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Appendix E.

The following results are in reference to the proposed example of a reg-
ular non-completely regular space other than the standard the Tychonoff
corkscrew example discussed on page 245.

Lemma E1. Let S be a topological space which contains disjoint closed
subsets H and K which cannot be separated by disjoint open subsets of S.
Let V be an open subset of S which contains H. Then clgV N K and H
cannot be separated by disjoint open subsets sets of .S.

Proof: We are given two closed subsets H and K of S which cannot be
completely separated by disjoint open subsets of S. Suppose V is any open
set in S such that

HCV

Suppose there exists disjoint open subset D and E of S such that

(lsV)NK C D
H C FE

Since END =@, then clgEk N D = &.

Also, since H C ENV, clg(ENV)NK # & (for, if it was empty, S\cls(ENV)
and £ NV would be disjoint open subsets of S which separate H and K con-
tradicting the hypothesis).

o # dg[ENVINK
C lelsENncgVINK
= clgEN[clsV NK]
C clgEND

Then clgE N D # &, a contradiction. So there cannot exist disjoint open
subset E and D of S containing H and clgV N K.

Lemma E2. Let S be a non-normal topological which contains disjoint
closed subsets H and K which cannot be separated by disjoint open subsets
of S.
Consider the set

Z =(SxN)U{w}

The set Z is topologized as follows: S x N is equipped with the usual product
topology, and S x N is open in Z. The point, w, has an open neighborhood
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base Z ={B,:n=1,2,3,...,} where
B, =27Z\(Sx{1,2,3,...n})

B,={w} U (Sx{n+1,n+2,n+3,...})
The base % generates the topological space, (Z,7z7). Then

(a) If S is Hausdorff then so is Z.
(b) If S is regular then so is Z.
(c) If S is completely regular then so is Z.

Proof (a): Suppose S is Hausdorff.

Let (a,n), (b,m) be distinct points in S x N. If n # m, then S x {n} and
S x {m} are disjoint open neighborhoods of (a,n) and (b, m). If n = m then
a # b. Since S is Hausdorff there exists disjoint open neighborhoods U and
V in S which separate a and b. Then U N (S x {n}) and VN (S x {m}) are
disjoint open subsets of Z which contain (a,n) and (b, m). So Z is Hausdorff.

Proof of (b): Suppose S is regular.

Case 1. Let F be a closed subset of Z which does not contain the point w.
Then there is n € N such that B, N FF = &. We claim that B,, is clopen in
Z. Foreach r <n, Sx{r}isopenin Z. Then U{S x {r} : r <n} is open in
Z. Then Z\U{S x {r} : r <n} is closed. Since Z\U{S x {r}:r <n} = B,,
then B, is clopen, as claimed.

Then B, and Z\ B,, are disjoint open neighborhoods of w and F' in Z.
Case 2. Suppose, on the other hand, that F' is a closed subset of Z which
does not contain (a, d).

Subcase 2.1. Suppose w ¢ F. Then F' is a closed subset of S x N which
does not intersect {w}. There exist disjoint open neighborhoods U and V'
of F and (a,d) in S x N. Then U and V are disjoint open neighborhoods
in Z which separate F' and (a,d) in Z.

Subcase 2.2. Suppose w belongs to the closed subset F' and (a,d) ¢ F.
There exists disjoint open neighborhoods U and V of F N (S x N) and
(a,d), respectively, in S x N. Choose n € N such that B, NV = &. Then
B, UU and V are disjoint open neighborhoods of F' and (a,d) in Z.

The Z is a regular space.

Proof of (¢): Suppose S is completely regular.
Case 1. Let F' be a closed subset of Z which does not contain the point w.

Then there exists m € N such that B,, N F = &. Then B,, and Z\ B,,
are disjoint clopen subsets of Z which contain {w} and F respectively.
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Then the continuous function f : Z — [0, 1] defined as f[B,,] = {0} and

flZ\Bp] = {1} separates {w} and F', as required.

Case 2. Suppose that F is a closed subset of Z which does not contain (a, d).
Subcase 2.1. Suppose w ¢ F.

Since F' is closed, there exists a neighborhood B, such that B, N (F U
{(a,d)}) = @. Both S and N are completely regular, then so is S x N.
Then there exists a function f : S x N — [0, 1] such that F* C Z(f) and
(a,d) € Z(f —1). We can define f[B,] = {0}. Since B, is clopen, then
f:Z —0,1] is a continuous function on Z which separates F' and (a, d).

