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Section 24: Realcompact spaces

24 / Realcompact spaces

24.1

Abstract. In this section we introduce the set of all points in
BS called the “real points” of a space S. The set of all real points
of S is denoted by vS. Given a space S, the extension of S, vS,
1s referred to as the Hewitt-Nachbin realcompactification of S. If
vS =8, then S is said to be realcompact. We provide a charac-
terization as well as a few examples of realcompact spaces.

Realcompact space: Definitions and characterizations.

Suppose S is a completely regular topological space and f : S — R
is a function in the set, C(S), of all real-valued continuous functions
(including unbounded ones) on S. Let i : R — wR be the inclusion
function (identity map) which embeds R into the one-point compacti-
fication,

wR =R U {oo}

defined as, i(z) = z (where oo represents a point not in R). We
can combine the two functions f and ¢ to define the function f, =
iof, where fi : S — wR maps S into the compact set wR. In this
case, we have practically identical functions, fi and f, except that
the codomain of fi is wR. We have shown in Theorem 21.5 that any
continuous function, g : S — K, mapping a completely regular space,
S, into a compact space K extends to a function, ¢?¥) : 3S — K. In
this context, we will denote the extension of fi : S — wR to 3S as

5«88 — wR

That is, if f € C(S) (possibly unbounded), f extends to fP«) ¢
C(BS, wR).

In the case where f is bounded, the extension f?“) : 35 — wR maps
the compact space S onto the compact space

F538] = W clpsS] = clur f[S] = clr f[S]

a compact set in R C wR. So, in the case of a bounded function f,
P 88 — WR and the usual, 7 : S — R, both represent the same
function.
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Of course, if f: S — R is unbounded,

fALBS] = fALIBS\S U ]
FPLBS\SIU f[S]
C fPWIBs\S] U R

where f[S] is non-compact in R (since f[S] is unbounded). So f#()
must map at least one point in S\ S to co. We stress at least one
point, since fﬁ(“’)‘_(oo) need not be a singleton set in 3S. We then
have the disjoint union,

B8 = fHITR] U I (00)
So, if C(S) has some unbounded functions,

C(BS,wR) £ C(35)

Real points in 3S.

Given f € C(S), we will want to distinguish those points in 35 which
belong to f#“)—(c0) from those which belong to fP«<[R]. For a
given f € C(S), we then define vsS ! as,

vpS = B\ [ (00) = fFPWIT[R]
Clearly, S C vgS C S, for all f.
For a bounded function f € C*(S5),

v = fIT(R]
FPO (el £[S]]
FP el f1S]]
= fS

So, in the particular case, f € C*(5)

vS = S

The function, f : S — R, in C(S) is one which continuously extends
to a real-valued function, f%“) : v;S — R in C(v;S). The points in
vyS are commonly referred to as being the set of all real points of f
(in the sense that f%(“)(z) has a real number value at each of point

1The Greek letter, v, is pronounced upsilon.
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x in vyS). To consider the “real points” associated to all functions,
feC(S), we define.

vS = n{vsS: feC(S)}y = N{fPWR]: feC(S)}

Note that every function, f € C(S), extends continuously to a real-
valued function,

fﬁ(W)|vS

on vS. More specifically, each function in C(S) is associated to a
unique function in C'(vS).

With these facts in mind, we can now formally define the following
related concepts.

Definition 24.1 Let S be a completely regular space.

(a)

If f € C(S), the function f#«) : 3S — WR represents the extension of
f to BS with range wR. We define the subset, v;S, of 3S as

vpS = fP(R]

If p € BS\vyS, then fP@)(p) = co. The points in vy are referred to
as real points associated to the function, f.

We define, the subspace, vS of 35, as
vS =N{vsS: feC(S)}=n{fPW[R]: feC(S)}

The elements of v.S C (5 are called real points of S. Every element of
S is a real point. If p € 3S\vS, p is not a real point of S and so there
must be at least one function f € C(S) such that f%«)(p) = cc.

If the space S is such that S = vS, then we refer to S as being a
realcompact space. A space S is realcompact if and only if it contains
all real points. If S is realcompact 85\ S contains no real points.?

2Note that realcompactness of a space, S, is defined only with the assumption that S
is completely regular. If S = vS, the space S need not be open in 55 and so need not be
locally compact.
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Based on the above definition, for any completely regular space S,

S C S C S

Also, if x € v;S then f7«)(z) € R.

Furthermore, if f is any function in C(S), f can be viewed as belonging
to C(S,wR) and so extends to a continuous function f2«|,s: vS —
wR. In fact,

fecs) = f9,5eCws)

We will more succinctly denote the function f2 (“’)|U5 by

1o =10 s
If we define C,(S) = {f|s € C(S) : f € C(vS)}, then
C*(S) € C(S) = Cu(5)

At one end of the spectrum we have, for example, the class of count-
ably compact spaces (since these spaces have been shown to have only
bounded functions). So, for a countably compact space, S, for every
function f in C(95), P ig real-valued on 3S; therefore, for any f,
every point in 35\ S is a real point of f. In this case vS = S.

In fact, if S is any pseudocompact space, then v5 = 3S.

At the other end of the spectrum we have the class of all realcompact
spaces S where S = vS. In this case, for every point p € 35\ S, there
is some function f € C(S) such that f%)(p) = co. That is, only S
contains real points. We will eventually show that R (equipped with
the usual topology) is such a space.

