — T is a continuous function mapping
S onto T" with topology 7. To show that 7, is the quotient topology
induced by f, it suffices to show that 7 is the strongest topology on T,
7; that will guarantee continuity to this function, f. Since f: S — T
is continuous, and 7; is the largest topology on 7' for which f is con-
tinuous, then 7 C 7;. For each of the three parts it will then suffice
to show that 7, C 7.

(a)

We are given that f : S — T is open.

We claim that 7, € 7,. Let U € 7, in T. By definition of
Tr, fTIU] is open in S. Since f is both open and onto, then
fIfIU)=U€7inT. So 74 C 7. Hence 7 = 74.

We are given that f : S — T is a closed continuous function.

We claim that 7 C 7,. Let U € 74 in T. By definition of 7,

fT[U] is open in S. Since f is both closed and onto, then, by
hypothesis, f[S\ f[U]] is closed in T'. See that

FISNFTIU = fIfT[T\U]] =T\U
Since T'\U is closed in T', then U is open in 7, in T'. So 74 C 7.
Hence 7 = ;.

We are given that g : T — S is continuous such that (fog)(x) =z
(where fog: T — T).

We claim that 7, C 7. Suppose U € 7¢. Then, by definition of
7f, f[U] is open in S. We have

U = {z€T:(fog)(x)=2€U}

(foq) U]
= g /U]
= U is open in T since g and f are continuous.
= Uermn

Hence U € 7. So 77 C 7, as claimed
Then 7; = 7, as required.

Part (a) of the previous theorem states that, given a function f: S —
T mapping (S, 7s) onto (T, 7r), if f is open then 77 is the quotient
topology induced by f. Some curious readers will certainly wonder:
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8.2

If the set T is topologized by the quotient function, ¢ : S —
T, mapping the topological space (S,7s) onto T is ¢ neces-
sarily an open function?

Well, if U is any open subset of S and 77 is the corresponding quotient
topology on T', then ¢[U] is open in T only if ¢~ [¢[U]] is open in S.

Ezample 1. Consider the Cartesian product R x R equipped with the
product topology. Recall that m; : R Xx R — R is the projection map
defined as 7 (a, b) = a. Since we have previously shown that the pro-
jection map 7 : R x R — R is an open function then, by the above
theorem, R equipped with the usual topology is the quotient topology
induced by the quotient map, 7.

An equivalence relation induced by a function f.

Any function, f, mapping a set S onto a set T' can be used to partition
the domain into subsets we call “fibres in S induced by the function
f7. We will first formally define this set theoretic notion.

Definition 8.3 Let f: S — T be a function mapping a set S onto a set T
If w e T, we will refer to f~[{w}] as the fibre of w under the map f. Fibres
in the domain are the preimages of singleton sets with respect to f. 2

Let f:S — T be a function which maps the topological space (.S, 75)
onto the quotient space, (T, 7). Using this function we will construct
a new set by defining a relation Ry on S as follows:

[u is related to v] < [f(u) = f(v) in T']

The phrase, “u is related to v” in S, can be more succinctly expressed
as,

uRpv  or  (u,v) € Ry
This essentially means that v and v are related if and only if they both
belong to the same fibre under the map f : S — T.2 The relation, Ry,

2The word “fibre” is also written as “fiber”. It is usually interpreted in this way in the
field of set theory. But it can have an entirely different meaning in other mathematical
fields. Its interpretation is determined by the context.

3In this context a fibre is a set theoretic concept and is independent of the topologies
involved.
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on S is easily seen to be reflexive, symmetric and transitive, and so Ry
is an equivalence relation on S. We will denote an equivalence class of
x under Ry by

Sy ={y € S: xRy}

and the set of all such equivalence classes in S by
S/Rf:{SI:.Z‘ES}

Each element, Sy, is a fibre under, f, and the set, S/Ry, can be viewed
as the set of all fibres in S under f. In set theory, S/Ry, is normally
called the

quotient set of S induced by Ry.

Just like the set of all fibres of a function, f : S — T, partitions the
domain, we see that the set of all equivalence classes partitions the set
S. By this we mean that the elements of S/Ry are pairwise disjoint
subsets which cover all of S. One should remember that, when S, is
in S, it is a subset of S, but, whenever S, is in S/ Ry, it is viewed as
one of its elements.

