Part VII: 'Topics 471

21 / Hausdorff compactifications.

21.1

Abstract. In this section, we discuss those spaces, S, which can
be densely embedded in a compact Hausdorff space. Only com-
pletely regular spaces can possess this property. The process by
which we determine such a compact space, .S, for S, is called
compactifying S. The space, oS, is called the compactification
of S. The family of all compactifications of a completely reqular
space can be partially ordered. The maximal compactification of
S with respect to the chosen partial ordering is called the Stone-
Cech compactification. We discuss methods for its construction.
We will show that only locally compact spaces have a minimal
compactification with respect to the chosen partial ordering. It is
called the one-point compactification. We present a few proper-
ties of OR, BQ and BN. In particular we show that ON is not
sequentially compact. This chapter is of interest to readers who
would like the opportunity to practice applying, in an interesting
context, most of the concepts studied in the first part of Point-set
topology with topics.

Compactifying a space

In this section we will briefly talk about methods for “compactifying a
space (S, 75)”. This essentially means adding a set, F', of points to S,
to obtain a larger set, T = SUF', and topologizing T so that (T, 7;) is a
compact Hausdorff space in which a homeomorphic copy of S appears
as a dense subspace of T'.

With certain bounded subspaces of R"™, this can, sometimes, be quite
easy to do. For example, if S = [-1,3) U (3,7) is equipped with the
subspace topology, then by simply adding the points {3,7} to S we
obtain the set T'= SU{3,7} = [—1, 7] which, when equipped with the
subspace topology, is a compact Hausdorff space which densely con-
tains a homeomorphic copy of S. In such a case, we will say that T
is a compactification of S. A compactification of a bounded subset of
R™ can always be obtained by taking its closure. This does not mean,
however, that there are not others. If we are given a space such as N
or Q, it is not at all obvious how one would go about compactifying
such spaces. We will show techniques which allow us to achieve this
objective.
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For what follows, recall that the evaluation map e : S — [, ;[as, b
induced by C*(.S) (the set of all continuous bounded real-valued func-
tions on S) is defined as

e(x) :<fi(x) >ieJ € Hie][aiabi]

where f; € C*(S) and f;[S] C [a;, bi].

Definition 21.1 Let (S, 75) be a topological space and (7', ;) be a compact
Hausdorff space. We will say that T' is a compactification of S if S is densely
embedded in 7.1

If S is a compact Hausdorff space, then S can be viewed as being a
compactification of itself. Recall that a compact Hausdorff space is
normal, and so is completely regular. Since subspaces of completely
regular spaces are completely regular, then

...only a completely regular space can have a compactification.

In the Embedding theorem III, Theorem 14.7, we showed how any
completely regular space can be compactified. The evaluation map,
e: S — T, induced by C*(S) embeds S into a cube,

T= HieJ[aiv bi]

Since each interval [a;,b;] is homeomorphic to [0,1], then there is
a homeomorphism, h : T — [[,c;[0,1], which maps T" onto P =
[Lic;[0,1]. By Tychonoff’s theorem, P is guaranteed to be compact.
So the function, ¢ : S — P, defined as, ¢ = hoe, embeds S into
[Lics10, 1]. Hence clpq[S] is a compact subspace of the product space,
P, which densely contains the homeomorphic image, ¢[S], of S.2 So,
even common topological spaces such as R, Q, and N have at least the
compactification obtained by the method just described.

"When we say “compactification of S” we always mean a “Hausdorff compactification”,
unless explicitly stated otherwise.

2This is just one small example which shows why Tychonoff theorem deserves to be
titled and why it is such an important theorem in topology.
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21.2 The Stone-Cech compactification.

We have described only one of the various ways to obtain a homeo-
morphic copy of the compactification, clre[S], of S. This particular
compactification has a special name.

Definition 21.2 Let (S, 75) be a completely regular topological space. Let

e:S— Hz‘el[aiv bi

be the evaluation map induced by C*(S) which embeds S in the compact
product space, T' = [[,c;[as, b;]. Then the function e densely embeds S into
the compact space clre[S]. So clre[S] satisfies the definition of a compacti-
fication of S.

The subspace,
clre[S]

is called the Stone-Cech compactification of S. The Stone-Cech compact-
ification of S is uniquely (and universally) denoted by, 5S. We can then
write,

BS = clrelS]

It is important to remember that, complete regularity of S, is all that is
required to construct the Hausdorff compactification 65. The space S
need not be locally compact. Hence, if a space S is not locally compact,
we still obtain a Hausdorff compactification. Recall that Corollary 18.4
states that, “ ... if S is dense in a Hausdorff compact set K, then S is
locally compact if and only if S is open in K. Since SQ is a Hausdorff
compactification of Q and Q is not locally compact then Q cannot be
open in GQ.

Equivalent compactifications

Given a completely regular space S, there is nothing stated up to now
which would lead us to conclude that S has only one compactification.
In fact most spaces we will consider will have many compactifications.
Suppose we are given two compactifications for a space, .5, say a.S and
~.S. If there is a homeomorphism

h:aS—~vS
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mapping aS onto 7S such that h(xz) = x for all z € S, then oS and
~vS will be considered to be equivalent compactifications of S. Two
compactifications of the same space which have been determined to be
“equivalent” in this way will be assumed to be the same compactifi-
cation, topologically speaking. This equivalence is often expressed by
the symbol,

alsS =78

For convenience, some authors express equivalence of two compactifi-
cation by “a.S = vS5” even though, strictly speaking, oS and 7S may
not necessarily be equal sets. But one should be cautious! There are
compactifications oS and ~.S, of a space S such that a.S = .5, but
their respective topologies are such that a.S # 5. Such examples are
presented on pages 532 and 544.

So if aS is any compactification of S for which there is a homeomor-
phism h : oS — (S5 which fixes the points of S aS is said to be
equivalent to the 85.

The outgrowth of a topological space.

Given a topological space, S, and a compactification, a.S, the set
aS\S

is referred to as being the outgrowth of S with respect to this par-
ticular compactification or as the remainder of aS. Equivalent com-
pactifications will be considered to have the same outgrowth. We will
sometimes be interested in determining whether an outgrowth satisfies
certain topological properties.

Ezample 1: Compactifications of R. In this example we construct two
compactifications of R.

A compactification of R with two points in its outgrowth. We know that
arctan: R — (—7/2, 7/2) maps R homeomorphically onto (—7 /2, 7/2).
Hence R is embedded in the compact space

YR = arctan[R| U {—7/2,7/2} = [7/2, 7 /2]

with outgrowth yR\R = {—7/2,7/2}. We showed that arctan densely
embeds a copy of R in the compact set [—m/2, 7/2]. This compactifi-
cation is often simply expressed as

YR =RU{—7n/2,7/2}

provided it is understood that arctan is the embedding function. (See
the example on page 530 where we discuss this compactification from
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a different perspective.)

We provide another way to visualize a two-point compactification of R.
Suppose K = RU{—00, 00} is a set where —oo and oo represents points
which don’t belong to R. Let arctan® : K — [~7/2, 7/2] be a function
mapping K onto [—m/2,7/2] (equipped with the usual topology) be

defined as
arctan® g = arctan
arctan® (—o0) = —7/2
arctan’ (00) = 7/2

We can topologize K by declaring that U is open in K if and only if
U = arctan® " [V] for some open V in [~7/2,7/2]. Then 7k is the
weak topology on K induced by the function arctan’. The subspace
topology on R is the usual topology. Then B; is an open neighborhood
of —oc if and only if U = arctan® " [V] for some open neighborhood
of —m/2 and By is an open neighborhood of oo if and only if U =
arctan® " [V] for some open neighborhood of 7/2. Then, with this
topology, K can be viewed as a two-point compactification

IR =RU{—00, 00}

This is often a preferred way to visualize a two-point compactification
of R.

A compactification of R with a single point in its outgrowth. We know
that there is a homeomorphism i : R — (0, 27) which maps R onto
(0,27). The function,

h(z) = 2[arctan(z) + 7/2]
is an example. Define the homeomorphic function f : (0,27) — R? as
f(z) = (sin(z), cos(z))

Then foh : R — R? densely embeds R into the (closed and bounded)
compact set

aR = K = {(sin(x), cos(z)) : z € (0,2m)} U {(1,0)}

with the single point (1, 0) in its outgrowth, aR\R = {(1,0)}.

We will say more about a compactification which has a single point in
its outgrowth in Theorem 21.13.
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Ezample 2. Let RT = {x € R: 2 > 0}. Is there a compactification of
R* which contains only two points?