Observe that,
zevS & fAW(z)eR forall feC(S,wR)

)
& < i (%) >fec(swr) € erC(S,wR)Rf
B(w)

€ eosur)(®) € Ilrecswr)Ry
B(w v
= C’((SwR () = egg)(@)

So we can also describe the subset, v.5, of 3S as follows:
vS = {zepS: =) eRY feC(9)}
= {2€pS: < ff2) > € e Ryt
= {zeps: e?;((“; (z) € [Trecis)Rrt

= eg((ué)) [erC(S)Rf}



606 Section 24: Realcompact spaces

We will require the following concept for our first characterization of
a “realcompact space”. It refers to a slightly stronger condition on
z-ultrafilters. Recall that a z-filter, # is, by definition, a family of
subsets of Z[S] in which every finite subset of .# has non-empty inter-
section. Countably infinite subfamilies of a z-filter, .# need not have
non-empty intersections. So a z-ultrafilter % in which every count-
able (possibly infinite) subfamily of .# has non-empty intersection is a

“particular” type of z-ultrafilter, called real.

Definition 24.2 Let S be a completely regular space. A z-ultrafilter, %,

in Z[S] is called a
real z-ultrafilter

if and only if any countable intersection of elements of .# has non-empty

intersection.

Those z-ultrafilters .# in Z[S] which contain a countably infinite sub-

family of zero-sets which have empty intersection are not “real”.

For the following theorem, recall that a space S is compact if and only
if every z-ultrafilter is fixed (that is, has non-empty intersection). It
shows that a space S is realcompact if and only if its real z-ultrafilters
are fixed. That is, S is realcompact if and only if any z-ultrafilter in
Z[S], in which every countable (possibly infinite) subfamily has non-

empty intersection, is a fixed z-ultrafilter.

Theorem 24.3 Let S be a completely regular space.
(a) If p € BS\vS, then p € Z(h%) C BS\vS for some h € C*(S).
(b) If p € BS\vS then no real z-ultrafilter in Z[S] can converge to p.
(c) The following three statements are equivalent.

(i) The space S is realcompact. That is, S = vS.

(ii) For any p € S\ S, there is a function, h € C*(S), such that

p € Z(hP) C BS\S.
(iii) Every real z-ultrafilter in Z[S] converges to a point p € S.
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Proof: We are given that S is completely regular.
(a) Let pe pS\vS.
We are required to show that p € Z(h?) C 3S\vS for some h € C*(S).

Since p € BS\vS, then, by definition of vS, p is not a real point of
S, in the sense that, for some function, say g € C(S), ¢°“(p) = cc.
Then ¢¥ is unbounded on vS. For, if g was bounded on v S,

gﬁ(‘”)(p) € gﬁ(‘”)[clgSS] = g’g(‘”) [clgsvS] = clyrg”[vS] = clrg”[vS] C R

contradicting ¢?“)(p) = cc.

Let f¥ = (g¥)? vV 1. Then fV :vS — [1,00) is continuous, unbounded
and nowhere zeroon vS. Furthermore, f¥ extends to %) : 3S — wR.

Define the function AV : v — R as,

he(x) = (1/f)(x) = 1/ f*()

Then hV € C*(vS) is bounded by 0 and 1.
Now hY : vS — R extends continuously to h? : 3S — R where

h9[3S] = hP[clgsvS] = clrh’[vS] C clg(0,1] = [0, 1]

Since p € BS\vS there is sequence {z; : i € N} in vS converging to p.
Then

T;—p

{hP(x;):ie N} — B° <1im x) = hP(p) & (0,1]

So hP(p) = 0. That is, p € Z(h?). Since hP is not zero on vS, then
pe Z(h’) C BS\vS

As required.

(b) Suppose p is a point in S\ vS. To every point p in 3S there
corresponds a unique z-ultrafilter, .%,, which converges to p. We are
required to show that .%), is not a real z-ultrafilter. To do this, we are
required to show that .%, contains a countable subfamily of zero-sets
with empty intersection in S.

By part (a), p € Z(h%) C BS\vS, for some h € C*(S).

See that,
Z(hP) = n{hP=[=1/n,1/n] : n € N\{0}}
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where each h?~[—1/n,1/n] is a zero-set in Z[35].>

Then Z(h%) is a countable intersection of zero-sets which belong to
Fp. Therefore, {h~[—1/n,1/n]:n € N\{0}}, is a countable family of
zero-sets in the z-ultrafilter, ., which converges to p.

Since
{h~[-1/n,1/n] :n e N\{0}} =@

F,, cannot be a real z-ultrafilter, as required.

(c) Let S be a completely regular space.

(i) = (ii) We are given that S is realcompact. Then v.S = S.
Let p € 8S\vS = BS\S.
By part (a) p € Z(h®) C 3S\ S for some h € C*(S).

(ii) = (i) We are given that every point in 35\S belongs to a zero-set
entirely contained in 5S\S. We are required to show that S is real-
compact. Let p € 3S\S. It suffices to show that p is not a real point.

To say that p is not a real point means that there is a function h € C(.5)
such that %) (p) = co. By hypothesis, p € Z(f?) C 35\ S for some
f € C(S). Then f is never 0 on S.

