
Index

(u, v) ∈ Rf , 191
< G ∪Cω(S) >, 715
C-embedded, 602

a sufficient condition, 576
C(S), 135
C[a, b], 663
Cα(S), 506
C∗-embedded

clβST = βT , 524
N in R, 500
characterization, 518
closed subset of R, 503
closed subset of a metric, 503
cpct subset of R, 499
dense subset, 518
implies C-embedded, 574

C∗-embedded subset, 495
N in R, 500
compact subset are, 502
compact subsets in R, 499
Urysohn’s extension theorem, 500

C∗-embedded subsets, 250
C∗(S), 267
Cα(S), 712
Cγ(S), 504
Cω(S), 505
Cυ(S) = C(S), 595
F -space, 783

C∗-embedded, 788
βS\S is, 791
βQ is not, 791
Q is not, 791
basically disconnected, 479
characterization, 784, 787

characterizations, 790
conv. sequence has cst tail-end,

794
dense, 789
subspace, 789

F (N, S) is separable, 656
Fσ

Q is, 47
Fσ , 47

examples, 47
properties, 48

Gδ

Q is not, 779
Gδ-topology, 86
Gδ, 47

examples, 47
properties, 48

Lp-norm, 9, 663
P -points, 272
P -space, 272

pseudocompact, 583
zero-dimensional, 273

S ∪∗ S(f), 544
S ∪f S(f), 544
S-open, 44
S\F , 40
S\A, 37
SJ , 144
Sn

homeomorphic to Rn, 514
SI, 144
Sx, 192
T0

non-T0 example , 210

810



INDEX 811

T0-space, 209
T1-space, 211

a T0-space not T1, 211
carries over products, 212
decomposition space, 213
hereditary, 212
singleton sets are closed, 212
transmitted by closed functions,

212
T2-space, 214
T3-space, 220
T4, not T3, 227
T4-space, 227
T2 1

2
, 219

T3 1
2
-space, 242, 243

U [T ], 689
Z(f), 247
Z[S], 253
[0, ω1)

is pseudocompact, 399
[0, ω1] is compact, 366
αS ≡ S ∪∗ S(eF ), 556
αS ≺ γS, 494
αS � γS, 494
βS

uniqueness, 502
βN is Freudenthal, 646
βN

cardinality = 2c, 528
infinite closed subs., 527
is an F -space, 796
is totally disconnected, 526
is zero-dimensional, 526
not metrizable, 526

βN cardinality, 522
βN not seq. compact, 528
βN\N

[a, b] is a cts image of, 569
βR is a cts image of, 570
is an F -space, 794
property, 527

βQ

cardinality = 2c, 528
is totally disconnected, 530

βQ\Q

dense in βQ, 529
is not an F -space, 783

βR

cardinality = 2c, 528
union of βN’s, 559

βR\R

cardinality = 2c, 529
copies of βN, 560
is an F -space, 794
is not connected, 499

βRSorg

is totally disconnected, 530
clβSZ(f) = Z(fβ), 518
clβRQ vs βR, 525
�p, 648
�p-space, 649

is Lindelöf, 657
is normal, 657
is sec. ctble, 657
is separable, 657
not compact, 657
not seq. compact, 657

�∞-norm, 660
≡, 492
J

is not loc. cpct, 413
is realcompact, 606

N

number of finite subsets, 392
N, # of finite subsets of, 157, 392
F , 323
F → x, 314
F ∗, 312, 351
P(S), 39
Ro(S), 108
Ro(S) , 745
N

has outgrowth βR, 570
is C∗-emb’d in R, 503
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N C∗-embedded in R, 500
ωS, 509, 712
ωR, 592
ω1, 105

cannot be reached by a seq, 106
dense in ω1 + 1, 106

ωfS, 717
φS, 637
πβ→α, 499
πγ→α, 494, 712
�, 494, 711
ψ-space, 110

M is uncountable, 184
every subset is Gδ, 114
is completely regular, 422
is first countable, 114
is locally compact., 421
is not normal, 274
is pseudocompact, 405
is separable, 114
is zero-dimensional, 422
no c’tbly inf zero-sets in M , 613
not countably compact, 405