Solution: No. Suppose aRT = R* U {a, b}. Since {a,b} is a compact
subset of aR™ and R is dense in oR™ any connected open neighbor-
hood, say B, of {a,b} intersects RT. Then aR\ B is a compact set,
say [0, k]. Then, since aR™ is Hausdorff, there must be disjoint open
neighborhoods By and By in aR™ of a and b, respectively, such that
B = (B1UBy)NR*. Then (B; UB) NRT = (k, ). Since By and By
do not intersect in R™ and (k, c0) is connected we have a contradiction.
So R cannot have an outgrowth containing only two points.

A partial ordering of Hausdorff compactifications of a space.

Let’s gather together all Hausdorff compactifications of a completely
regular space, S, as follows,

¢ ={w;S:iel}
We will partially order the family, €, by defining “<” in the following
way:
If ;S and a;S belong to €, we will write
;S < a;S

if and only if there is a continuous function f : ;S — «;9,
not one-to-one, mapping a;S\S onto a;S\S which fizes the
points of S. If f : a;S — ;S is a homeomorphism we
communicate this by writing c;S = «;S or verbally stating
that are o;S and «; S are equivalent compactifications.

If @S < ~S we will express the continuous function, f :vyS — S, as
Tyma - 7S — S

The function 7, _., explicitly expresses which compactification is strictly
larger than the other. If oS and 7S are such that neither is strictly
less than the other and are not equivalent compactifications, then we
say that aS and 7S are not comparable in 4. We will see pairs of
compactifications of a space which are not comparable later in the text.

The expression
as <X vyS

is to be interpreted as “aS < S or aS = ~S5”.
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Remark. Observe that given compactifications .5 and a.S such that
aS =X 7S, the function m,_, : vS — aS maps a compact set onto
a compact set and so is a closed function. Then the topology on a5
can be seen as a quotient topology induced by the quotient map m,_..
(See Theorem 8.2)

On C*-embedded subsets of a topological space.

Given a subset 7" of a topological space, S, and a continuous bounded
real-valued function f : T" — R, it is not guaranteed that there is a
bounded continuous function g : S — R such that g|7 = f on T. If
there is, then we will say that

“g is a continuous extension of f from T to S”

This motivates the following definition.

Definition 21.3 Let (S, 7) be a topological space and U be a proper non-
empty subset of S. We say that U is C*-embedded in S' if every real-valued
bounded function, f € C*(U), extends to a function, g € C*(S), in the sense
that gy = f.3 In this case we will say that. . .

g: S — Ris a continuous extension of f : U — R from U to S

The notion of “C*-embedding” is closely related to completely regular
spaces and their Stone-Cech compactification. For this reason, we will
discuss this property in depth now (even though C*-embeddings may
be discussed in other contexts). The following theorem shows that, for
any completely regular space S, S is C*-embedded in its Stone-Cech
compactification, 5S. That is, every function, f € C*(S), extends
continuously to a function, f8 € C(BS)

Theorem 21.4 Let S be a completely regular space. Then S is C*-embedded
in 8S.

3There is an analogous definition for “C-embedded” studied later: We say that U is C-
embedded in S if every real-valued function, f € C(U), continuously extends to a function,
frecs)
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Proof: If f € C*(S), let I be the range of f. Let

T = erC*(S)ClRIf
Then the evaluation map, e : S — T embeds S in T'. Recall that, by
definition,

ﬁS = CITG[S] Q erC*(S)ClRIf

Suppose g € C*(S).

We are required to show that g : S — R extends continuously to some
function, ¢ : BS — R.

If 7y is the ¢g*"-projection map, then

Tg : erc*(s)dRIf — CIRIQ
where 3S = clre[S] and so,
7Tg|[35 . /85 — ClRIg

maps (S into clgl,. Let g° = mylss. Then ¢g°[3S] = ¢P[clre[S]] =
clrg[S] C clrly.

It follows that ¢ : 8S — clgl, and, since g[S] C I, for z € S,
9°|s(z) = g().

So ¢? is a continuous extension of ¢ from S to 3S.

Note that, in the case where S is a compact space, e[S] is a compact
space densely embedded in 85 and so 5S\S = &. Then S and 3S are

homeomorphic.

The theorem guarantees that every real-valued continuous bounded
function, f, on a completely regular space, S, extends to a continuous
function fP : 3S — R. The function f? is the extension of f from S
to 3S. Recall (from Theorem 9.8) that continuity guarantees that two
continuous functions which agree on a dense subset D of a Hausdorff

space, S, must agree on all of S. So there can only be one extension,
8, of f from S to f3S.

We will soon show (in Theorem 21.9) that, if a.S is a compactification of
S and S is C*-embedded in oS, then a.S must be the compactification,
BS. That is,

...38 1is the only compactification in which S is C*-embedded
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A generalization of the extension, f — f°.

The above theorem can be generalized a step further. Suppose
C(S,K)

denotes all continuous functions mapping S into a compact set K. We
show that every function f in C(S, K) extends to a function fBE) ¢
C(BS, K). Note that neither f nor f3(5) need be real-valued. The
space, K, represents any compact set which contains the image of S
under f. We present now the following very important theorem.

Theorem 21.5 Let S be a completely regular (non-compact) space and g :
S — K be a continuous function mapping .S into a compact Hausdorff space,
K. Then g extends uniquely to a continuous function, ¢?¥) : 35S — K.

Proof: We are given that g : S — K continuously maps the completely
regular space, S, into the compact Hausdorff space K. Since S is com-
pletely regular it has a compactification, 5S.

We are required to show that g extends to g% : 85 — K.

Since K is compact Hausdorff it is completely regular; hence, if # =
C(K), the evaluation map

ex t K — er%[ov 1k

embeds K in the product space [[;.c [0, 1]x where e [g[S]] C e [K]
and

ex[9lS]] =< k[9[S]] ke C Ilkewr 0,1k
We also have,
9(@) = ex" (ex(9(x))) = ex™ (< (kog)(x)) >rer)

Since (kog) : S — [0, 1] extends to (kog)? : BS — [0,1]x, for each
k € 2, we define a continuous function A : 35 — K as,

W) = ex (< (kog)’(2) >rer)
By defining, ¢?K) . 3 = K as,
g""(x) = h(x)
we obtain h(x) as an extension of g : S — K to the continuous function,

)5S - K
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Given a completely regular topological space S, and T' = [ [, [as, bs] we
now see that the evaluation function ec=(gy : S — [[;e/[as, bs] (which
homeomorphically embeds a copy of S into T') then continuously ex-
tends to 84S as follows:

o ()B5] = egn(g)lclasS]
= CITGC*(S)[S]

where
Con(s) (@) =< fP(@) > recm(s)

The Stone-Cech compactification, 35, is then equivalent to eg* (s) [B5S].

The mazimal compactification, 3S.

Suppose a.S' is any compactification of S possibly distinct from (6.5. We
will now show that, in the partially ordered family, %, of all Hausdorff
compactifications of S, aS < 3S. Showing this requires that we pro-
duce a continuous function mg_., : 3S — a5 such that mg_4(z) = z,
for all x € S. If we can prove this, then we will have shown that (5 is
the unique maximal compactification of a completely regular space, S.

Theorem 21.6 If .S is a compactification of S, then oS < 3S.

Proof: By Theorem 21.5, the identity map ¢ : S — «F, extends to a

continuous function,

"85 — aS

Then S C i*[3S] C S, where i*[3S] is compact, hence closed in a.S.
Since S is dense in .S, then the open set a.S\i*[3S] must be empty.
So the continuous function,

i*[BS] = i*[clggS] = clasi*[S] = clagS = aS

maps 3S onto a.S. So aS < (35, as required.
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Then, for any compactification a.S, there is the continuous function
T3oa : BS — S

which maps S onto oS where mg_,, fixes the points of S.

More on BR.

Since R is connected then, since R is dense in SR, SR is connected.
Suppose aR = R U {p1,p2} denotes the two-point compactification
of R. Then, by the above theorem, aR < SR. The function, mg_. :
PR — aR, then continuously maps SR\R onto {p1,p2}. So SR\R is the
disjoint union of the two compact subsets, 73, (p1) and 7o~ (p2)-
We conclude that SR\R is not a connected subspace of SR.

21.5

More on C*-embedded subsets of a space S.

We present a miscellany of results which will help us more easily rec-
ognize a C*-embedded subset, T" of a space S. We will return to our
discussion of compactification immediately following this.

The simplest example of a C*-embedded subset of R is a compact sub-
set of R.