There is a “natural” function, 6 : S — S/Ry, defined as
O(x) =S,

mapping the points of the topological space (59, 75) onto the “elements”
of the set S/Ry. One might more figuratively say that 6 collapses each
fibre, f~(z), in S down to a unique element, S,, in S/Ry, or, equiva-
lently, maps fibres in S to singleton sets, {S;}, in S/Ry.

As long as no topology is declared on S/Ry our discussion remains
within the bounds of set theory. We will topologize S/R; as being the

quotient space induced by the function, 6 : S — S/ Ry

a function we can now refer to as a quotient map. So S/Ry will be
equipped with the quotient topology, 9. More specifically

79 = {U : 6~ [U] is open in S}

The topology on S/R; will be the strongest topology that guarantees
the continuity of § : S — S/Ry.

We now have two quotient spaces induced by two functions with do-
main (S, 7):
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An insightful reader may already have a feeling that the two quotient
spaces are topologically the same. To some readers this may appear
so obvious that, to them, this requires no proof. To confirm this, we
have to show that they are linked by some homeomorphism. We will
connect S/Ry to T by defining a third function, ¢, : S/R;f — T as

¢f(STE) = f(.’L') (Where Sz = 0(z).)

which maps points of S/ Ry to points of T' (remembering that f is onto
T and so every element of T' can be represented by f(x) for some x
in S.) The following diagram illustrates the relationship between S,
S/Ry and T.

S / T
S/R;

This allows us to express the function, f, as a composition of functions
@700 = f. The following definition refers to expressions of the form
FT[fIU]]- One should keep in mind that, even though it may occur
that U = f< [f[U]], it is always the case that U C f— [f[U]].

In the theorem below we will show that ...

¢; : S/Rf — T maps S/Ry homeomorphically onto T

Theorem 8.4 Suppose f : S — T is a function on S and U is a non-empty
subset of T" and 0 : S — S/Ry is the natural map (collapsing the fibres of f
down to a point). Then
[Tl =0710 [f[U]]]
Proof: Since f—[U] C [0 [ f~[U]]] we need only show inclusion in the
opposite direction.
e [0 [fU]]] O(x) € 0[f[U]]
0(x) € {0(y) :y € f7 (U}
Sy e{Sy: fly) eU}
flx)eU
z € fT[U]

R R A



196 Section 8: The quotient topology

Then 00 [ f[U]]] C f[U].
Then

Theorem 8.5 Suppose (S,7s) is a topological space. Let (7T,7;) and
(S/Ry,m9) be two quotient spaces induced by the quotient maps f : .S — T
and 0 : S — S/Ry, where 6(x) = S,. Then the function, ¢; : S/Rf — T
defined as

¢;(Sz) = f(=)

maps S/Ry homeomorphically onto T'.

Proof: We are given that f : S — T and § : S — S/Ry and are quotient
maps, hence are continuous on S. We are required to show that the
function, ¢, : S/Ry — T, defined as, ¢;(S;) = (¢;-0)(x) = f(x), is a

homeomorphism.

We claim that ¢; is one-to-one and onto T: See that, since f is onto
T, ¢; is onto T'. Also, if S, # Sy, then f(x) # f(y), which implies
¢(x) # ¢4(y); so ¢, is one-to-one and onto.

We claim that ¢; is continuous on S/Ry: Let U be open in T'. Since f
is continuous f[U] is open in S.

¢y (U] = {Sz:¢4(S:) € U}
= {5 :¢4(0(x)) € U}
= {0(z): f(z) e U}
= {0(z): 2z € fT[U]}
= 0/ [U]]

We have shown above that 676 [ fT[U]]] = f~[U]. Since 6 : S —
S/Ry is a quotient map and f[U] is open, then 6§ [ f~[U]] is open.
So ¢ [U] is open. This establishes the claim that ¢, is continuous.
We claim that ¢; is open on S/Ry: From the diagram above we know
that f = ¢;.0. So 0 = ¢ of. Since 0 is continuous, then (¢7 of) :
S — S/Ry is continuous on S. Let U is an open subset of S/Ry.

07Ul = (¢ of) Ul e7s
fley )TN e 7s
[l UN e 7s

=
=
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Since T has the quotient topology induced by f, ¢;[U] is open in T
We have shown that ¢, is an open map, as claimed.