Q

is Lindelöf, 373
is not C∗-emb’d in R, 503
is realcompact, 606
is second countable, 373
is totally disconnected, 456
is zero-dimensional, 109
Lindelöf zero dim., 479
not locally compact, 413

Q not a Gδ, 779
RN, 144
RR, 144
σ-compact, 419

iff realcompact for l.c. sp., 606
vs Lindelöf, 419

σ-locally finite, 435
Gδ, 725

σ-locally finite subcover, 436
σ-ring, 49

τB extends τ over B, 46
τI , 67
τd, 39
υS, 594
υfS, 594
∨, ∧, 135
Z+, 170
a(F ), 314
f pulls back open sets to open sets,

121
f [A], 118
f−1, 118
f←, 118
f←[B], 118
fβ(ω), 592
f←, 118
f←[U ], 28
fυ, 595
f+, 592
g-saturated, 195
n-sphere

homeomorphic to Rn, 514
p-norm, 8
uRfv, 191
z-filter, 350

base, 350
fixed, 354
free, 354
properties, 352

z-ultrafilter
every z-filter is contained in, 353
real, 596

z-ultrafilters, 733
in βS, 517

1-norm, 7
2-piadic, 21

accumulation point, 282
adherence, 313
agree, two functions, 133
algebra C(S), 134
algebraic subring, 639
atom, 765
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Axiom of choice, 145

Baire category, 777
application, 779
application two, 779
open-hereditary, 780
theorem one, 777
theorem two, 778

Baire space, 772
Q is not, 781
characterization, 774
lemma, 776

Banach space, 13
base

zero-sets as base, 254
base for a topology, 81
base for closed sets, 82, 84
base property, 85
base property for closed sets, 85
basic neighborhood, 80
basically disconnected, 480

is an F -space, 788
P-space, 483

basis, 82
bdSA, 70
Bolzano-Weierstrass property, 362
Bolzano-Weierstrass theorem, 362
Boolean algebra, 752, 753

ϕ properties, 760
complete, 753
filter, 756
isomorphism, 759
topological representation, 769
ultrafilter, 756
ultrafilter characterization, 757

Boolean homomorphism, 758
Borel sets, 50

properties, 50
boundary of a set, 70
bounded in Rn, 346
box topology, 149

vs uniform topology, 152
Brouwer’s fixed point, 452

Brouwer’s fixed point theorem, 452
BWP, 362
BWT, 362

C-embedded
closed subsets of R, 576
property, 579, 581

C-embedded subsets, 574
implies C∗-embedded, 574

Cantor set, 172
graphic construction, 173
is compact, 341
is metrizable, 177
is perfect, 178
is totally disconnected, 473
topological defn, 177

Cartesian product, 143
factor, 144
projection map, 145
set theoretic properties, 146

Cauchy sequence, 12, 23
is not a topological property, 128

Cauchy-Schwarz inequality, 3
clopen, 43
closed function, 124
closed set axioms, 42
closed subset, 40

basic properties, 41
closed subsets, 24
closure, 56

properties, 56, 58
closure viewed as an operator, 60
cluster point, 57
coarser topology, 39
cocountable topology on R2, 63
cofinal, 106

disjoint closed subsets, 107
cofinite topology, 42

not Hausdorff, 214
collapse, 146
compact, 338

σ, 419
in metric space, 383
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maximum value theorem, 346
are Lindelöf, 372
characterization, 355
closed and bounded subsets of Rn,

346
continuous image, 341
countably, 358, 362
in normed vector space, 15
non-Hausdorff, 344
one-to-one continuous image of,

344
products of compact, 344
realcompact and pseudocompact,

603
subspaces, 341
with T 2 implies normal, 342

compact function, 618
compact metric

vs complete metric, 387
compactification, 490

cardinalities, 528
equivalent, 492
induced by a non-singular func-

tion, 543
induced by a singular function,

539
minimal, 718
one-point, 509
partial ordering, 504
partial ordering of family of, 494,

711
singular, 539
Stone-Čech, 491

extends, 495
maximal, 498
uniqueness, 502

subalgebra of C∗(S), 506
two-point compactification, 549

compactness characterizations, 339
comparable, 494
complemented lattice, 752
complete, 12