Theorem 21.7 If K is a compact subset of R, then K is C*-embedded in

R.

Proof: Let K be a compact subset of R and f : K — R be a continuous

function on K. Since every continuous real-valued function is bounded
on a compact subset, then f € C*(K) = C(K). Suppose

u=sup{K} and v = inf { K}

Since K is closed and bounded in R, then u and v belong to K. Suppose
g : R — R is a function such that

g = fonK
g(x) = f(u), ifz>wu
g(x) = [fv), ifz<v

It is easily verified that g is a continuous extension of f from K to R.
Then K is C*-embedded in R.
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Example 3. The set N is C*-embedded in R. One way of visualiz-
ing this is to plot the points of {(n, f(n)) : n € N} of a function
f € C*(N) in the Cartesian plane R? and join every pair of successive
points (n, f(n)) and (n + 1, f(n+ 1)) by a straight line. This results
in a continuous curve representing a continuous function g on R which
extends f.

Urysohn’s extension theorem.

It is usually not easy to determine whether a subset T in a space
S is C*-embedded in S. The following theorem often referred to as
Urysohn’s extension theorem provides an important and useful tool for
recognizing C*-embedded sets.* Many view this theorem as one of the
most important theorems in general topology.

Theorem 21.8 Urysohn’s extension theorem: Let T be a subset of the com-
pletely regular space S. Then T is C*-embedded in S if and only if pairs of
sets which can be completely separated by some function in C*(7T") can also
be separated by some function in C*(S5).

Proof: ( = ) Suppose T is C*-embedded in S and U and V are com-
pletely separated subsets of T. Then there exists f € C*(T) such
that U C f7(0) and V C f(1). Then, by hypothesis, f extends to
ffe C*(S). Then U C f=*(0) and V C f~*(1). So U and V are
completely separated in S.

( <= ) Suppose that pairs of sets which can be completely separated
by some function in C*(7T') can also be separated by some function in

c*(9).

Let f1 be a function in C*(T). We are required to show that there
exists a function g € C*(.S) such that g|r = f1.

Since f; is bounded on T, then there exists, k& € R, such that | fi(x)| <

)
kforallz € T. Then fi < k=3 =35 (3)'] =k (Where ri = (2)")

4The Urysohn’s extension theorem should not be confused with the Urysohn’s lemma.
Urysohn’s lemma states that “The topological space (S, Ts) is normal if and only if given
a pair of disjoint non-empty closed sets, F' and W, in S there exists a continuous function
f:S —10,1] such that, F C f~[{0}] and W C f—[{1}]”
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We now inductively define a sequence of functions { f,} C C*(T). For
n=1,2,3,..., there exists f,, € C*(T) such that —3r, < f,(x) < 3r,
where,

k 2\ ™ 2 n—1 .

For this n, let U, = f~,[[=3rn, —rs) ] and Vi, = f [ [rn, 3rn] |-
We see that U,, and V,, are completely separated in T'. °

By hypothesis, U, and V,, are completely separated in S. This means
there exists g, € C*(S) such that, g,[S] C [=rn, Tn), gn[Un] = {—7n}
and g, [Va] = {rn}

(where r, = [% . (%)n]) So the sequence, {g, : n = 1,2,3,...}, thus
constructed is well-defined in C*(.5).

We now inductively define the sequence {h,} C C*(T) initiating the
process with hy = f; and continuing with

hn+1 = hp — gn|T

Then for each n,

ko /2\" ko/2\"

So gn|lr = hp — hpy1. Define g : S — R as the series
glz)= > galx)
neN{0}

See that g(z) is continuous on S: Since |g,(z)| < & (%)n,

and ZnGN\{O} % (%)n is a converging geometric series, then ZnGN\{O} gn(T)
converges uniformly to g(z). Since each g, () is continuous on S, then
g € C*(S). So g is a continuous on S.

Also, see that, gl = fi:

m
glr(@) = lim 3" galr(a)
n=1

= Jim (n(2) ~ ha(@) + (ha(e) = ha(@) + -+ (@) — Py (0)

= lim hl(l‘) — hm+1 (.Z‘)

== hl (.’L‘) == fl (.’L‘) (Since limm — o0 3741 = 0)

®To see this: the function hn, = (=7 V fu) A 7rs) has Uy C Z(hn — (—74)) and
Vo € Z(hpn — 7n).
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Then, g|7 = f1 so fi extends continuously from 7" to S. We are done.

Suppose F' and K are disjoint compact subsets in a completely regular
space, S. Then F and K are disjoint closed subsets of 3S. Since 8S
is compact Hausdorff then it is normal. Then there is a function f in
C(BS) which separates F' and K. So f|g separates F' and K in S. We
have just proven the following useful statement:

“Disjoint compact subsets of a completely reqular space are
completely separated.”

Example 4. Use Urysohn’s extension lemma to show that any com-
pact subset, K, of a completely regular space, S, is C*-embedded in S.

Solution: Let U and V be disjoint subsets of the compact set, K, which
are completely separated in K. Then there is a function f € C(K)
such that U C A= f~[{0}] and V C B = f~[{1}]. Both A and B are
disjoint closed subsets of compact K and so are compact sets. Then A
and B are compact in the completely regular space, S. Then A and B
are completely separated in S. So U and V are completely separated
in S. By Urysohn’s extension lemma, K is C*-embedded in S. We
conclude that ...

... any compact subset, K, of a completely regular space, S,
is C'*-embedded in S.

Uniqueness of 3S.

We are now able to prove that, up to equivalence, the Stone-Cech
compactification of S is the only compactification in which S is C*-
embedded. By this we mean that, if S is C*-embedded in the com-
pactification, 7.5, of S, then S is equivalent to 5S. So the symbol,
B35S, is strictly reserved for the Stone-Cech compactification of S.

Theorem 21.9 The completely regular space S is C*-embedded in the com-
pactification, 7S, if and only if v.5 = 5.

Proof: We are given that S is completely regular.

( < ) Suppose 7S = 3S. Then there is a homeomorphism, h : S —
(3S, mapping S onto 58S such that h(x) = z, for all x € S. We are
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required to show that S is C*-embedded in 7S.

If f € C*(9), then f extends to f? : 3S — R. Then f%h :~vS — R.
Define f? = fP.h. We see that f7 : S — R is the continuous exten-
sion of f from S to vS. Then S is C*-embedded in v.S.

(=) Suppose S is C*-embedded in 7.S. We are required to show that
~v.S and S are equivalent compactifications.

Let i : S — S be the identity map. Then, by Theorem 21.5, i extends
to i* : BS — 5. Also, just as shown in the proof of theorem 21.5,
1~ extends to i~ " : 7S — (5. Then i~ oi and .t~ are both identity
maps on S and, since S is dense in both 55 and +.5, respectively, then
1%t~ " and ¢ o™ are identity maps on .S and on (5, respectively.
Then both ¢* and ¢~" are homeomorphisms. Hence S and S are
equivalent compactifications.

Ezample 5. Show that, if F'is a closed subset of a metric space S, then
Fis C*-embedded in S.

Solution: Let F be a closed subset of the metric space S. We will set
up the solution so that we can invoke the Urysohn extension theorem.
Let A and B be completely separated in F'. Then, by definition, there
is a function f in C*(F) such that A C Z(f) and B C Z(f —1). Then
clpA C Z(f) and clpB C Z(f — 1). Since F' is closed in S, then so
are the disjoint sets clpA and clpB. It is shown on page 243 that
in metric spaces closed subsets are zero-sets. So clpA and clpB are
disjoint zero-sets in S, say clpA = Z(k) and clpB = Z(g) in S. If

_ M
ZE

on S, clpA = Z(h) and clpB = Z(h—1) in S. So A and B are com-
pletely separated in S. By Urysohn’s extension lemma every closed
subset of a metric space is C*-embedded.

Because of this, it is useful to remember that,

... any closed subset of R is C*-embedded in R

For example, N is C*-embedded in R, since it is closed in R (its com-
plement being open in R). However, Q is not C*-embedded in R. To
see this, note that, if f(z) = sin ﬁ, the function f|g(x) is a bounded
continuous function on Q which does not extend to R.
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21.6 Topic: Associating compactifications to subalgebras of C*(S).

Recall the theorem statement titled The embedding theorem I (Theo-
rem 7.16). It guarantees that:

“If Z is a subset of C*(.S) which separates points and closed
sets of S, the evaluation map, ez : S — ery[af, by], maps
S homeomorphically into the compact set T = [ | feF lag, byl
Then clye#[S] represents a compactification a.S of S”.