We can then define h : S — wR as h = 1/f. Then h extends to
hP@) . BS — wR. There exists a sequence, {z; :i € N}, in S which
converges to p € Z(f%). Then {f(x;) : i € N} approaches zero as z;
approaches p. By continuity of h?),

W@ () = hﬁ(“’)<1im{$z'}>

Ti—p
= Jlim {h(;)}
= Jim (1/7(z)

= oo ecwR

So p is not a real point. Then, if every point in 35\ S belongs to a
zero-set entirely contained in 35S\ S the subset, 35S\ S, cannot contain
any real points. So vS = S. By definition, S is realcompact. This
proves (ii) = (i).

3See that h” [ [a,b]] = N{h?~[ (a — 1/n,b+ 1/n)]} a countable intersection of open
subsets of 8S. Then N{h°~[ (a — 1/n,b+ 1/n)]} is a Gs equal to the closed subset
h?<[ [a,b]] in the normal space, 3S. In a normal space, closed Gs’s are zero-sets (by
Theorem 10.10). So, for each n, h? ~[—1/n,1/n] is a zero-set in 3S.
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(ii) = (iii) We are given that every point in 55\S belongs to a zero-set
entirely contained in 3S\S. We are required to show the limit of any
real z-ultrafilter belongs to S.

Since (ii) = (i) our hypothesis implies that no point in 35\ S is real.
So vS = S. By part (b) no real z-ultrafilter converges to a point in
BS\vS = 3S\S. Then a real z-ultrafilter can only converge to point
in S, as required.

(iii) = (ii) We are given that every real z-ultrafilter in Z[S] converges
to a point in S. Let p € 35\ S. We are required to produce a zero-set
Z(h) € Z[S] such that p € Z(h%) C BS\S.

Suppose Q’f = {Z(f%) : f € C*(S),p € Z(f%)} is the unique z-
ultrafilter in Z[3S] which converges to p. By hypothesis, the corre-
sponding z-ultrafilter, 2 = {Z(f) : f € C*(S),p € Z(f%)}, in Z[9]
is not real. Then, 2 contains a countable subfamily {Z(f,) : fn €
D,pe Z(fg} such that

MZ(fu) : fueD,pe Z(f} =2
Let
W8 =n{Z(fF): fn € D, pe Z(f2)}

Then W¥ is a zero-set, say WP (h?), in Z[3S] such that p € W5(h%) C
BS\ S, as required.

We add a few remarks in reference to non-compact spaces S.

1) Compare statement (b)

“..S=vSif and only if, for anyp € BS\S = BS\vS, there
is a function, h € C*(S), such that p € Z(h%) C BS\S.”
above to the theorem statement in 21.17 which states:

¢

‘... S is pseudocompact if and only if no zero-set Z in
Z[BS] is entirely contained in 3S\S.”

When viewed together, see what this implies.*

If S is pseudocompact, then every function in C(S) is bounded and so 3S\vS is empty.
Being empty it cannot contain a zero-set of Z[3S5]. On the other hand, if a non-compact
space, S, is realcompact, then 8S\S = 8S\vS is non-empty. So C(S) contains unbounded
functions. So a non-compact realcompact space cannot be pseudocompact. In this case,
BS\S contains a zero-set.
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2) The statement above also says that S = vS if and only if every
real z-ultrafilter in Z[S] is fixed (that is, it converges in S = vS). By
definition of real z-ultrafilter, this means that a space S is realcompact
if and only if every z-ultrafilter in Z[S] which satisfies the countable
intersection property (CIP) (meaning countable subfamilies if the z-
ultrafilter have non-empty intersection) converges.

In Theorem 24.14, we will be present another important characteriza-
tion of realcompact spaces.

Ezample 1. Show that R equipped with the usual topology is a real-
compact space.

Solution: Consider the function f : R — R defined as,

fla) =1/(1+ |z|)
The function f is continuous, bounded and nowhere zero on R, with
range, (0,1]. Then f : R — (0, 1] continuously extends to f% : SR —
[0, 1].
See that

fPIBR] = fP[clgrR]
01[0,1]f[R]
clp,11(0, 1]
= [07 1]

and
0,1] = f7[BR]
= fPIBR\RJU f°[R]
= fPIBR\R]U (0, 1]

fﬁ
fﬁ

So fP[BR\R] = {0}. Hence, for the function f(x) = 1/(1+|z|) € C*(R),
R\R = Z(f9).

Then, for any p € SR\R, there is a function f € C*(R) such that
p € Z(f%) C BR\R.

By Theorem 24.3, ¢) (ii) < (i), R is realcompact.

Extending functions to vS.

Let S and T both be a completely regular space. Then S and T' can
be densely embedded into 55 and (T, respectively.
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Suppose f: S — T is a continuous function which maps S onto 1. By
Theorem 21.5, the function f : S — 8T extends to fPT) . 35 — §BT.
We know that vS is a subspace of 85, hence the restriction, f#(67) lus
vS — BT, maps vS into BT

In the following theorem we will show a little bit more. We show that
fU[vS] C vT. That is, if f: S — T is any continuous function map-
ping S to T, (both completely regular) f will extend to a continuous
function fV which maps vS into vT.5

Theorem 24.4 If S and T are completely regular spaces and f : .S — T is
a continuous function, then f extends continuously to a unique continuous
function

fUuS —oT

Proof: We are given that S and T are completely regular and f : S — T is
a continuous function. Since f extends to f5T) : 38 — BT and S C
vS C 38, then f extends to f¥ : vS — BT (where fU = AT o).
We are required to show that fY[vS] C vT.