C(S), 13
R, 13
Boolean algebra, 753

complete lattice, 742
complete metric space, 24
completely Hausdorff, 219
completely normal, 264

characterization, 265
completely reg

sep ctbles disj coz, 256
completely regular, 242

Z[S] as base ⇒, 254
carry over on products, 245
characterization, 267
metrizable spaces, 244
subspace is completely regular, 245
characterization, 349
closed base of zero-sets implies,

254
if loc. cpct + T2, 418
zero-sets are base for closed sets,

253
completely separated

disjoint compact sets, 502
if and only if, 241

completely separated in S, 241
completely separated sets (redefined),

249, 250
completion of a metric space, 673
Component

in a compact set, 475
component, 453

pathwise, 470
prod. of components is a, 457

components
are closed, 455

connected
not locally connected, 459

connected components, 453
prod. of components is a, 457

connected space, 447
closure of, 450
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continuous image, 448
products, 451
unions, 450
dense subset, 450

continuity, sequential, 29
continuity, topological, 29
continuous

on Q, 782
continuous function, 28, 121

characterizations, 122
composition, 123
iff f pulls back closed sets, 122
on a set iff at every point, 122
restriction to a subset, 123

countability properties, 96
countable intersection property, 373
countably compact, 358, 362

[0, ω1) is, 366
closed subsets of, 362
every compact is, 358
implies pseudocompact, 368, 369
in second countable spaces., 367
products, 363
characterizations, 359
continuous image of, 363
iff ctble FIP impl. non-∅ inters.,

359
iff every ctble cl. set is compact,

359
is pseudocompact, 398
metric sp. is compact, 367
metric sp. is separable, 367
not compact, 366
not seq. compact, 384

coz, 247
coz[S], 253
cozero-set, 247

forms a base for open sets, 254
ctbly compact

are Lindelöf, 372
cube, 269
Cz, 247, 783

decomposition
upper semicontinuous, 199

decomposition map, 197
decomposition of S, 197
decomposition space, 197

by components, 458
zero-dimensional, 477

dense subset, 72
cardinality, 99

derived set, 57
directed set, 289
discrete metric, 21
discrete topology, 39
discrete uniformity, 677
disjoint zero-sets, 520
distance

a pt to closed set, 255
distributive lattice, 752

embedding, 127
embedding theorem I, 168
embedding theorem II, 270
Embedding theorem III, 348
equivalent bases, 94
equivalent functions, 505
equivalent topological sets, 39
Euclidean topology, 37
evaluation map, 168
everywhere dense, 774
extending a topology over a set, 46
extension of a function, 496
extremally disconnected, 480

characterization, 481
Stone space, 764
vs totally disconnected, 483

feebly compact, 390
are countably compact, 393
characterization, 390
implies pseudocompact, 397
vs countably compact, 393

fibre, 618
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of a continuous function is a zero-
set, 247

fibre of an element under a map, 191
filter, 311, 748

closed subsets, 321
continuous functions, 322
derived from a net, 316
fixed, 312
free, 312
proper, 756

filter base, 311
accumulation point, 313
adherence, 313
convergence, 313
finer, coarser, 324
generates, 312, 351
limit point, 313

finer topology, 39
finite intersection property, 339
first category, 773
first countable, 96

metrizable spaces, 97
radial plane not, 98
secd ctble are, 96
under open fcn, 130

fixed point, 452
Brouwer’s fixed point, 452

Fréchet space, 211
free union, 52

disjoint union topology, 52
example, 53

Freudenthal compactification, 636
βN is, 646

G-delta’s closed, 252
Glicksberg’s theorem, 588

Hausdorff
carried over by 1-1 closed func-

tion, 216
carries over to products, 216
characterizations, 215
cofinite topology is T2, 214

completely, 219
hereditary, 216
not completely Hausdorff, 219

Hausdorff space, 214
Heine-Borel theorem (generalized), 15
hereditary topological property, 101
Hewitt-Nachbin realcompactification,