Since .Z is a subset of C*(.S), @S need not be 35 (generated by C*(.5).
Different subsets .% and ¢ of C*(.S) which separate points and closed
sets of S will produce different compactifications of S.

So to each compactification aS we can associate a particular subset,
Co(9), of C*(S) defined as

Ca(8) ={fls € C°(5) : f € C(aS)}

That is, f € Cy(S) if and only if f extends to f* € C(a.S).

If @S and S are two compactifications of S such that oS <X ~S it is
normal to wonder how C,(S) compares to C,(S) in C*(5).

Theorem 21.10 Let aS and 7S be two compactifications of S and C,(S)
and C,(S) be the two subalgebras in C*(S) corresponding to oS and S,
respectively. Then

aS =4S & Ca(S) C Cy(S)

Proof: (=) We are given that aS < 7S. Then there is a continuous func-
tion my—q : 7S — aS such that m,_,(z) =2 on S.

Suppose t € Co(S). It suffices to show that ¢t € C,(S). Then there
is a function t* : &S — R such that t“|g = ¢t. Define the function
g:vS —R as

g =1t%Ty—q

Since Ty—q 1 ¥S — aS and t* : @S — R are both continuous, then g
is continuous on ~.S and

9ls(@) = (temy—a) () = t(2)
So t =g|s € C,(S). Hence

aS =S = Ca(S) CCy(S)
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as required.

(<) Suppose Cy(S) € C,(S). Then every function in C,(S) extends
to 5. Then the function
€Ca(s) 8 =T = HfGC’a(S) lag, byl

extends to
e%a(s) [S] = clrec, (s)[S] = aS
Then the function
[eqcf'a(s)]H" eg’a(s)

continuously maps .S onto a.S where

[eca()] o eca(s)(@) =2

fixing the points of S. Then a.S < «S.

If # C C*(S), we say that % is a subalgebra of C*(S) if .% is closed
under the usual function operations, addition, subtraction, multipli-
cation and scalar multiplication. If .# is not a subalgebra of C*(5),
then we can enlarge the set % to a subalgebra, < % >, of C*(95)
which is closed under sums, differences, products and scalar products.
(Simply view < .# > as the intersection of all subalgebras of C*(S)
which contain .#.) The expression < .# > is to be interpreted as the
“subalgebra generated by %#7.

We define a particular subset, C,(S), of C*(S) as follows:

C,(S)={f € C*(S): f is constant on 3S\ S}

The subset C,,(S) is clearly a subalgebra of C*(S) which contains all
constant functions.

If a.S is a compactification of S, then C'(«.S) is clearly closed under the
usual function operations, so the same is true for C,(S). So Cy(S5) is a
subalgebra of C*(S). In fact, if &S < S, then C,(S) is a subalgebra
of C,(S).

Equivalent functions in C*(S).

In what follows we will refer to pairs of functions in C*(S) which are
“equivalent”.
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We will say that two functions f and g in C*(.S) are equivalent functions
in C*(9) if
f —gc Cw(S)

The next theorem shows that there are as many compactifications of
S as there are subalgebras of C*(S) of a certain type.

Suppose (S, 7) is a completely regular space and .# is a subset of
C*(S). Suppose the set 4 = .% UC,(S) in C*(S) is known to sepa-
rate points and closed sets. We can invoke Theorem 7.16 to obtain a
compactification,

aS = clregy[S]

of S, generated by ¢4. We can associate to the compactification a.S,
the set C,(S) C C*(.5) of real-valued continuous functions. In the fol-
lowing theorem we show conditions that ¢ must satisfy to guarantee
that < ¥ > = C,(9).

Theorem 21.11 Let (S, 7) be a completely regular space and .% C C*(5).
Let 9 = .7 UC,(S). Suppose ¥ is known to separate points and closed sets
of S. Let

aS = clregy[S]

denote the compactification generated by ¥.

Suppose every function in C,,(S) is equivalent to some function in .%. Then
Co(S) =<9 >.

Proof: We are given .Z is a subset of C*(5), that ¥ = % UC,,(S) separates

points and closed sets of the completely regular space S and
aS = clregy[S]

We are also given that every function in C,(S) is equivalent to some
function in .#.

We are required to show that < ¥ > = C,(S).
Claim #1: <9 > C C,(95).
If f €9, let Iy be the range of f. Let

T = ergclRIf
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Since ¥ separates points and closed sets of S, then the evaluation map,
e:S — T embeds S in T'. Let,

asS = CITG[S] Q ergcl[g[f
a compact set which densely contains e[S], a homeomorphic copy of S.

Suppose g € 9.

To show that g € C,(S), we are required to show that g : S — R
extends continuously to some function, g% : a.S — R.

If 7y is the ¢g*"-projection map, then

Tg : ergcl[g[f — CIRIQ

where oS = clre[S] C [];cqgclrly and so,
Tglas : @S — clrly

maps oS into clgly. Let g% = myl.s. Then g*[aS] = g%[clrelS]] =
clrg[S] C clrly.
It follows that g% : aS — clrly and, since g[S] C I,, for z € S,
9%s(@) = g(z).
So g® is a continuous extension of g from S to a.S.

If each f € & extends to a.S then every f in < ¢ > extends to a.S. So
<Y > C Cu(S). This proves Claim #1.

Claim #2: Co(S) C < ¥ > = < .Z UC,(S) >. Suppose g € Cy(5).
By hypothesis, every g is equivalent to some function in .% so there
is a function f € # such that g — f = h € C,(S). Then g = f + h.
Since both f and h belong to .# UC,,(S) then g e< ZUC,(S) >. We
can then conclude that C,(S) C < ¥ > = < FUC,(S) >, as claimed.

Then C,(S) = <9 > = <.Z UC,(S) >, as required.

The reader can expect to encounter, a bit later, similar theorem state-
ments, one of which is called The Stone-Weierstrass theorem in 30.3,
the other is Theorem 30.4.7

"The Stone-Weierstrass theorem states: “Let S be a compact topological space. Let %
be a complete subring of C*(S) which contains the constant functions. If .# separates the
points of S, then % = C*(S)”. A consequence of the Stone-Weierstrass statement is the
Theorem 30.4. It roughly states that: “If the set, C*(S) contains a subring, %, which is
complete and contains C,,(S), then % = C,(S) for some compactification, S, of S.”
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Suppose 7S is a compactification of S and C,(S) = {f|s € C(5): f €
C(vS)}. That is, Cy(S) is the set of all function, f, in C*(S) which
extend to f7: S — R. We have shown that vS < S and C,(S5) is
a subalgebra of C*(S). We have also seen that there is a continuous
map mg—~ : 35S — 7S which fixes the points of S.

In the following lemma we show that we can express the function
Tg—ry : 3S — S in a form which better describes the mechanism
behind the function itself.

Lemma 21.12 Let 7S be a compactification of the space S. Let ¥ =
C,(S). Then

TBmsy = eq’ oy’

where ey is the evaluation map generated by 9.

Proof: If f € C,(S), for z € BS, f%(x) = (fYoms—)(z). Then, for z € 3S,

es’(x) = < fP(x) >rec(s)

< (fTomp—n) (@) >rec,(s)
< fUma—r(7)) >fec(s)
= eg(Tg—ry(2))

= (g ompy)(7)

Then eg” = (eg¥oms_) on 3S. Then

’Y(—

T3ony = €y’ oy

21.7

By mimicking the proof of the theorem above we can also prove that
if S <X aS then

Ta—y = €g' oy

where & = C,(5).

The one-point compactification of a locally compact space.

Amongst all compactifications of a completely regular space S we can
identify two distinguished compactifications: The compactification,
(8S, and the compactification, w.S, whose outgrowth is a singleton set.
We have seen in Theorem 21.6 that the family, %, of all Hausdorff
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compactifications of a completely regular space has a maximal com-
pactification, 8S.

In Theorem 18.7, we showed that, given a Hausdorff space (S, 7) and
a point w & S, we can construct a larger set,

wS =SU{w}
By first defining, %, = {U U {w} : U € 7 and S\U is compact }, we
showed that,

T.=T U A,
defines a topology on wS. We then showed that, if S is locally compact,

(wS, 7,,) is a Hausdorff compact space which densely contains S, hence
wS is a compactification of S with a single element, w, in its outgrowth.

But in Theorem 18.7, we also showed that, if S is not locally compact,
then wS is not Hausdorff and so does not belong to .

So only locally compact completely regular spaces can have a Haus-
dorff compactification wS with a single element in its outgrowth.