Subcase 2.2. Suppose w belongs to the closed subset F' and (a,d) ¢ F.
Then F'N (S x N) is closed in S x N.  Then there exists a function
f:SxN—=]0,1] such that FF N (S x N) C Z(f) and (a,d) € Z(f —1).
Let B,, be a clopen neighborhood of w in Z which misses (a,d). Define
f[Bn] = {0}. Then f : Z — [0,1] is a continuous function on Z which
separates F' and (a, d).

Lemma E3. Let S be a non-normal topological which contains disjoint
closed subsets H and K which cannot be separated by disjoint open subsets
of S.

Consider the set

Z=(SxN)U{w}
equipped with the topology 77 described above in Lemma E2.
We partition the set Z as follows:

Ay = {{(z,n),(x,n+1)}:2€ H and n is even }
Ay = {{(y,n),(y,n+1)}:y € K and n is odd }
As = {{(a,b)}:a ¢ HUK} U{w}

So that ¥ = A; U Ay U Ag is a decomposition of the space Z.

Let g : Z — 2 be the quotient map associating each point in Z to the unique
element in ¥ which contains it. For example,

og (HUK) = q((e.4) = [(2,4)] = {(,4)}

lfreld = q((z,4)=I[=4)]n=
freK = q((z,4)=[z,4)]x =

Ifz g (HUK) = q((z,5))=[(z,5)] = {(z,5)}
Ifze H = q((z,5))=[(z,5)]g = {(z,4), (z,5)}
fze K = q((z,5))=|(z,5)]x ={(z,5), (z,6)}
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Equip & with the quotient topology 7, induced by ¢, to obtain the quotient
space (%, 14) induced by ¢. Then U is open in Z provided ¢~ [U] is open Z.
(a) The decomposition space Z\{w} is upper semicontinuous.
b)
c)
d

e

(b) The quotient map ¢ : Z — & is a perfect map.

(¢) The subset g[S x {r}] is closed in Z for all r € N.
(d) The space (2, 1,) is Hausdorff. If S is regular than 2 is regular.
(e) The sets S and ¢[S x {r}] are homeomorphic for all r € N.
Proof of (a): We are given that S is Hausdorff.

(a) We are required to show that Z\{w} is an upper semicontinuous decom-
position of S x N.

Case 1. Let (a,r) in S x N such that a ¢ H U K.

Let U be an open neighborhood of (a,r) in S x {r} C S x N. There exists
an open V' in S such that VN (HUK) = @ and (a,r) € ¢~ [V x {r}] C U.
So U contains a g-saturated open neighborhood of (a, ).

Case 2. Suppose (h,n) € Z such that h € H and n is even.

Let W be an open neighborhood of (h,n) € S x N. Since H and K are
disjoint closed subsets of S, there exists an open neighborhood V of h in §
such that VN K =@ and V x {n,n+1} CW.

Then V x {n,n+ 1} =(VNH)x{n,n+1}) U (V\H) x{n,n+1}.
Clearly the subset (V\ H) x {n,n+ 1} is g-saturated.

Since

¢ gV H)x{n,n+1}]] = ¢ {l(z,n)]g:x € VNH}
{(z,n+D]g:z2€VNH}

{(z,n), (x,n+1)}:x € VNH}

VNH)x{n,n+1}

Then (VN H) x {n,n+ 1} is g-saturated.

Then W is a g-saturated open neighborhood of (h,n) € Z such that h € H
where n is even.

Case 3. Suppose (k,n) € Z such that k¥ € K and k is odd. Let W be an
open neighborhood of (k,n) € S x N. There exists an open neighborhood V'
of hin S suchthat VN H =@ and V x {n,n+ 1} C W.

As in case 2, ¢"[q[V x {n,n+ 1}]] =V x {n,n + 1}].
We conclude that 2\ {w} is upper semicontinuous, as required.

Proof of (b): Since the quotient map of an upper semicontinuous decompo-
sition is closed, ¢ : S x N — 2\ {w} is a closed quotient map. Suppose F' is
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closed in S xN and w is a limit point of F'in Z. Then ¢[FU{w}] = ¢q[F|U{w}
where F' is closed in 2\ {w}. Since w is a limit point of F' in Z and ¢ is
continuous then ¢[F] contains its limit point {w} in 2. So ¢[F U {w}] is
closed in 2. We conclude that q : Z — & is a closed quotient map.