Suppose h € C(T'). Then, if wR = R U {0},
h: T — R will continuously extend to h* : ST — wR
Furthermore,

(hof) : S — R will continuously extend to (hof)” : S — wR

For z € S, (hof)®|s(x) = h(f(z)) = (hofP?)|s(x). Since S is dense in
65, then

(hef): BS — wR
(hef%): S — wR

are equal functions on (5.

Let r € vS. By definition, r is a real point of the function hof : S —
wR. This means that (hof)“(r) = h[f?(r)] # co. Then f5(r) is a
real point of h. That is,

fo(r) e v, T

SWhere fv = fA61)|, 5.
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But h was an arbitrarily chosen function in C(7"). The point r was
also arbitrarily chosen in vS. We can then conclude that

fPlwS] S n{v, T :h e C(T)} =vT

So fU[vS] C vT. This is what we were required to prove.

Corollary 24.5 Suppose S and T are completely regular spaces. If T
is realcompact and f : S — T is a continuous function, then f extends
continuously to a unique continuous function f¥:vS — T. In particular, if
feC(S), f extends continuously to f¥ € C(vS).

Proof: This is a special case of the theorem where T' = vT'. The second

part follows from the fact that R is realcompact as shown in the above
example.

24.3

From the above corollary, we see that, if S is completely regular, every
continuous function f : S — R in C(S) extends to f¥ : vS — R. We
know that S is C*-embedded in (S5, but now we can confidently say
that

“S is C'-embedded in vS”

The function

é: C(S) — C(vS)

defined as ¢(f) = fv is then an isomorphism from the ring C(S) onto
C(vS).

The Hewitt-Nachbin realcompactification of a space S.

We have seen that S C vS C 8S. We have also seen that, for every
function f € C(S), the function, f#“)|,g, continuously maps vS into
R. That is, every function f € C(S) extends to a function, fV, in
C(vS).

In what follows we verify how 3(vS) compares with 5S. Since v.S C
BS, then clgsvS C 8S. Given that clgsS C clgsvS, then

clgsvS = S
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If f € C*(vS) then f|g € C*(S). Since f|g extends to (f|s)? € C(B3S),
SO

F=1(f15)"]lus

Then (f|s)? is a continuous extension of f to 8S. So vS is C*-
embedded in 3S. By Theorem 21.22, clggvS = f(vS). Combining,
clgsvS = S with clgsvS = f(vS) we obtain

BwS) = BS

One might expect that vS viewed as a subspace of 55 is a realcom-
pact space. The following theorem confirms that this is indeed the case.

Theorem 24.6 Suppose S is completely regular. Then vS is a realcom-
pact subspace of 35S.

Proof: To show that vS is realcompact, it suffices to show that v(v.S) = vS.
To do this, it suffices to show that the set of all real points of v S is
vS.

First note that v.S C v(vS). Then, it suffices to show that v(vS) C vS.
Suppose p € v(vS). Then p is a real point of vS. Let f € C(S). Then
there is g € C(vS) such that g = fV. Since p is a real point of v,
then gﬁ(“’)(p) € R. Since g and fY agree on vS, ¢°@) = f8) on 3S.
So fA«)(p) € R. So p is a real point of S. That is, p € vS. We have
shown that v(vS) C vS.

So
v(vS)=vS

Then we can view vS as a realcompact space which densely contains
the completely reqular space S.

Given a space S, the topological space, v.S, is normally referred to as
the
Hewitt-Nachbin realcompactification of S.7

"Named after the American mathematician, Edwin Hewitt (1920-1999) and the Jewish-
Brazilian mathematician Leopoldo Nachbin (1922-1993).
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So, instead of referring to v.S as being “the set of all real points of S”,
we will now speak of vS as being “the realcompactification of S”. If a
space, S, is realcompact, then it is its own realcompactification.

If S is pseudocompact, then C(S) = C*(.S) and so every point of 35 is
a real point of S. Hence, if S is pseudocompact, 35 is both the Stone-
Cech compactification and the Hewitt-Nachbin realcompactification of

S.

Another characterization of compactness and of pseudocompact-
ness.

The statements which appear above are mostly in reference to non-
compact spaces. The realcompact property provides us with another
characterization of the compact property.

Theorem 24.7 A Hausdorff topological space, S, is compact if and only
if S is both realcompact and pseudocompact.

Proof: (=) If S is compact, then S = (35; hence every real-valued func-

tion on S is bounded. Then, by definition, .S is pseudocompact. Since
S CwvS CpS, then S =vS, so S is realcompact.

( < ) Suppose S is both pseudocompact and realcompact. We are
required to show that S is compact.

Since S is pseudocompact every f € C(S) is bounded. Then, for such
an f,
FP@13S] C g f[S] C R

Then
BS C N{fPW<R]: f € C(S)} =vS

So vS = 3S5. Since S is realcompact, then S = vS. So S = 35. So S
is compact, as required.

Theorem 24.8 Let S be a non-compact completely regular space. Then
the following are equivalent.

(a) The space S is pseudocompact.

(b) The equality, 8S = vS, holds true.



Part VII: 'Topics 615

(c) Every z-ultrafilter is a real z-ultrafilter. That is, every z-ultrafilter
satisfies the countable intersection property.