For example, since Q is not locally compact, wQ is not a Hausdorff
compactification of Q. Also, we have shown that the Sorgenfrey line
Rg is completely regular and not locally compact. So the compactifi-
cation wRg is not Hausdorff.

For future reference, we formally define the one-point compactification.

Definition 21.13 Let (S, 7) be a locally compact Hausdorff non-compact
topological space, w be a point not in S and wS = S U {w}. If

B, ={UU{w}:U € 7 and S\U is compact }
and 7, =7 U %A, then (wS,7,) is called...
...the one-point compactification of S. 8
We will, more succinctly, denote the one-point compactification of S by,

wS =SU{w}

8The one-point compactification of S is also referred to as the Alezandrov compactifi-
cation of S, named after the soviet mathematician, Pavel Alexandrov, (1896-1982).
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Note that, if S is locally compact, and «S' is any compactification of
S, then m,_,,, continuously collapses the outgrowth a.S\.S down to {w}
and fixes the points of S. So, for any compactification a.S,

wS <X aS

Since we have chosen the symbol wS as notation, then, to be consistent
with the notation used up to now, we should let

Cu(S) ={fls: [ € C(wS)}

But the symbol, C,(S), has already been used in another sense on
page 488 where C,,(.S) was said to represent

“ff € C*(S): fP is constant on BS\S}”

We verify that these are the same set.
We have, 3 PR
feCws) & [fI5IBS\S] = flglms_,{w}]]
and since f% = f¥omg_,, then f|g[ﬁS\S] = fY[{w}]
So f € C,(S) if and only if f7 is constant on 35S\ S.

If S is locally compact, wS is normal, then C'(wS) separates points and
closed sets of S. Hence,

C,(S) separates points and closed sets of S.

Also note that, for any compactification oS of .5,
wS = aS = C,(S) C Cu(S)
So C,(S) is a subalgebra of C,(.S) for all compactifications, .S.

Amongst all the completely regular spaces, S, the only ones that are
open in any compactification are the ones where S is locally compact.
We will prove this now.

In the proof of the following theorem we refer to statement (d) of The-
orem 18.3. We remind ourselves of what it states: “If S is a Hausdorff
space which contains a non-empty subset W, then W is locally com-
pact if and only if W is the intersection of an open subset and a closed
subset of S5”.
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Theorem 21.14 Let S be a completely regular topological space and a.S
be any compactification of S. Then S is open in a.S if and only if S is locally
compact.

Proof: We are given that S is completely regular and «S is a compactifi-
cation of S.

( = ) Suppose S is open in aS. Since the space S is the intersection
of the open set S and the closed set .S, by Theorem 18.3, S is locally
compact.

( < ) Suppose S is locally compact in aS. By Theorem 18.3 part
(d), S is the intersection of an open subset, U, and a closed subset, F'.
Since F' = oS and S is dense in oS, then S is open in a.S, as required.

We should also be sure that any two one-point compactifications of a
space are equivalent compactifications.

Theorem 21.15 Uniqueness of wS. Let S be a locally compact completely
regular topological space. Suppose oS and wS are both compactifications of
S which contain only one point in their compact extension. Then they are
equivalent compactifications.

Proof: We are given that S is locally compact completely regular. Suppose
aS = SU{p} where S is embedded in .S, hence is a compactification
of S. Suppose wS = S U {w} is any other one-point compactification
of S. We are required to show that a.S and wS are equivalent com-
pactifications of S.

Consider the map, h : «S — wS, where h(z) = x on S and h(p) = w.
Then h is one-to-one and onto. If U is an open subset of S then h [U]
is open in S. If U is an open neighborhood of w then wS\U is a com-
pact subset of S, hence, since aS\h[U] is compact in S, A~ [U] is an
open neighborhood of p. So h is continuous on a.S.

It will now suffice to show that h maps open neighborhoods to open
neighborhoods. It suffices to show that, if U is an open neighborhood
of p, then h[U] is an open neighborhood of w.
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Suppose p € U. Since aS\U is compact and h|g is continuous, then
hlaS\U] is compact. Since h is one-to-one, h[aS\U] = h[aS|\h[U] =
vS\h[U], a compact set which doesn’t contain w. So h[U] is open.
Hence h : @S — ~S is a homeomorphism. We can conclude that
aS =~8.

So all compactifications with a single point in the outgrowth are equiv-
alent compactifications.

We now present a variety of examples involving compactifications of a
completely regular space.

Ezample 6. Suppose that S is locally compact and its one-point com-
pactification, wS, of S is metrizable. Show that S must be second
countable.

Solution: Suppose wS is metrizable. In the proof of theorem 15.8 it is
shown that countably compact metric spaces are separable. By The-
orem 5.13, a separable metric space is second countable. Since wS is
compact and so is countably compact, then, by combining these two
results we obtain that wS' is second countable. By theorem, 5.15, sub-
spaces of second countable spaces are second countable. So S is second
countable. As required.!?

It may happen that 8S and wS are the same compactification. We
provide an example where they are not equivalent.

Ezample 7. Consider the set S = (0, 1] equipped with the usual sub-
space topology. Determine wS. Show that the one-point compactifi-
cation, wS = [0, 1], of S is not equivalent to 35S.

Solution: Since [0, 1] is a compact set which densely contains S, and
the one-point compactification is unique, then wS = [0, 1]. Note that,
since the function f(z) = sin% is a bounded continuous function on
S, then it extends to 3S. (Plot f(z) = sin1.) Verify that f does not
extend continuously to [0, 1].

Then [0, 1] cannot be the Stone-Cech compactification of S.

Example 8. Let S = R? be equipped with the usual topology. We know
that S is locally compact and so has a one-point compactification. If

0The converse of the statement in this example is true. That is, “Locally compact
second countable spaces have a metrizable one-point compactification” has been proven.
But its proof is fairly involved. So we will not show it here.
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wS = S U {w} represents the one-point compactification of S, a basic
open neighborhood of w in wS is of the form {w} UR?\ F, where F
is a compact subset of R2. Since compact subsets of S are closed and
bounded we can then more precisely describe such a neighborhood as

K ={w} U R\{(z,9): |l(z,y)|| < b}

Example 9. We provide an example which shows that a circle in R? is
a one-point compactification of the real line, R. Consider the circle S
of radius 1/2 with center, (0,1/2), in R?. Suppose we remove from S
the point p = (0,1) at the top of the circle. We refer to such a circle
as a “punctured” circle, S\{p}.

We will show that the subset, S\ {p} in R? is homeomorphic to R.
To see this we first visualize a set of lines, L, which pass through the
point p, intersecting S\{p} and the z-axis. We can view these lines as
a function g : S\ {p} — R which links a point (z,y) at S\{p} N L to a
corresponding point g(z,y) at z-axis NL.

We claim that the function g : S\ {p} — R defined as

g(@,y) = (i) x

is such a function. Each line L, exhibits two right triangles with “slope”

I;—y and m. Since these slopes are equal we obtain the expected

function g(x,y) = (ﬁ) x. Tt is easily verified that g is both one-to-
one on S\ {p} and onto the z-axis. Also, since the point p = (0,1)
does not belong to S\ {p} and, since g and g~ respect convergence
and limits, then both g and ¢~ are continuous. Then the function
g : S\{p} — R maps S\{p} homeomorphically onto R. Then the circle
S contains a dense copy of R. So S is a one-point compactification

representation, wR, of R.

Ezample 10. Using a function which is similar to the one found in the
previous example, we can show that a spherical shell in R? represents a
one point-compactification of R?. To see this we consider the spherical
shell, S of radius 1/2 with center, (0,0, 1/2), in R3. Suppose we remove
from S the point p = (0,0, 1) at the top of the sphere. We obtain a
“punctured” sphere, S\ {p}. Consider the function g : S\ {p} — R?

g € 9 y7 2 ] € 9 ] y
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Since g is restricted to S\{p}, 1 — z # 0, so g is well-defined. It is a
routine exercise to show that g : S\ {p} — R? is one-to-one on S\ {p}.
If (a,b) € R?, we have

g(a(l—z),b(l—z),z)z( 1 a(1—z),Lb(1—z)> — (a,b)

1—2z 1—=z

so g is onto R2. Since both mi0g(z,y, 2) = 1% and moeg(x,y, 2) = T
are continuous (when z # 0), then ¢ is continuous on S\ {p}. Since
glU x V x {z}] = 12U x £V then g is open. We conclude that
g maps S\ {p} homeomorphically onto R%. The sphere S contains a
dense homeomorphic copy of R%. By definition, S is a one-point com-

pactification representation, wR?, of R2.