We have shown that the one-to-one onto function, ¢; : S/Ry — T,
is both continuous and open, hence it maps S/Ry homeomorphically
onto T'.

We summarize the main ideas behind the above result. If we are given
a topological space, (S, 7s), and a function f mapping S onto a set T'
we have the two main ingredients necessary to topologize T" with the
quotient topology, 7;. We do so in a way that guarantees continuity
of the function, f : S — T. The fibres of the function, f, covers its
domain. By collapsing, via the map 6, each fibre down to a point we
create another set, S/Ry, and topologize it with the quotient topology,
7. The expression “identifying the points of the fibres” is also of com-
mon usage. This new topological space, (S/Ry, 79) has been proven to
be a homeomorphic copy of (T, 7).

Saturated sets relative to a function.

We take this opportunity to introduce the notion of “saturated sets”
relative to a function.

Definition 8.6 Let g : S — T be a function mapping the set .S onto the set
T. A subset, U C S, is said to be

g-saturated

or just “saturated relative to the function ¢”, whenever U is the complete
inverse image of some subset V in T. Equivalently, U is g-saturated if and
only if U = ¢~ (g(U)). Equivalently, U is g-saturated if U is the union of
fibres of g.

Suppose, more specifically, that g : S — T is a function mapping the topo-
logical space (S, 7s) onto a topological space (T, 7). A subset, U C S, is
said to be

open g-saturated

whenever U is open in S and is the complete inverse image of some open
subset V' in T. Equivalently, U is open g-saturated if and only if U is open
in S and U = ¢~ (g[U]) where g[U] is open in T'.
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Ezample 2. Consider the projection map 71 : R Xx R — R defined as
m1(a,b) = a viewed as a quotient map. The subset U = (0,1) x R of
R x R is open mi-saturated since (0,1) x R is open in R x R and

(0, xR = 7 [(0,1)] = a1 [m[(0,1) x R]]

8.3 Decomposition spaces.

We have seen that the quotient space induced by 6 : S — S/ Ry involves
the decomposition of the set S into non-overlapping sets, {S, }. We will
now slightly generalize this notion of “decomposition of a set”. Suppose
we are given a topological space (S, 75). Rather than partition S into
equivalence classes, each of which contains all elements which belong
to a particular fibre, S,, of a function f, we can also partition the set
S in an arbitrary way. By this we mean that we express S as the union
of non-intersecting subsets. We will denote this set of subsets by, As.
Fach element z of S belongs to some element, labeled D,,, of Zg. Note
that, if y € D,, then D, and D, are simply different labels for the
same element of Y5. The set

Ds ={D,:x €S}

is reminiscent of a quotient set whose elements are equivalent classes
of some relation R on S. We can similarly define a function

0:5— Dg
on the topological space, .S, where

O(u) = Dy,
the unique element of Zg which contains u. Then 6 (D,) = {z €
S:xz € Dy} =D, CS. The set, Zs, is not yet topologized, but we
know of a procedure to topologize it, since it is, after all, the range of
a function 6 on S. We can equip Yg with the quotient topology,

79 ={U C Ps : 6~ [U] is open in S}

induced by 6. We formally define the concepts we have just presented.
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Definition 8.7 Let (S, 7s) be a topological space. If Zg is collection of
pairwise disjoint subsets of S such that every element of S belongs to some
element of Yg, then we say Ys is a

“decomposition of S”

The function, 0 : S — g, defined as, f(u) = D, if and only if u € D,,
mapping every element of S onto Yg is called the

natural map
or decomposition map of S onto Pg. The function, 8, is also referred to as
the identification map. The function, 0, is said to identify the elements of
the subset D, C S. If 1y is the quotient topology induced on Zg by 6, then

we say that (Zg, 1p) is a

“decomposition space or quotient space”

Why does all of this sound familiar? Recall that, if f : S — T, then
the function, f, decomposes its domain, S, into fibres. In this case,
(Zs,79) is a copy of (S/Ry, ).

The following theorem will help recognize the open subsets of the de-
composition space, Zs. It states that open subsets = {D, : D, €
U } of Ps correspond to open f-saturated subsets U{D, : D, € % } of
S.

Theorem 8.8 Suppose (Zg, 19) is a decomposition space of the topological
space (S, 7s) and let = {D, : x € I C S} be a subset of Zs. Then % is
open in Yg if and only if

U{D,:zel}

is open in S.