Proof: We are given that S is a non-compact completely regular space.
(a) = (b) We are given that, S is pseudocompact.
We are required to show that 6.5 = vS.

Then, for any f € C(S), f7«) : 3S — wR maps 3S onto clr f[S] C
clg f[S] C R. Then, for any f € C(S), we have v;S = 3S. So

BS =n{vsS: feC(S)} =vS

as required.

(b) = (a) We are given that, 85 = vS.
We are required to prove that S is pseudocompact.

Suppose not. Then there is an unbounded function, f, in C(S). Then
f: S — R extends to f@ : 85 — wR. If fﬁ(“’)[ﬁS] C R, then
fP«)[BS] is non-compact since it is unbounded. So thereis anz € 8S\S
such that %) (z) = co. In such a case, 35 # vS. Contradiction. So
S must be pseudocompact.

(b) < (c¢) Given that S is a non-compact completely regular space.

See that S = vS if and only if every point in 55 is a real point. A z-
ultrafilter converges to a real point if and only if it is a real z-ultrafilter.
So 3S = vS if and only if every z-ultrafilter is a real z-ultrafilter.

By the above result, if S is a non-compact pseudocompact space, 3S =
vS #£ 5. We can them say with certainty that ...

“A non-compact pseudocompact space cannot be realcompact.”
Furthermore, from Theorem 23.9, we are sure that ...

“If a non-compact space, S, is realcompact then (35S is not a
singular compactification.”

8We can also conclude that “..if and only if every z-ultrafilter satisfies the countable
intersection property”.
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24.5 A few examples of realcompact spaces.

We have seen up to now that the simplest examples of non-realcompact
spaces are the non-compact pseudocompact spaces.

We will now show that simple examples of realcompact spaces can be
found in the class of Lindelof spaces. In Theorem 16.3, we showed
that in any Lindelof space, S, every filter of closed sets in &?(S) which
satisfies the “countable intersection property” has a non-empty inter-
section (in S). In fact, this property characterizes Lindelof spaces.
Now, every real z-ultrafilter in Z[S] is a collection of closed subsets of
S which satisfies the CIP. Then, if S is Lindelof, every real z-ultrafilter
in Z[S] has a non-empty intersection. That is, every real z-ultrafilter
in a Lindelof space S converges to a point in S. Then, by Theorem
24.3, Lindelof spaces are realcompact. We state this as a formal result.

Theorem 24.9 If S is a Lindelof space, then S is realcompact.

Proof: Given in the paragraph above.

Ezample 2. By definition 18.9, a o-compact space is the countable
union of compact sets. State conditions under which a o-compact
space is guaranteed to be realcompact.

Solution: In Theorem 18.10 it is shown that in a locally compact
Hausdorff space the o-compact property is equivalent to the Lindelof
property. So any locally compact Hausdorff o-compact space is real-
compact.

Ezample 3. Show that N is realcompact.

Solution: Any countable space is the union of singleton sets and hence
is o-compact. Since N is locally compact Hausdorff and countable N
is realcompact.

Ezample 4. Show that any separable metric space is realcompact.

Solution: By definition, a second countable space is one that has a
countable open base. By Theorem 16.3, for metric spaces, S, the fol-
lowing are equivalent: 1) S satisfies the second countable property, 2)
S is separable 3) S satisfies the Lindel6f property. By Theorem 24.9,
a separable metric space is realcompact.



Part VII: 'Topics 617

Ezample 5. Show that, for n = 1,2,3,..., every subspace of R"
equipped with the usual topology is realcompact.

Solution: The Euclidean space R™ is a finite product of the metric sep-
arable space R and hence is both metrizable and separable (see 7.10 on
products of separable spaces and 31.1 on countable products of metriz-
able spaces). Then it is second countable (see 5.13 where it is shown
that metrizable spaces which are separable are also second countable).
So every subspace of R™ is both second countable and metrizable (see
the example after definition 5.14 of hereditary property and Theorem
5.15 where we see that both metrizability and second countability are
hereditary). In metrizable spaces the Lindel6f property is equivalent to
the separable property and the second countable property (see 16.3).
Then every subspace of R" is Lindelof. Since Lindel6f spaces are real-
compact (by Theorem 24.9), then every subspace of R" is realcompact.

Since R is realcompact then vR = R. So, for any point z € SR\R,
there is at least one function f in C(R) such that f#“)(z) = cc.

Since any subspace of R is realcompact, then,

... the set of rationals, Q, and the set of irrationals, J, are
both realcompact spaces.

24.6

Properties of realcompact spaces.

We now examine when a particular space inherits the realcompact
property from other spaces known to be realcompact. We show, in
particular, that the realcompact property is closed under arbitrary
intersections and arbitrary products. We also show that a closed sub-
space inherits the realcompact property from its superset.

Theorem 24.10 Let {S, : a € I'} be a family of non-empty completely
regular spaces each of which is realcompact.

(a) If S is a realcompact space which contains each S, and T" = N{S, :

a € I} is non-empty in S, then 7T is a realcompact subspace of S.

(b) The product space, [[,c; Sa, is realcompact.
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Proof: We are given that {S, : @ € I} is a family of completely regular
non-empty realcompact spaces.

(a)

Suppose the S,’s are all subspaces of a realcompact space S and
T=n{Sq:acl}

is non-empty. We are required to show that T is realcompact. To
do this, it suffices to show that T = vT.