The following theorem generalizes the formula expressed in the two
previous examples to n-spheres.

Theorem 21.16 Let S™ denote the n-sphere in R®*!. Then the “punc-
tured n-sphere”, S™ minus a single point, S™\ {p}, is homeomorphic to R™.
Then, S™ is homeomorphic to the one-point compactification, wR™, of R™.

Proof: We are given that S™ is the n-sphere which is a compact subset of

R+ and that p = (0,0,0,...,0,1) is a point in R"*! which belongs
to S™. We will first show that S™\{p} is homeomorphic to R". We
achieve this by showing that the function g : S™\{p} — R" defined as

1

1 —2p

12

g(T1, T2y . .., Ty Tpa1) = (1,22, ..., Tp_1,Tp)

maps S™\ {p} homeomorphically onto R".
Since p = (0,0,...,1), then 1 —z, 1 # 0, so g is well-defined.

We claim that g is one-to-one on S™\{p} Let a = (a1, a2, ..., ant1)
and b = (by1,be,...,byy1) be distinct points in S™\{p}. Then aj # by
for at least one k € {1,2,...,n+ 1}. Then

1 1

(al,ag,...,an_l,an) 75 (bl,bg,...,bn_l,bn)

1—ani 1—bps1

So g is one-to-one as claimed. The function g is also easily verified to
be onto R”.

2The function, g, is known as a stereographic projection
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To prove continuity of g : S™\{p} — R", it suffices to show that m;og

is continuous for each ¢ € {1,...,n}, and invoke 7.11. See that
1
(mi09) (1, T2y -« oy Ty, Tp1) = T ﬁ(l‘l, Xy ey Tp1, Tp)
— Tyt
1—xpt1

S0 m;eg is continuous for each i. So g is continuous on S™\ {p}.
Also, since 7; is an open map, the function g is an open map.

Then g maps S™\{p} homeomorphically onto R", as we claimed earlier.
Then the one-point compactification S™ of S™\{p} is equivalent to the
one-point compactification of R™.

The following theorem provides an example of a space, S, such that
BS = wS. Note that S = wS if and only if every function f € C*(5)
extends to a function f? on 85 which is constant on 58S\ S.

Theorem 21.17 If S is the ordinal space [0,w;) (where wy is the first
uncountable ordinal), then 35\ S = {w1} and so S = wS = [0,w1], the
one-point compactification of S.

Proof: What we are given: The space, S, is the ordinal space [0,w;). Then
wS = [0, wy] is its one-point Hausdorff compactification. So S = [0, w1)
is both a completely regular and locally compact space.

We are required to show that 55 = wS = [0, wq].

In the example on page 351, it is shown that S = [0,w;) is countably
compact but non-compact. In Theorem 15.9 it is shown that, if S is
countably compact every function in C(S) is bounded and so has a
compact image in R.

Let f € C*(S) = C(S). Then
£2188] = fOlclgsS] = clr f[S] = fIS] C R

To show that 8S = wS, it suffices to show that f°[3S\S] is a single-
ton set in f[S] (that is, for any real-valued function f in C*(S), f? is
constant on 3S\S). Suppose q and ¢* are two points in f3[3S\S] C
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fIS] CR.
We claim: That g = ¢*.

Proof of claim: Express f[S] as a net
N ={f(a):aes=[0,0)}

Open neighborhoods of ¢ and ¢* intersect [0,w;). So, for each n € N,
the open balls By /,(q) and B /2,,41(q*) of radius 1/2n and 1/2n + 1
in R each contain a cofinal subset of the tail end of the net N. Since
f : BS — R is continuous we can then construct a strictly increasing
infinite sequence, {a1, az, as, ...} C S such that f(az,) € By/2,(q) and
flazny1) € Bijant1(q"). Let k = sup {ay}. Since {a, : n=1,2,3,...}
is countable k # wy. Then sup {ag,} = k = sup {a2n41}. Again, since
f is continuous on S,

¢= lim flagn) = f(k) = lim. flagnt1) =¢*

So ¢ = ¢* as claimed.

From this we can conclude that, for all f € C*(S), f? is constant on
BS\S. Then S = [0,w;] = wS, the one-point compactification of S.

Ezample 11. Suppose S = [0,w1), where wy is the first uncount-
able ordinal (equivalently, the set of all countable ordinals). Suppose
f € C*(S). Show that f is constant on a tail-end of S.

Solution: We are given that f is continuous and real-valued on S =
[0,w1) equipped with the ordinal topology. We know that S =
wS = [0,w;], the one-point compactification of S (Theorem 21.17)
and that S is pseudocompact (see page 385). Then f4(wi) is a real
number, say q. Hence wi € Z(f? — ¢). Since S is pseudocompact,
Z(f% —q)N[0,w;) # @ (S is pseudocompact implies that 35S\ S can-
not contain a zero-set; this is briefly shown in Theorem 21.19). Then
Z(fP — q) is cofinal in [0,w;). Let F = [0,w1)\Z(f® — q). We claim
that F' cannot be cofinal. Suppose F' is cofinal. Then there exists
a subnet 7' = {g(a;) : i € I} of F converging to wi. Then T and
Z(f — q) are disjoint closed subsets of [0,w1). By the example shown
on page 107, T' and Z(f — q) cannot be disjoint. So F' is not cofinal.
Then Z(f—q) is a tail-end of [0,w1). So f is constant on a tail-end of S.

In the following theorem statement an n-sphere, S™, refers to the com-
pact subset of R"*! defined as {# € R"*! : ||| = 1}. For example, S?
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21.8

is a subset of R? where (z,y, 2) € S? if and only if ||(z,y, 2)|| = 1.

We, of course, know that an infinite discrete space, S, is zero-dimensional
(since it has as open base the set of all clopen subsets). But is it nec-
essarily the case that, for any such space, S, wS is zero-dimensional?
One would suspect that it is. In the following example we confirm that
wS is, indeed, a zero-dimensional space.

Ezxample 12. Let S be an infinite discrete space. We consider its
one-point compactification, wS = S U {w}. Show that wS is a zero-
dimensional space.

Solution: We are required to show that wS has the set of all clopen
subsets of wS as base for open sets. The clopen subsets of wS are the
finite subsets of S and any set, A, containing w such that wS\ A is
finite

Let x € wS and U be an wS-open neighborhood of x. To show that
wS is zero-dimensional it suffices to show there is a clopen subset, B,
of wS such that x € B C U and invoke part 3 of Theorem 5.3.

Case 1: Suppose x € S. Then z € {x} C U, where {z} is clopen in wS.

Case 2: Suppose = w. Then wS\U must be finite (by definition of
the topology on the one-point compactification). Then U is clopen in
wS.

We conclude that U is a union of clopen subsets of wS, so wS' is zero-
dimensional.

Topic: Limits of z-ultrafilters in 4.

For what follows, recall the definitions of terms related to z-filters in
14.9.

Suppose Z = {Z(f) : f € M C C*(S5)} is a free z-ultrafilter in the
locally compact Hausdorff space S, where M is the corresponding free
maximal ideal in C*(S). Let

¥ = {ClgsZ(f) t f € M}

denote a family of closures of the elements in Z. Since 35S is compact
Hausdorff and & is a filter, Z* satisfies the finite intersection property.
Then Z* must have non-empty intersection in 3S. Then it is fixed
and so must have a unique limit point,

{p} =n{clgs2(f) : f € M}
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in 8S\S. We clearly have clgsZ(f) C Z(f”) for each f € M C C*(9).
Since f’8|Z(f) agrees with f° on clggZ(f), then its extension to Z(f?)
agrees with f% on Z(f?). So

clesZ(f) = Z(f%) ()

So,

“...for any free z-ultrafilter, & ={Z(f) : f € M C C*(S)}
in Z[S], we can write,

{p} =0{clpsZ(f) : f € M} =0{Z(f%) :p € Z(f7)}

where p € BS\S. So the points in BS\S are precisely the
unique limits of a unique free z-ultrafilter in Z[S].”

Of course, if Z is a fixed z-ultrafilter in Z[S], then

{p} =n{Z(f) : f € M}

for some p in S.

Theorem 21.18 Suppose T is a dense subset of the completely regular
space S. Then the following are equivalent:

(a) The subset, T', is C*-embedded in the space S
(b) Disjoint zero-sets in T' have disjoint closures in S.

(c) Every point of S is the limit of a unique z-ultrafilter on 7'

Proof: We are given that S is completely regular and 7' is dense subset of .S.