Proof: We are given that % = {D, : x € I C S} be a subset of Zg.

( = ) Suppose % is open in Zg.
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Then 0~ [%)={zx€S:0(x) =D, €%} ={xecS:xe€l}isopen in
S. We are required to show that U{D, : x € I} is open in S.
0 %) = 6 [U{{Ds} 2z €I}
= WO [{Dy}]:zel}
= U{D,CS:zel}

Is open since 6 is continuous.

( < ) Suppose U{D, C S:z € I} is open in S. We are required to
show that % = {D, : € I C S} is open in Zs. To show that % is
open in g, it suffices to show that 6 [%] is open in S (since g is
equipped with the quotient topology induced by 6).

WD, CS:zel} = WO [{Dy}]:z€l}
= 07 [UH{D,:zel}
= 07 [%]

Since U{D, : x € I} = 7 [%] is open, then % is open.

Based on the definition and the above theorem, it is clear that

... every decomposition space is a quotient space induced the
quotient map 0.

Ezample 3. For each real number r > 0, we define the subset
Cr = (o9 : Va2 T =1}
of R x R. Then the collection
2 ={C, :r >0}

partitions the set R x R and so forms a decomposition of R x R. We
define the function # : R x R — Z as

0(z,y) = C, provided /22 +y%2 =7

so that each point of R x R is mapped to the only element in & which
contains it. So 6 is a natural map. We topologize the decomposition
2 of R x R by defining its open subsets as

To={% C 2 :U{C, :C, € U} € TRxr}
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For example, if £ > 0, Z = {C, : k—¢ < r < k+ ¢} is an open
neighborhood of C} in the decomposition space & with natural map

6.

Upper semicontinuous decomposition spaces.

We introduce immediately what can sometimes be a very useful type
of decomposition space which will be called upon in a chapter further
on in the text.

Definition 8.9 Suppose S is a topological space and & is a decomposition
of S equipped with the quotient topology induced by the natural map 6 :
S — 9. Suppose V is an open subset of S which is #-saturated. By this
we mean that V = 6 [W] where W = 6[V] is an open subset of 2. We say
that & is an

upper semicontinuous decomposition space

if and only if for any element A in & which is contained in a subset U of §
there exists a #-saturated open set V in S such that ACV C U.

Example 4. In the previous example, we introduced a decomposition
space of R x R
2 ={C,:r >0}

where
Cr={(z,y): Va2 +y* =r}
with natural map 6(z,y) = C, provided \/z2 + y2 =r.

We can confirm that this is an upper semicontinuous decomposition
space as follows. Suppose Cy € ¥ where C, C U where U is an open
subset of R x R. Then, for every point (x,y), there is an open ball
Bc(x,y) such that B.(x,y) C U. Then {B.(x,y) : (z,y) € Cx} forms
an open cover of the compact set C;. Then there is an open subcover
{B:,(zi,y:;) : i = 1ton} of Cx. Let § = min{e; :i=1ton}. Let
V={C, : k-0 <r < k+d} an open f-saturated subset of R x R.
Then C CV C U. So the decomposition 2 = {C, : r > 0} is upper
semicontinuous.
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Theorem 8.10 Suppose S is a topological space and & is a decomposition
of S equipped with the quotient topology induced by the natural map p :
S — 2. Then p is a closed natural map if and only if & is an upper
semicontinuous decomposition space.

Proof: ( =) Suppose p: S — Z is a closed map. Suppose A € Z and U
is an open subset of S such that A C U. By hypothesis, since S\U is
open in S, p[S\U] is closed in Z. Since p is continuous, p~ [p[S\U]]
is a closed p-saturated subset of S. Then V = S\p~[p[S\U]] is a
p-saturated open subset of S. We can easily verify that A C V C U.
So Z is an upper semicontinuous decomposition of 5.

( < ) Suppose Z is an upper semicontinuous decomposition of S with
natural map p : S — Z. Suppose Z is a closed subset of S. We
are required to show that p[Z] is a closed subset of Z. To do this it
suffices to show that 2\ p[Z] is open in Z. Let A € Z\p[Z]. Then
A C S\ Z. By hypothesis, there exists an open p-saturated subset V'
of S such that A CV C S\ Z. Since V is an open p-saturated subset
of S there is an open subset W of Z such that p—[W] = V. Then
AeplV]=W C 2\p[Z]. That is, A is an element of the open subset
W which misses p[Z]. We can then conclude that p[Z] is closed, hence
p is a closed map. As required.