Since each S, is realcompact, S, = vS,. Since subspaces of com-
pletely regular spaces are completely regular, T'= N{S, : a € I}
is a completely regular subspace.

We claim that, for each o, vT' C vS,. Let i, be the identity map
embedding T into S,. Then, for each «, i, extends to a unique
iot VT — vS, (By Theorem 24.4). Since T is dense in vT),
(ia|T)" = iq on VT, s0 (iy|7)" embeds vT into vS,, establishing
the claim.

Since (iq|7)"[vT] = vT C vSy = S, for all @ € I, then vT C
N{Sa:ael}=T.

Given that T' C vT', we can only conclude that T'= vT and so T
is realcompact.

Suppose S = [],c;Sa where each S, is realcompact. We know
that the product of completely regular spaces is completely reg-
ular. For v € I, the projection map, 7, : S — S, is continuous
and hence extends continuously to

v,
Ty 1 vS — vSy

where S, = vS,.

Let 4 = {m, : @ € I} where m,, : S — S,. Then the evaluation
map, ey : S — [[,er Sa extends to eg” : vS — [[,c; S =S a
function which embeds vS into S.

Then vS C S. Since S C vS, we conclude that S = vS and so S
is realcompact.

The subspace, T', of a realcompact space, S, need not, generally, be
realcompact. We now show that, in the particular case where T is
closed in S, it is.
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Theorem 24.11 If F' is a closed non-empty subspace of a realcompact
space S, then F' is realcompact.

Proof: We are given that F is closed in realcompact S. Then S = vS hence
clygF =clgF = F
(since F' is closed in S). We are required to show that F' = vF.

Let i : F' — S denote the inclusion map embedding F into S. Then (by
Theorem 24.4) i : ' — F C S extends continuously to i : vF — vS
where

i'lvF]=vF CuS =S

Now F' is dense in v F' hence
vF - ClvsF = ClsF =F

Then vF C F. So F = vF. We can then conclude that F is a
realcompact subset of S.

Lemma 24.12 Closed subspaces of a product of R are realcompact.

Proof: Let F be a closed subset of the product space, S = [[,c;R*. Then,
by Theorem 24.10 part (b), S is realcompact. By, Theorem 24.11, F’
is realcompact.

For the following lemma note that vS is completely regular (given
that vS C (3S). Then C(vS) separates points and closed sets of vS.
Then the evaluation function eg(s) maps vS homeomorphically into
[Tcc(s) Ry (as argued in the embedding theorem I).

Lemma 24.13 Suppose S is completely regular. Then the function

e’c(s) 1 08 = e Ry

maps vS homeomorphically onto a closed subset of || Fec(s) Ry. Hence, if S
is realcompact, ec(s) [S] maps S homeomorphically onto a closed subset of

[iecis) Ry-
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Proof: We are given that S is completely regular. For each x € (85,

P (z) e wRy. Then the evaluation map e’g((“;)wR) maps 3S onto

a compact subspace of the product space [] FEC(S, wR) wRy as follows:

,g((u;’)wR)(x) = < [P9(@) >pecs.um) € fec(s wrywRy

Recall that S is densely contained into its realcompactification v.S.
Then every (real-valued) function f in C(S) extends continuously
to (a real-valued function) fU = f#«)|, € C(vS) where f'[vS] =
P S] C Ry C wRy.

The evaluation map ec(g) : S — [] Fec(s) Ry then extends continu-
ously to the evaluation map eg(s) mapping vS into erC(S)Rf -
[recis)wRy. 1t is defined as

etis)(@) = < (@) >recs) € IlfecsRr € lecs, wrywRy
Claim: We claim that
v B(w
€c(s) [vS] = ec((s wR) [BS] N erc(s)R

Proof of claim. See that,

B(w)

eg(s) [vS] = €C(S, wR) [BS NS
- eg((u;) (UR) [/8»9] N eg((u;) R) [US] (Since eg((tg,)Y wR) is one-to-one on vS)
ENCI()) B(w) B(w)
= €os, wr)BS] N ecs, ur) [ €C(S, wR) [erC(S)RfH
g eg((u; (UR [/8»9] HfGC(S)Rf (A closed subset of erC(S)Rf)
So LHS C RHS.

To prove RHS C LHS, suppose
< P(@) >recisur) € enn wnlBS] N TlesR

Then f2)(z) is a real number for all f € C(S,wR). Then z is a real
point of S. That is, x € vS.

Then f7@)(z) € @S] for all f € C(S,wR).

That is,

< PN @) >fecswr) € < FT0S] > recs,um)
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Since < @S] >fec(s,wR) = €0(s) [vS], then

< PN @) >recsur) € ehisvS]

So RHS C LHS.
So
v B(w
€c(s) [vS] = ec((s wR) [BS] N erc(s)R
as claimed.

We conclude So eg( ) maps v.S homeomorphically onto the closed sub-
set

B(w
ec((s wR) [BS] N erC(S)R

of Jltec(s)Ry- As required.

Finally if S is realcompact then S = v.S, so eg( ) maps S homeomor-
phically onto the closed subset

B(w
C((S wR) [BS] HfEC(S)R

of erC(S)IR

This completes the proof of the lemma.

Theorem 24.14 The realcompact spaces are precisely those spaces which
are homeomorphic to a closed subspace of a power of R.

Proof: We have already shown that the closed subspaces of a power of R
are realcompact.