(a) = (b) Suppose T is a C*-embedded dense subset of S. Let
h,g € C*(T) be such that Z(h) and Z(g) are disjoint zero-sets of
T. Then Z(h) and Z(g) are completely separated in T.7

By Urysohn’s extension theorem, Z(h) and Z(g) are completely sep-
arated in S. Then there exists ¢ € C*(S) such that Z(h) C Z(t) and
Z(g) € Z(t —1). Then clgZ(h) C Z(t) and clsZ(g) C Z(t —1). We
can then conclude that clgZ(h) NclgZ(g) = @, as required.

"To see this, note that Z(|h|+|g|) = @ in T and so for the function, k(z) = %,

Z(h) C Z(k) and Z(g) C Z(k — 1).
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(b) = (c) Suppose that disjoint zero-sets in T" have disjoint closures
in S, where T is a dense subset of completely regular S. Let Z; and
Zs be disjoint zero-sets in T'. We must show that every point in S \T'
is the limit of a unique z-ultrafilter in 7.

Claim #1: We claim that clg(Z1 N Zs3) = clgZ1 N clgZs.

Proof of claim: Of course, LHS C RHS is always true. Suppose, on
the other hand, that x € clgZ1 NclgZs.

We are required to show that x € clg(Z; N Z3). For any zero-set
neighborhood, Z, of x, Z N Z; is dense in Z NclgZ; so

xecg(ZNZ)Nelg(ZNZy) #T (%)

Now both ZNZ; and Z N Zs are zero-sets so, by hypothesis, (ZNZ1)N
(Z N Zy) cannot be empty. So Z N (Z1 N Zy) # &. Since Z is any
zero-set neighborhood of x, this means that = € clg(Z1 N Z3).

We conclude clg(Zy N Z3) = clgZ1 N clgZs, as claimed.
Claim #2: We claim that each point in S\7 is the limit of a unique

z-ultrafilter on T'.

Proof of claim: Let y € T'. Then y belongs to the closure of a zero-set,
Z,in T. Hence y is the limit point of a z-ultrafilter, 2, in T'. Now, if y
is also the limit of another z-ultrafilter, 27, in T, then %7, will contain
a zero-set Z7 which will not intersect some zero-set, Z,, of %. Then
y € clgZy NclgZy = clg(Z1 N Zs) = &. We can only conclude that
every point in S\T is the limit of a unique z-ultrafilter in 7. As claimed.

(c) = (a) We are given that S\T is a set of limits of free z-ultrafilters
on T. We must show that 7" is C*-embedded in S. Since ST\T is the
set of all limit points of free z-ultrafilters on T', we can say that

S\T C BT\T

Now, since S is dense in 3S and T is dense in .S, then T is dense in 85
so we can view 35 as a compactification, say vT', of T' with outgrowth

VT\T = (BS\S) U (S\T)

Then for the function mg_,, : BT — 7T, we have, mg_~[BT\T| = yT\T
where,
T—yls(x) =

Then, for f € C*(T') define f*: S — R as

f*(@) = fPomg_s 5 (2)
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where f* is seen to be continuous on S and f*|¢ = f on T. So f*
is a continuous extension of f from T to S. We conclude that T is
C*-embedded in S.

21.9

Since a completely regular set, S, is C*-embedded in $S, from part
(b) of the above theorem, we can say, for example,

... disjoint zero-sets in S have disjoint closures in 3S.

Then, if we partition N into two infinite subsets A and B = N\ A, then
A and B are disjoint zero-sets in N and so have disjoint closures, clyA
and clyB. Then

ON = ClgN(A UB) = clgnA U clgnB

the disjoint union of to clopen sets.

Also, recall that Q is a very particular completely regular dense subset
of R, since it is neither open nor locally compact in R. Also recall
that Q is not C*-embedded in R (see page 485). From part (b) of the
theorem we can then state that Q must have a pair of disjoint zero sets
Z1 and Zs such that clgZ1 NclgrZs is not empty in R.

Topic: Pseudocompact spaces revisited.

Recall (from definition 17.11) that a topological space is said to be
pseudocompact if every continuous real-valued function on S is bounded.
That is, if C(S) = C*(S).

Although the pseudocompact property has a simple and easily under-
stood definition, it turns out that, when not compact, such spaces are
not easily recognizable. It will be helpful to obtain a few characteriza-
tions. In the following theorem, we show that, for completely regular
spaces, pseudocompact spaces are precisely those spaces, S, where the
outgrowth, 35\ S, does not contain a zero-set.

Theorem 21.19 A non-compact completely regular space S is pseudocom-
pact if and only if no zero-set Z in Z[3S] is entirely contained in 5S\S.
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Proof: Let S be a completely regular space.

( = ) Suppose S is a pseudocompact space and Z(f%) € Z[3S]. We
are required to show that Z(f%) NS # @.

Suppose not. That is, suppose, Z(h) C S\S (where h € C(3S)).
Then, since h|g is not zero in S, we can define the function g = 1/h|g
and so g € C(5). Let z € Z(h). Since z belongs to clggS, then there
is a sequence, {x;} in S, which converges to z. By continuity, the cor-
responding sequence, {h(z;)} in R, must converge to h(z) = 0. So g is
unbounded on S, which contradicts the hypothesis which states that
S is pseudocompact. So Z(h) must intersect with S, as required.

( < ) Suppose now that, for any Z € Z[3S], ZNS # @. We are
required to show that S is pseudocompact.

Suppose S is not pseudocompact. Then C(S) contains an unbounded
function g. Let

f=1g9lVEk

where k£ > 0. Then f is continuous real-valued unbounded on S. Then,
for each n € N, there exists z,, € S such that f(z,) € (n,00). Then
h =1/f is a continuous well-defined real-valued bounded function on
S. Since (S is compact, {z, : n € N} has a converging subsequence
{zp, : i € N} with limit, say « € §S\S. Since h is continuous and
bounded on S, h extends to h® : 3S — R with h%(x) = 0. Then
Z(hP) C BS\ S, a contradiction of our hypothesis. Then S is pseudo-
compact.

It is interesting to note that, in the above theorem, a property of the
outgrowth, 55\ S characterizes a property of the space S.

We point out one easy consequence of the above theorem.

Suppose S is completely regular. If S is pseudocompact and k =
fP(x) € f8[BS\S], then there exists y € Z(f® —k)N S, so fPy) =k €
f1S]. So f8[BS\S] C f[S].

Conversely, suppose f2[35\S] C f[S]. Suppose Z(f% —t)NBS\S # @.
Then there exists y € S\ S such that f5(y) =t and = € S such that
f(x) =t. Then x € Z(f® —t)NS # @. So S is pseudocompact. We
have shown that:

“A non-compact completely reqular space, S, is pseudocom-
pact if and only if, for every f € C*(S), fP[BS\S] C f[S].”
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21.10 Topic: Cardinality of GN.

We know the cardinality of the most common sets we encounter (such
as N, Q and R). We can sometimes determine the cardinality of as-
sociated sets such as their Stone-Cech compactification. We know the
cardinality, |N|, of the set N is g, while |R| = ¢ = 2%0. In the following
theorem we compute the cardinality of SN.

Theorem 21.20 The cardinality, |GN|, of the set SN is 2°.

Proof: We are given the compactification, SN, of N.
Claim#1. That |5N| > 2¢.
Proof of claim#1: The main idea of the proof of this claim is based

on the the fact that there is a function which densely embeds N into
[Licr[0, 1];, a set whose cardinality is 2°.

In Theorem 7.10, it is shown that, since [0, 1] is separable, then the
product space, K = [[,cg(0, 1];, with [R| = c factors, is also a separable
set. This means that K contains a countably infinite dense subset, D.
Then there exists a function

g N—-DCK

which indexes the elements of D. Note that g is continuous on N and
densely embeds D in K. By Tychonoff’s theorem, K is compact. We
know that g extends continuously from N to

g° ") BN - K
Then
g" BN = g7 [elgn]
= clKg’g(K)[N]
= CIKD
= K
Now |K| = |TT;crl0, 1]| = ¢© = 2°. (See footnote)'3. Since AN is the
domain of the function gf’) (which could possibly not be one-to-one),
then
|BN] = | K| = 2°
*The proof of |[];x[0,1]] = ¢ = 2° is shown in an example of Section 24.2 of Set

theory: An introduction to Axiomatic Reasoning, R. André, in which we compute the
cardinality of RF
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as claimed.
Claim#2. That |fN| < |K| = 2¢.