Theorem 8.11 Let 7 : .S — T be quotient map mapping S onto T". Then
7 is a closed map if and only if the collection 2 = {7 (z) : x € T'} is an
upper semicontinuous decomposition of the space S .

Proof: ( =) Suppose 7 : S — T is a closed map mapping a topological
space S onto the space T. We are required to show that the partition
P ={r"(x): 2 €T} of S forms an upper semicontinuous decomposi-
tion of the space S. Suppose t € 7[S]. Then 7 (t) C S. Suppose U is
an open subset of S such that 77 (¢) C U. We are required to produce
an open rw-saturated subset V of S such that 7<(¢) CV C U. By hy-
pothesis, 7[S\U] is closed in 7[S]. Since 7 is continuous, 7~ [7[S\U]] is
a closed m-saturated subset of S. Then V = S\n[x[S\U]] is an open
m-saturated subset of S. Then 7 (t) CV C U. So the decomposition
9 ={r"(x): 2z €T} of S forms an upper semicontinuous decomposi-
tion of S.

( < ) Suppose 7 : S — T is a quotient map. Then the set {7 (z) :
x € T} is a decomposition of the space S.
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Suppose Z is a closed subset of S. We are required to show that
m[Z] is a closed subset of 7[S]. To do this it suffices to show that
w[S|\7[Z] is open in 7[S]. Let t € w[S]\7[Z]. Then 7 (t) C S\ Z.
By hypothesis, there exists an open m-saturated subset V of S such
that 7 (t) C V C S\ Z. Since V is an open w-saturated subset of
S there is an open subset W of 7[S] such that 7 [W] = V. Then
t e w[V] =W C w[S]\m[Z]. That is, t is an element of the open subset
W which misses 7[Z]. We can then conclude that 7[Z] is closed, hence
7 is a closed quotient map. As required.

Ezxample 5. Let w : S — T be a closed continuous function map-
ping the topological space S onto the space T'. Then, by the theorem
above, ¥ = {n(z) : x € T} forms an upper semicontinuous decom-
position of S. Let f € C(Z2). We define a function f* : 7' — R as
f*(x) = flm~(z)] (where 7~ (x) € Z). Show that f* is continuous on
T.

Solution: Since m : S — T is a closed map, then T is equipped with
the quotient topology induced by the closed quotient map w. We are
given that f € C(2) and, for z € T, that f*(z) = fl7 " (z)].

Let U be an open subset of R. It suffices to show that f*~[U] is open
inT. Let z € f*[U] C T. So it suffices to produce an open subset
W of T such that z € W C f*7[U].

7 (z) C 7 U
= 7 [(for™)T[U]]
= 7 [(mo f)U]]
= fT[U]

Then 77 (z) is a subset of the open subset f[U] of S. Since 7 is
a closed map then, by the above theorem, there exists an open -
saturated subset V such that

T () SV C Ul =7 U]
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Then there is an open subset W of T such that 7 [W] = V. Then
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Then f*~[U] is open in T and so f* is continuous on 7', as required.

Ezample 6. Suppose we are given the subset, S = [0, 27] x [0, 27| of
R2. We will decompose S as follows: For each point (z,0) on the line

[0,27] x {0} let

D(z,O) = {(IL‘, 0), (27‘(‘ -

x,2m)}

So for each = € [0,27], D(;0) and D(a7_z 2r) Tepresent the same el-
ement of the decomposition, Zg. For example, Do) = D2z 2x) =

{(0,0), (2m,2m)}.

Figure 3: Topological representation of the Mobius strip

For each (z,y) € [0,27] x {0} U0, 27] x {27} let

D(z,y) = {(IL‘, y)}

Each subset of the form D, ) is a subset of S which contains two
points. All other subsets of the decomposition are singleton sets. The
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decomposition space, g, of the subspace S obtained is referred to as
the Mdbius strip.* See the figure.

The two lines L1 = {(2,0): 0 <z <27} and Ls = {(z,27): 0 <z <
27} are collapsed together (after inverting one of the lines) to form the
mobius strip.

Without the inversion of one of the lines, the decomposition space be-
comes a topological representation of a cylindrical shell.