Suppose, on the other hand, that S is a realcompact space. That is,
suppose that S = vS.

We have shown in the lemma above that €”¢(s) maps, vS, homeomor-
phically onto a closed subset of a power of R. Since S = v.S then S is
homeomorphic to a closed subset of a power of R.
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We have seen that any closed subset of a realcompact space is real-
compact. But as shown below, a subset of a realcompact space need
not, necessarily, be closed for it to be realcompact. Cozero-sets also
satisfy this property.

Theorem 24.15 A cozero-set in a realcompact space is itself realcomp-

cact.

Proof: Suppose S is realcompact and U is a cozero-set in S.

To show that U is realcompact, it will suffice to show that, for every
p € BU\U there is a fU-zero-set, Z, such that p € Z C U\U and
invoke part (c) of Theorem 24.3.

See that the identity map i : U — clgsU extends continuously to
i*: U — clgsU. Let p € BU\U and p* = i*(p). Then p* € clgsU\U
(see example on page 135).

Step #1. We claim there is a clggU-zero-set, Z*, such that p* € Z* C
clgsU\U.

Proof of claim: We know that p* € clggU\U. We consider two cases:
Either p* € clgsU N BS\ S or p* € clgsU N S.

Case 1. Suppose p* € clgsU N BS\S. Since S is realcompact, by
part (c) of Theorem 24.3, there exists a (3S-zero-set, Z, such that
p* € Z C BS\S. Then p* € Z* = ZNclgsU C clgsU\U. The claim is
established for the Case 1.

Case 2. Suppose p* € clgsU N S. We are given that
p* € clgU\U

where U is a cozero-set of S. Since S\U is a zero-set, then S\U is
a Gs, so U is an F, (a countable union of closed subsets of S). Say
U = U{F, : n € N} where F,, is a closed subset of S for all n. Since
each F,, is closed, for each n, there is an S-zero-set, Z,,, such that

p* e Z, CS\F,

Then p* € N{Z,, : n € N} = Z| itself an S-zero-set (see page 250).
Note that Z does not intersect U. There is a 3S-zero-set, Z° = clgsZ
such that Z = Z° N S. Let

Z*=27°n clgsU
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a clgsU-zero-set such that p* € Z* C clgsU\U. The claim is estab-
lished for the Case 2.

Step #2. We have thus shown that, for both cases
p* € Z* CclgsU\U

where Z* is a clggS-zero-set. Say Z* = Z*(f). Then, since f?(i*(z)) =
0 if and only if x € Z*(f), then p € i*~ [Z*] is a 3S-zero-set contained
in BU\U. So, part (c) of Theorem 24.3, U is realcompact.

Theorem 24.16 A space S is pseudocompact if and only if every count-
able C-embedded subset of S is compact.

Proof: (=) Suppose S is a pseudocompact space. Let T' = {z; : i € N}
be a countable C-embedded subset of S. We are required to show that
T is compact.

It suffices to show that T is both realcompact and pseudocompact.
Suppose T' is not pseudocompact. Then there is a continuous un-
bounded real-valued function f : T — R on T'. Since T is C-embedded
in S then f extends to an unbounded function f* : S — R. This
contradicts the pseudocompactness of S. Then T is pseudocompact.

Since T is countably infinite it is Lindel6f. By Theorem 24.9, Lindel6f
spaces are realcompact; so T is realcompact. By Theorem 24.9, since
T is both realcompact and pseudocompact it is compact.

( <= ) Suppose every countable C-embedded subset of S is compact.
A (C-embedded copy of N in S is not a compact subset of S. Since
T is compact it cannot contain a C-embedded copy of N. Then by
Theorem 23.4 S is pseudocompact.

Theorem 24.17 If a completely regular space S is pseudocompact then
every countable zero set in S is compact.

Proof: Suppose S is completely regular and pseudocompact. Suppose Z is
a countable zero set of S. We are required to show that Z is a compact
set.

To show that Z is compact it is sufficient to show that each filter of
closed subsets of Z has non-empty intersection in Z. Let 2 = {D; :
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i € I} be a filter of closed subsets of Z. Then & satisfies the finite
intersection property. Since Z is closed in S, each D; is closed in S.

We claim that pseudocompactness and complete regularity of .S along
with countability of Z are sufficient conditions to guarantee that the
filter 2 has non-empty intersection in Z.

See that

Don Dy = Z\Fy for some Fj open in Z
DonDiNDy = Z\(FyU Fy) for some F; open in Z

MN{D;:i=0tok} = Z\U{F;:i=0tok—1} for some Fj_; open in Z

We see that
ﬂ{DZ‘:’iZOtOk} = Z\U{Fi:z’:Otok—l}

N{Z\F,:i = 0tok—1}] N Z

See that for each i, Z\F;NZ is closed in S. Since S is completely regular,
for each x; € F;NZ there exists Z; € Z[S] such that (Z\F;NZ) C Zj,
x; ¢ Z;. Then, for each 4,

Z\FiﬂZ:ﬂ{Zj EZ[S] P EFiﬂZ}

equal to a zero-set Z; € Z[S].