Clearly, for every element d in &, ¢ (d) is compact in Z.

So q: Z — 2 is a perfect function.

Proof of (c): Since ¢ : Z — 2 is a perfect map and S x {r} is closed in Z
for all » € N, then ¢[S x {r}] is closed for all r € N.

For example, If n is even,

g[S x{n}] = {q(z,n): e ¢ HUK}U{q(z,n):x € H} U{q(z,n):x € K}
{[z,n]: 2 ¢ HUK}U{[z,n|g:xz € H} U{[z,n]x :z € K}
~ {@n)}: s g HUK)
U{{(z,n), (z,n+ 1)} :x € H}
U{(z,n—1),(xz,n)}:z € K}

If n is odd,

g[S x{n}] = {q(z,n): e ¢ HUK}U{q(z,n):x € H} U{q(z,n):x € K}
= {[z,n): e HUK}U{[z,n]lg:x € HYU{[z,n|x:z € K}
= {{zn)}:e ¢ HUK}

U{{(z,n—1),(z,n)}:z € H}
U{(z,n), (z,n+1)} :z € K}

Proof of (d): Since q : Z — 2 has been shown to be a perfect map, then
based on the result proven in the related example on page 628 if S is Haus-
dorff then 2 is Hausdorff and if S is regular then & is regular.

Proof of (e): Let f : S — S x {r} (for a fixed r € N) be defined as
f(z) = (x,r). Clearly, f maps S homeomorphically onto S x {r}. We know
that the function ¢ : S x {r} — {[(z,7)]: € S} defined as ¢((z,r)) = [z, 7]
is continuous and one-to-one.

Then the function h = ¢of is continuous and one-to-one. To show that h is
a homeomorphism it suffices to show that h is open.

Let U be an open subset of S. See that ¢~ [q[U x {r}]] = ¢~ [{[z,7] : = €
U}] = U x {r}. Then q[U x {r}] is open in 2. Then h is a homeomorphism.
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Theorem E4. A regular space which is not completely reqular. Let S be
a non-normal topological which contains disjoint closed subsets H and K
which cannot be separated by disjoint open subsets of S.
Let

Z=(SxN)U{w}

be a set equipped with the topology 77 described above.

Let (2, 71,4) be the quotient space generated by the quotient map ¢ : S — 2
as described above. Then (2, 1,) is a regular space which is not completely
regular.

Proof: We are required to show that (2, 7,) is a regular space which is not
completely regular. Suppose there exists a continuous function f : 2 — [0, 1]
such that

flalS < {1}] ={1} and  f{w}] = {0}

We will derive from this assumption some contradiction.

Let
{z; i e N\{0}}
be a strictly increasing sequence in the open interval (0,1/2) C f[Z] which
converges to 1/2 (where 1 # 0).
For each i =1,2,3,..., we let

Vi=f1[0,2;)] and A; = [ [[w, zi11)]
It represents a collection of subsets of & where
{we fT0,z1)]=Vi CVoaCVzC---

The set Vi = f[[0, 21)] is an open neighborhood of {w}. Then ¢~ [V;] is an
open neighborhood of w in Z. It contains a basic open neighborhood of the
form

B, ={w}U(Sx{n+1,n+2,n+3,...})
We can choose an even value for n such that H x {n} C ¢ [V;]. Hence, for

this even n, q[H x {n}] C V;.

We introduce some notation: Let
H, = q[H x{n}]
K, = q[K x{n}]

To better illustrate the mechanism behind the following arguments suppose,
for example, n = 6 so that Hg C Vi = f[(0,21)]*

Note that in what follows K = K.
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Claim #1. We claim that
fT@)NKs #2

Proof of claim: Since Hg and K5 cannot be contained in disjoint open neigh-
borhoods and Hg C V4 \ K5 C Vi, by Lemma E1,

Hg and Cl_@(vl) N K;

cannot be contained in disjoint open subsets.
So there exists z € clg[V1\K5] N (clg[Vi] N K5).

Since
clg[Vi\K5] N (clg[Vi] N K5) = clg[Vi\ K5 N K5
and
[Vl\K5] NKs=0
then

[clg(ViI\K5) \N(Vi\K5) N K5 # @
Given that f[[0,z1)] C f[[zo,z1]] = claf[[0,z1)] C f~[[xo,x1]] we
can deduce that
z € [elg(fT[0,z)\NK5) ]\ (f7[[0, 2)]\K5) = z€ f (1)

and since z € K5 then
[Tl)NKs # 0

as claimed.
Also note: Given that A; = f[[z1,22)] and f~(z1) N K5 # @ then

AANKs #9

Step 1. Since Hg and K¢ = K5 cannot be separated by disjoint open subsets
and Hg C Vi = f7[(0,21), then

cgViNKs # 9

Claim #2. We claim that the two subsets clyVp and A; N K5 cannot be
separated by disjoint open subsets.