603
Hilbert space, 13
Holder’s inequality, 652
Holder’s inequality, C[a, b], 664
homeomorphic topological spaces, 126
homeomorphism, 126

characterizations, 127

ideal, 351
maximal, 351
properties, 352

identification map, 197
identity map not cts, 125
identity of indiscernibles, 20
indiscernibility of identicals, 20
indiscrete topology, 39
infinity norm, 10
inner product, 1
interior of a set, 63
interior operator axioms, 65
interior point, 63
interior properties, 64
interior viewed as an operator, 65
irrationals

not loc. cpct, 413
irrationals are separable, 103
irrationalss

is realcompact, 606

Kolmogorov space, 209
Kuratowski closure operator, 60

lattice, 741
complete, 742
filter, 748
ultrafilter, 749
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lattice from a partial order, 706
least compactification, 716
limit point, 23
limit point of a sequence, 281
limit point of a set, 281
limits, 10
limits in metric space, 22
Lindelöf, 371

characterizations, 373
Lindelöf

carried over by continuous func-
tions, 377

hereditarily closed, 377
regular implies normal, 378
second countable implies Lindelöf,

372
are realcompact, 605
compact spaces are, 372
ctbly compact are, 372
iff σ-compact, 419
is realcompact, 605
zero-dimensional, 478

local connectedness, 459
locally compact, 408

+T2 ⇒ compl. reg., 418
Q is not, 413
completely regular, 418
dense subsets, 412
finite products are, 415
hereditary properties, 410
image under open continuous func-

tion, 413
neighborhood base, 409
one point compactification, 417
arbitrary products, 415
iff S has 1-pt comp, 510
open in all compactifications, 511

Locally connected
components that are open, 461

locally connected
characterization, 461
products, 462

locally finite, 136, 390, 723
σ-locally finite, 435

locally finite family of sets, 425
lower limit topology, 92

maximal filter, 324
metric

ρ(x, F ), 58
compact is complete, 387
derived from a norm, 26
separable is realcompact, 606
uniform on prod, 151

metric axioms, 20
metric space, 20

closed sets are zero-sets, 255
closed subsets of, 255
compact, 30
compact ⇔ complete totally bounded,

388
countable product of, 720
is perfectly normal, 258

metric subspace, 22
metric uniformity, 683
metrizability

characterization, 731
hereditary, 102
lemma, 724
lemma one, 725
lemma two, 727
with separable, 722

metrizable, 37
[0, ω1] is not, 259
βN not, 526
σ-locally finite subcover, 436
does not imply locally compact,

413
metrizable separable is hereditary,

103
a space which is not, 260
and paracompact, 439
closed subsets = zero-sets, 255
closed subsets are C∗-emb., 524
countable product, 720
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implies completely regular, 244
implies normal, 229
is regular, 222
pseudocompact, 578

metrizable space
is Hausdorff, 214

metrizable spaces
are first countable, 97

Metrization theorem, 721
Minkowski inequality, 9
Minkowski’s inequality, C[a, b], 664
Mobius strip, 203
Moore plane, 86, 88

completely regular, 261
is regular, 225
not normal, 262
not paracompact, 434
topology is stronger than usual,

88

Nagata and Smirnov, 731
neighborhood base, 79
neighborhood base at x, 79, 80
neighborhood of x with respect to τ ,

79
neighborhood system of x with re-

spect to τ , 79
net generated by a filter, 317
nets, 290

accumulation point, 290
convergence, 290
limit point, 290
subnets, 294
ultranet, 330

Niemytzki’s tangent disc topology, 88
Niemytzki’s topology, 86
non-Borel set, 70
non-metrizable

[0, ω1), 369
[0, 1][0,1], 387
βN, 526
Sorgenfrey line, 377

norm, 2

�p, 648
�∞, 660

norm axioms, 7
normal

F closed ⇒ F C-emb., 249, 250
F closed ⇒ F C∗-emb., 249, 250
and second ctble ⇒ perfectly, 257
characterizations, 249, 250
closed subset C-emb., 588
compact +T2 ⇒, 342
completely, 264
perfectly, 257
subspace of normal spaces, 233

normal spaces, 227
characterizations, 228
closed G-delta’s, 252
metrizable implies normal, 229
not perfectly normal, 258, 259,

266
properties, 230

normed topological space, 37
norms, 7
nowhere dense, 72, 773
number of finite subsets of N, 157,