So
M{D;:i=0tok}=[{Z;€Z[S]:i = 0tok—1}] N Z
a zero-set in S.
Also see that, for each k,
M{D;:i=0tok} C Z;NZ, fori=0tok—1

Then {Z;NZ € Z[S]:i=0to k— 1} is a z-filter in S.
We can then say that,

{D;:iel} = Z\UW{F,:ieN} = n{Z; € Z[S]:ieN} n Z

Since S is pseudocompact, then by Theorem 23.4, the z-filter, {Z;NZ :
i € N}, satisfies the countable intersection property. Then N{Z; €
Z[S] i € N} N Z is non-empty. So the filter 2 = {D,; : i € I} of
closed subsets of Z has non-empty intersection. Since this holds true
for an arbitrary choice of filters of closed sets in Z, it holds true for all
filters. We can then conclude that Z is compact, as required.
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24.7

Ezample 6. See the topological 1-space described in the example on
page 111. In the example on page 399, we show that the y-space is
pseudocompact. In the example on page 421 we showed that the -
space is Hausdorff and locally compact, hence is completely regular.
We also show that a basic open neighborhood of D € ., of the form
{D} U D\F, is compact, hence the space is zero-dimensional. Show
that the finite sets in .# are zero-sets, but no countably infinite subset
of .# can be a zero-set in 1.

Solution: Every subset in 1 of the form ¢\ F where F' C N is a zero-
set in . Since A4 = N{Y\F : F C N} and countable intersections of
zero-sets are known to be zero-sets, .# is a zero-set in 1. Since the
basic open neighborhoods {D} U D\ F of a point D in .# were shown
to be clopen then these neighborhoods are zero-sets in 1. Then the
intersection, ({D}UD\F) N .# = {D} of two zero-sets is a zero-set.
So finite subsets of .# are zero-sets.

Suppose F' is a countably infinite subset of .#. Since F is discrete
in the closed subset .# of 1 it cannot be compact. Since % is pseu-
docompact, by the Theorem 24.17 above, countable zero-sets must be
compact. So .# cannot contain countably infinite zero-sets.

Example of a non-realcompact non-pseudocompact space.

The above few examples may lead the reader to suspect that non-
realcompact non-pseudocompact spaces are harder to come by. To
come up with such an example, one might consider a product of a re-
alcompact space with a pseudocompact space.

Ezample 7. Recall that wy denotes the first uncountable ordinal, while
wo denotes the first countable infinite ordinal. Consider the spaces
[0,w1) and [0, wp) both be equipped with the ordinal topology, and let

S = [0,&)1) X [O,WO)

be the corresponding product space.'’ This is a slight variation of the
Tychonoff plank [0, w;] x [0, wo.

We first verify that [0, w1) is not realcompact. In the example on page
368, it is shown that [0,w;) is countably compact. By Theorem 15.9,
since [0,w;) is countably compact, for any f € C(X), f[[0,w1)] is

"1n Theorem 21.18, it is shown that SX = [0,w1] = wX.
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compact in R. This implies that [0,w;) is pseudocompact. But the
space [0,w1) is non-compact since the open cover {[0,7): v € S} has
no finite subcover. By Theorem 24.7, pseudocompact spaces which are
realcompact must be compact. So

[0,w1) is not realcompact

We claim that S = [0,w;) X [0,wp) is not realcompact. Suppose S is
realcompact. Note that the subset [0,w;) x {0} is closed in S. The
Theorem 24.11 states that closed subspaces of realcompact spaces are
realcompact. But we just showed that [0,w;) is not realcompact, a
contradiction. Then S cannot be realcompact, as claimed.

We now claim that the non-realcompact space is not pseudocompact.
To show this it suffices to produce an unbounded real-valued contin-
uous function. For n € wp, let A, = [0,w1) x {n}. Then, for each
n, Ay is clopen in S. The function f : S — N defined as f[A,] =n
is continuous, real-valued and unbounded on S. Then S cannot be
pseudocompact, as claimed.

Note that, since the space S = [0,w;) x {0} is not pseudocompact,
then, by Theorem 24.7, S # vS. Since S has been shown to be
non-realcompact, S # vS. So, for S = [0,w;) x [0,wp), we have

ScuvScpgs

Concepts review.

. If fis a function in C(S) define the set, v;S, of all the real points of

f.

. Define the realcompactification vS' of a space S in terms of all the sets

vgS.

. What does it mean to say that the space, S, is realcompact? Is R

realcompact?

. Define a real z-ultrafilter in Z[S].
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10.

11.

12.

13.

14.
15.
16.

17.

18.

19.

20.

. Give a characterization of the realcompactness property in terms of

zero-sets in Z[3S].

. Give a characterization of the realcompactness property in terms of

z-ultrafilters of zero-sets in Z[S].

Let f : S — T be a continuous function mapping the completely
regular space S into the completely regular space T' what can be said
about a particular continuous extension of f to f¥7

. What does it mean to say that f € C(S) is C-embedded in vS?

. Is vS a realcompact space?

Describe clgsvS and B(vS).

What can we say about a space that is both realcompact and pseudo-
compact?

Complete the statement “4S = vS if and only if ... ”.

What can we say about Lindel6f spaces in the context discussed in this
chapter?

Are the subspaces N, Q, J of R realcompact?
What can we say about arbitrary intersections of realcompact space?
What can we say about arbitrary products of realcompact space?

What kind of subsets of a realcompact space are guaranteed to be
realcompact?

Give an example of a realcompact space.

State a characterization of realcompact spaces in terms of subsets of a
product of R.

Give an example of a space which is not realcompact.