Proof of claim.

zefT{e}] NKs = ze[fT{m U [(e1, 22)]]N Ks
z € fT[[z1,22)] N K5
= z€eANKj5
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Then z € clyVi N A1 N K5 where

VinNAiNKy;=o

Then the two subsets clgV; and A; N K5 cannot be separated by disjoint
open subsets, as claimed.

Note that by definition of Ay, the non-empty subset A1 N K5 C V.

Since A1 N K5 C Vs, then by Lemma E1, the two closed subsets
(clgVa) M Hg and clgA; N K5

cannot be separated by disjoint open subsets.
Since (cly Vo) N Hg = Hg,

Hg and clgA; N K;
cannot be separated by disjoint open subsets.

We repeat he procedure for the two non-empty subsets A7 N K5 and Hj
(where A1 N K5 # @ and A; N K5 C V3). Note that H; = Hy. As shown in
Claim #1,

STRadlNHy # @

Step 2. Since A1 N K5 and H; = H4 cannot be separated by disjoint open
subsets and A1 N K5 C Vo = f[(0, z2), then

clgfT0,ze)] N Hy =clgVo N Hy # @

As in Claim #1,
fo(e) NHy # 2

As in Claim #2, we prove that clg Vo and Ao N Hy cannot be separated by
disjoint open subsets.

ze fT{a}] NHy = ze[fTH{aa}]U [T [(w2,23)]]N Hy
z € [T [z, x3)] N Hy
= z€AyNHy

Then z € clyVa N (A N K5) where

Von (As N Hy) = f<_[[0, .1‘2)] N (f<_[[.1‘2, .1‘3)] NHy) =0
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Then the two subsets clgVo and As N Hy cannot be separated by disjoint
open subsets, as claimed.

Note that A1 N K5 # @ and A1 N K5 C V5.
Since A1 N K5 C Vs, then by Lemma E1, the two subsets

(clgVa) N Hg and AN Kj

cannot be separated by disjoint open subsets.
Since As N Hy # @ and Ao N Hy C V3, then by Lemma E1, the two subsets

VE),ﬂ(AlﬂK5):A1ﬂK5 and Ao N Hy

cannot be separated by disjoint open subsets.

This completes the Step 2.
We summarize the final steps to arrive at a contradiction.

Step 1. Given Hg C Vi, “The sets Hg and K5 cannot be separated by
disjoint open subsets where ” implies “The sets Hg and A; N K5. cannot
be separated by disjoint open subsets, where A{NK5 # & and AiNK5 C V5”7

Step 2. Given A1 N K5 C V5, “The sets A1 N K5 and Hg cannot be separated
by disjoint open subsets” implies “The sets A1 N K5 and A, N Hy. cannot
be separated by disjoint open subsets, where AsNH, # @ and AoNHy C V3”7,

Step 3. Given Ao N Hy C V3,“The sets A1 N K5 and As N Hy cannot be
separated by disjoint open subsets” implies “The sets Ay N Hy and A3 N K3,
where A3 N K3 # @ and AsN K3 C Vy”.

We work our way down to

Step 5. Given A4 N Hy C V5,“The sets A4 N Hy and Az N K3 cannot be
separated by disjoint open subsets” implies “The sets A4 N Hy and A5 N K7,
where As N Ky # @ and As N Ky C Vg”.

From the result of Step 5, we derive a contradiction.

Claim #3. We claim that f[q[S x {1}]]N[0,1/2] # @.
Proof of claim: See that K; C ¢[S x {1}], that As N K; # @ and A5 N K; C
Ve = /[0, zg)].
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Then
FIE1 N g[S x {1}]] € [0, z6) € [0,1/2]

Then f[q[S x {1}]]N[0,1/2] # @, as claimed.
Since f[q[S x {1}]] = {0, }, we have a contradiction.

The source of our contradiction is our initial assumption that there exists a
continuous function f: Z — [0, 1] such that

FlalS > {1}]] = {1} and f{w}] = {0}

So (2, 1,) is a regular space which is not completely regular.

We are done.