392

one point compactification, 511
unique, 511

one-point compactification, 416
one-to-one fcn, 124

f← cts iff f open, 126
open iff closed, 124

open ball, 25
open base for a topology, 82
open cover, 338
open function, 124

iff closed if 1-1, 124
open subsets, 24
ordinal

first uncountable ordinal, 105
ordinal space, 105, 366

interval topology, 105
is normal, 231
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ordinal space compactification, 515
outgrowth, 492, 530, 532

p-point, 581
paracompact

R is, 428
and metrizable space, 439, 441
Tychonoff plank (deleted) not, 434

paracompact space, 427
compact spaces are paracompact,

427
hereditarily closed, 433
if Hausdorff, are normal, 429
characterization, 431

partial order of C(S), 135
partially ordered set, 135
partition of [0, 1], 393
Pasting lemma, 136
path, 465

direction, 465
initial point, 465
terminal point, 465

pathwise connected, 465
components, 470
components may be clopen, 471
equivalent to connected, 472
implies connected, 465
invariant over products, 468
invariant with continuity, 467
open subsets of Rn, 472
unions, 469

perfect compactification, 639
βN is, 646
characterization, 644

perfect function, 618
g◦f perfect, 632
and singular map, 627
characterization, 623
composition, 628
maps regular to regular, 628
restriction to closed set, 628

perfect projection maps, 631
perfect space, 178

perfectly normal, 257
characterization, 258, 260
implies completely normal, 265
metric spaces are, 258
second ctble normal space is, 257

pointwise convergence, 304
power set, 39
prod. of discrete spaces

need not be discrete, 457
product topology, 94, 147

base for product topology, 149
closure, 154
convergence of functions, 303
embedding of each factor, 163
homeo. factors form homeo. prod.,

162
interior, 154
product space, 147
second countable, 156
separable, 157

products associative, 183
products commutative, 180
projection map, 145

case where closed, 347
is open, 148

proper filter, 749
pseudocompact, 398

[0, ω1) is, 399
βS = υS, 604
fβ [βS\S] ⊆ f [S], 521
but not compact, 399
characterization, 520, 578, 587,

588
cplt reg iff Z(fβ) 
⊆ βS\S, 520
if cplt reg = feebly cpct, 399
if not cpct not realcompact, 605
iff cmpl reg l.f. impl. fin, 587
iff cpl reg every z-uf=real z-uf,

604
iff every C-emb’d subs of S is

cpct, 612
iff no C-emb copy of N, 578
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implies c’ntble zero-set is cpct,
612

is not hereditary, 406
locally finite, 588
metrizable, 578
not ⇒ βS \S contains zero-set,

521
not feeble compact, 402

pulls back, 118

quotient map
when is it open, 191

quotient set, 192
quotient topology

quotient map, 188
quotient space, 188
recognizing a, 189

radial plane, 88
not first countable, 98
not first ctble, 98

rationals
not locally compact, 413

real z-ultrafilter, 596
real points of f , 594
realcompact, 594

βS\S is F -space, 791
J is, 606
N is, 606
Q is, 606
R is, 600
σ-compact are, 606
υS, 594
υS is, 602
characterization, 596, 609
closed subspace, 608
closed under intersections, 607
closed under intersections of, 607
closed under products, 607
cozeros, 611
deleted Tychonoff plank is not,

614
every subspace of Rn is, 606

iff σ-compact
for l.c. sp., 606

Lindelöf spaces are, 605
separable metric space is, 606

realcompactification, 603
reals

first countable, 97
metrizable, 97
normal, 229
second ctble, 97
separable, 73

regular, 220
regular closed subsets, 74
regular open, 223, 745

properties, 74
Boolean, 755

regular open set
complete lattice, 746

regular open sets
generate a topology, 107

regular open subsets, 73
regular space, 220

are hereditary, 222
is completely Hausdorff, 224
is semiregular, 223
carries over products, 224
Hausdorff and not regular, 221
metrizable implies regular, 222

regular spaces
characterizations, 221
regular is Hausdorff, 221

relation, 675
symmetric, 676

relative topology, 43
remainder of αS, 492
retraction, 540

retract, 540
ring

subring, 707
ring C(S), 135
ring Cb(S), 705

scattered line, 94
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second category, 774
second countable, 96