Moore plane decomposition

Ezample 7. Let (S, 7s) denote the Moore plane. (Review the descrip-
tion of the Moore plane by looking over the example on page 87.) Let

F =R x {0}

and W = S\ F. We can then express S as the disjoint union of the
sets F' and W. Let

9 ={{z} 2 e W}U{F}

be the decomposition space of S which results from collapsing the sub-
set, F', down to a point and identifying all other points to themselves.

Is 2 an upper semicontinuous decomposition of S7 Is the natural map
0S — 2 an open map?

Solution: We are given the Moore plane, (S, 7s), and the decomposi-
tion 2 = {{z} : x € W} U{F}. Note that S is T7.

If0: S — Z is the corresponding natural map, then

O(a,b) = (a,b)on W
R x {0}] = {F}

The quotient topology on Z is, by definition,
79 ={U C 2 :07[U] is open in S}

The open neighborhood base of points, {z} € Z for x € W is the same
as for .

An open neighborhood for the subset ' =R x {0} C S is of the form:

U{B., (z,e;) U{(z,0)}: z € R}

“In reference to August Ferdinand Mdébius, 1790-1868. A German mathematician and
astronomer
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We now describe an open neighborhood base for the element, F' € 2.

If % is an open neighborhood of F' € 2, the set 6~ [%] must be an
open neighborhood of F' =R x {0} in S. Then #“ [%] must contain a
subset of the form U{B., (z,e;) U {(z,0)} : x € R} which in turn con-
tains R x {0}.

Since the decomposition is clearly upper semicontinuous on W we need
only verify this property holds on F'.

Let M be an open neighborhood of F'in S. Then for each x € R there
is an €, such that B, (z,e,) U (2,0) € M. Then U = U{B.,(x,e,) U
(z,0) : x € R} is a neighborhood of F. Since [U] = U then U is an
open f-saturated neighborhood of F' which is contained in M.

We conclude that & is an upper semicontinuous decomposition.

Is the natural map 6 : S — 2 an open map? It is not open. Consider,
for example, the open neighborhood B.,(4,e4) U {(4,0)} of the point
(4,0). Then 0[B;,(4,e4) U{(4,0)}] = Be,(4,e4) U{F}. This is not an
open neighborhood of F' in &

Concepts review.

. Define the quotient topology induced by a function.

. Let (S, 7s) be a topological space. If 7, is a topology on T for which

f S — T is continuous, how does 7, compare with the quotient
topology, 7, induced by f7

. Let (S, 7s) be a topological space. If 7, is a topology on T for which

f:8 — T is a continuous open map, how does 7, compare with the
quotient topology, 7, induced by f?

. If 71 is a topology on T for which f : S — T is a continuous closed

map, how does 7, compare with the quotient topology, 7;, induced by

£?

. What is a fibre of a point under a map f?

. Define the set S/R; of all equivalence classes induced by a function

f S — T by referring to a function § : S — S/Ry.

What topology is defined on S/Ry?
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8. How is the function ¢, : S/ Ry — T defined?

9. If g: S — T is a function and U C S, what does it mean to say that
U is g-saturated?

10. If g : S — T is a function and U C S is g-saturated, is there a way to
describe the subset U in terms of g7

11. Given f : § — T and 6 : S — S/Ry describe the homeomorphism
which links S/Ry to T

12. Describe how to construct a decomposition space, Zg, from a topolog-
ical space (5, 75).

EXERCISES

1. Let (S, 7s) be a topological space. We define a relation, R, on S as
follows: (u,v) € R if and only if clg{u} = clg{v}.

(a) Show that R is an equivalence relation on S.

(b) Let (S/R,7p) denote the quotient space induced by the natural
map 0 : S — S/R.

(i) If S, is an element in S/R, is { S, } necessarily a closed subset
of S/R?

(ii) If S, and S, are distinct elements of S/R, does there exist
an open set in 79 which contains S, but not 5,7

2. Describe the quotient space, R/R, if (u,v) € R if and only if x — y is
an integer.

3. Suppose Zg2 is a decomposition of R? (with the usual topology) whose
elements are circles with center at the origin. Show that the cor-
responding decomposition space, (Zg2,79), and the set of all non-
negative real numbers, {z € R : # > 0}, equipped with the usual
topology are homeomorphic topological spaces.