R is, 97
R with usual topology, 98
compact iff c.c. iff seq. c, 381
compact iff countbly compact, 367
hereditary, 102
implies first countable, 96
implies separable, 99
Lindelof, 372
metriz. plus separable are, 100
products, 156
under open fcn, 130

second countable normal
implies perfectly, 257

semiregular
assumed to be Hausdorff, 223
does not imply completely Haus-

dorff, 224
implication chart, 224
regular implies, 223

semiregular space, 108
semiregularization of S, 108
separable

F (N, S), 656
continuous image of, 129
metric is realcompact, 606
outgrowth of N is not, 526
plus metriz are sec. ctble, 100
products of, 157
second countable implies, 99

separable space, 73
separated

completely, 241
if and only if, 241

separates A and B, 236
separates points and closed sets, 168

also see Completely sep. pts +
cl.sets, 168

sequence, 281
sequence p-norm, 648
sequentially compact, 381

βN is not, 387, 528
continuous image of, 384
in second countable spaces, 381
implies countably compact, 383
is ctbly compact, 384

sequentially continuous, 285
sigma compact, 419
singular compactification, 539

βS, 567, 584
equivalent, 556
property, 542
retract, 541, 567, 584

singular function, 538
if it’s closed, 547

singular set, 539
characterization, 546, 553
is closed, 539
lemma, 554

Sorgenfrey line, 93
is first countable, 97
is Lindelöf, 376
is normal, 378
is not locally compact, 421
is not metrizable, 101
is not second countable, 97
is separable, 97
is totally disconnected, 456, 473
is zero-dimensional, 109

standard uniformity on R, 682
stationary set, 640

maximal, 640
connected, 642

Stone representation theorem, 770
Stone space, 763

extremally disconnected, 479, 764
Stone space is zero-dim. and com-

pact, 767
Stone space property, 769
Stone-Čech

T subset of S, 524
Stone-Weierstrass theorem, 709
stronger topology, 39
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subalgebra, 505
subalgebra of C∗(S), 506
subbase for the topology τ , 90
subbase theorem, 91
subcover, finite, 338
subnet, 294
subring, 351

complete, 712
subsequence, 283
subsets of N, 392
subspace metric, 22
subspace topology, 43
sup norm, 9
sup norm on C∗(S), 10
sup-norm, 660
sup-norm, C[a, b], 664
supremum, 9
symmetric relation, 676

Tietze’s theorem, 588, 589
topological invariant, 128
topological property, 128

Cauchy sequence is not, 128
topological space, 35

induced by a metric, 36
Topologizing a set S by using a clo-

sure operator, 60
Topologizing as set S by using an in-

terior operator, 66
topology induced by a metric, 37
totally bounded, 388
totally disconnected, 459, 473

T1 zero-dimensional are, 474
product, 473
subspace, 477
zero-dimensional, 476

triangle inequality, 5
two-point compactification of R, 492
Tychonoff corksrew, 243
Tychonoff plank, 167

deleted, 167
deleted is not normal, 232

Tychonoff plank (deleted)

not paracompact, 434
Tychonoff theorem, 344

ultrafilter, 324, 749
every filter is contained in, 326
characterizations, 325
of zero-sets, 350

uniform
metric, 151

uniform continuity, 700
implies continuity, 702
isomorphic, 702

uniform convergence, 304, 305
uniform limit, 11
uniform metric, 150

on a product, 150, 151
uniform norm, 9, 10
uniform space

regular, 699
uniform topology, 685

closure, 689
neighborhood base, 688
on a product, 150
T3, 699

uniform topology on a product, 151
uniformity, 676

and products, 694
base, 678, 682, 696
base characterization, 679
base of symmetric sets, 680
closure, 689, 697, 698
diagonal, 676
discrete, 677
interior, 686
metric, 683
property, 677
topology generated by, 684
usual on R, 682

upper limit topology, 92
upper semicontinuous thm., 200
Urysohn separating function

separates closed sets, 241
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Urysohn separating function for two
closed sets, 241

Urysohn’s lemma, 238
usual topology on R, 37
usual uniformity on R, 682

weak topology induced by functions,
132

weaker topology, 39
well-ordered set, 103

Zariski topology, 42
zero dimensional, 109

if T1 is regular, 226
zero-dimensional

plus T1 is tot. disconn., 474
zero-set, 247

closed G-delta in normal sp., 252
countable intersection, 248
G-delta need not be, 252
in metric closed sets are, 255
is a Gδ, 247