Proof of claim#2: The main idea of the proof of this claim is based
on the fact the the function ecx(y)” embeds BN into [T, ,[ai, bi], a set
whose cardinality is 2°¢.

Let C*(N) = {f; : i € I}. Then, the cardinality, |C*(N)| is |I|. We
know that C*(N) = R, so

|O*(N)| - |I| - |RN| - |R||N| - CNO = C (See footnote)14
If fi € C*(N) then f;[N] C [a;, b;] for some closed interval, [a;, b;], in

R. The evaluation map, ec«ny : N — [];c/[as, bi], embeds N in the
product space, [[;c/[ai,bi]. Since N is C*-embedded in SN, ecs )

extends to
eC*(N)ﬂ : PN = Tle las, bi]
So
ec) [ON] C [ lai, bi] € [Tie R
Then

6N < |Thiegloibil| < | TierRs] = [RY| = [RIM! = ¢ = 2¢

So |BN] < 2¢ as claimed.

Since |GN] < 2¢ and |SN| > 2¢, then |GN| = 2¢. We are done.

Now, N contains countably many points and so
|BNAN| = 2°

Since we can associate to each point in SN\N a unique free z-ultrafilter
in Z[N], the above theorem confirms that there are 2¢ free z-ultrafilters
in Z|N]J.

“The proof of |RY| = ¢ is shown in theorem 25.2 of Set theory: An introduction to
Aziomatic Reasoning, R. André
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21.11 Topic: Compactifying a subset T of S C 35.

If T is a non-compact subset of S, it is interesting to reflect on how
clgsT compares with 87". Does it make sense to say that 7" C 5S7
Under what conditions are clgsT" and ST equivalent compactifications
of T?7 We examine this question in the following example.

Ezample 13. Let T be a non-empty C*-embedded non-compact sub-
space of a completely regular space, S. Show that clgsT is equivalent
to BT.

Solution: We are given that T C S where T is non-compact and C*-
embedded in S. Since subspaces of completely regular spaces are com-
pletely regular, then T is completely regular. Since T is C*-embedded
in S and S is C*-embedded in 8S then T is C*-embedded in 3S. See
that clgsT is a compactification of T'. Since T' is C*-embedded in 35
it is C*-embedded in clgsT. So clgsT is a compact subset of 35 which
is equivalent to 5T

The converse is easily verified to hold true. We state this formally in
the following theorem.

Theorem 21.21 Let T be a non-empty non-compact subspace of the com-
pletely regular space S. Then T is C*-embedded in S if and only if

ClgsT = ﬁT

Proof: The direction ( = ) is proven in the example above.
( < ) Suppose T is such that clgsT = ST. We are required to show
that T"is C*-embedded in S. Since clgsT" is a compactification equiv-
alent to BT, T is C*-embedded in clgsT. Since clgsT is a compact
subset of 35 it is C*-embedded in 3S. So T is C*-embedded in S.

Two interesting consequences of the theorem.

1) We previously showed, on page 485, that every closed subset of a
metric space is C*-embedded. As a consequence of the theorem we can
then say that,

... for any closed , F', of a metric space, S, clgsF = BF.
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2) Another point worth noting relates to a property of Q as a dense
subset of R. We saw on page 485 that Q is not C*-embedded in R.
Then the theorem allows us to conclude that,

clgrQ # BQ

Since clgrQ is a compactification of @, in the partial ordering of com-
pactifications of Q

clgrQ < SQ
On the other hand, since Q is a dense subset of SR,

clgrQ = BR

So BR can be viewed as a compactification of Q. Note that when SR
is viewed as a compactification of Q, the outgrowth, SR\ Q, of this
compactification is dense in GR.

Suppose aQ = clgrQ. Then the function mg_, : fQ — clgrQ fixes
the points of Q while mapping SQ\Q onto clgrQ\Q = SR\ Q.

By Theorem 8.2 part (b) the topology on R is the quotient topology
induced by the quotient map

To—a : BQ — clgrQ = SR

(since it maps a compact set onto a compact set, then it is a closed func-
tion). This portrays SR as a quotient space induced by mg_.,. While
BR\Q is a quotient space of FQ\Q.* It is also clear that Q is not open
in its compactification, clgr@Q = SR, since every open neighborhood of
a rational number will intersect an irrational in its outgrowth. This
means that the outgrowth of this compactification of Q is not compact.

On zero-sets and cozero-sets in BN. Since N is not pseudocompact
every zero-set in SN meets N (by Theorem 21.19). Suppose Z is a
proper zero-set in N. Since Z is clopen in N we can identify Z as the
zero-set Z(g) of a characteristic function, g, mapping N onto {0,1}.
Since N is C*-embedded in @GN, g extends to a continuous function
g% : BN — R. Then clgnZ(g) C g°  (0) = Z(g”). Since N is dense in
ﬁN, ClgNZ(g) = Z(g’g).

Given that, ¢°[N] = ¢°[clgnN] C clgg[N] = {0,1}, and g[N] =
{0,1} C ¢%[BN], we have that ¢ maps BN onto {0,1}. Then Z(g”) N

1By definition of “<” and “<” it would be ambiguous (and certainly confusing) to write
“BR < BQ” without some detailed explanation.
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Z2(g° 1) =g (0)ng—(1) = @.
We conclude that Z(¢”) and Cz(g®) are clopen subsets of AN.

So ON is zero-dimensional. It is locally compact so it is totally discon-
nected.

Ezample 14. The compactification, AN, is separable (since N is a dense
subset of AN). Show that SN\N is not separable.

Solution: Suppose that SN\N is separable. Then, SN\N contains a
dense countable subset

D:{J?Z‘:Z'EN}

Our strategy is to prove that D cannot be dense SN\ N. Since the
cardinality of OGN is 2¢ (shown above), we can fix two points

n* € (BN\N)\D and neN

Now, for each i € N, {z;} € D and {n*,n} C SN\ D form disjoint

closed subsets of GN.

Since OGN is normal, there is a clopen zero-set, Z; = Z (gﬁ ) such that
x; € Z; and {n*,n} C pN\Z

Since BN was shown above to be zero-dimensional, then

is a countably infinite family of zero-set clopen neighborhoods of {n*, n}.

If W =n{pN\Z,; :ie N}, then W is a countable intersection of zero-
sets and so is, itself, a zero-set which contains {n*,n} (see page 235)
which does not intersect D. Since n* € SN\NN W, then W N GN\N is
a non-empty clopen subset of SN\N which does not intersect D. Since
D is dense in SN\N we have a contradiction.

We conclude that SN\N is not separable.

Since subspaces of separable metrizable spaces were shown to be sep-
arable (see page 102), then,

... 0N is not a metrizable space.

In what follows, the cardinality of SN will help us determine the car-
dinalities of SR and GQ.
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Theorem 21.22 Let A be an infinite subset of SN. Then the cardinality
of ClgNA is 2¢.

Proof: We are given that A be an infinite subset of SN. We are required
to show that |clgnyA| = 2¢.

Since clgnA is an infinite Hausdorff space we can inductively construct
a countably infinite copy, K = {n; : i € N}, of N in clgnA.

Consider the countable completely regular subset, D = NU K, of gN.
Then since N C D, clgyD = SN. So, by Theorem 21.21 above, D is
C*-embedded in GN.

We claim that K is C*-embedded in D. To see this first note that for
every n € N, {n} is open in D and so K is closed in D. Also, every
open cover of D has a countable subcover and so D is Lindel6f. Then
the subspace D is normal (See Theorem 16.6). Then, by Theorem 10.9,
K is C"-embedded in D, as claimed.

Since K is C*-embedded in D and D is C*-embedded in OGN, then K
is C*-embedded in SN. Then clgnK = SK C clgnyA. Since the cardi-
nality of SK has been shown to be 2¢, the cardinality of clgyA is 2€.
As required.

Corollary 21.23 If p € SN\N, there is no infinite sequence of distinct
points in SN which converges to p.

Proof: Suppose p € BN. Suppose A = {z, : n € N} is a sequence
in SN which converges to p. If the elements of A are distinct then
clgnA = AU {p} is an infinite closed subspace of BN of cardinality Rg.
This contradicts the previous theorem stating that the cardinality of
clgnyA is 2°. Then no infinite sequence of distinct points in SN can
converge to p.

This allows us to exhibit a compact space which is not sequentially
compact.
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Corollary 21.24 The compactification GN is not a sequentially compact
space.

Proof: Suppose A = {z,, : n € N} is a sequence of distinct points in SN. If
ON is a sequentially compact space then the sequence A must have a
subsequence A; = {,, : j € N} of distinct points which converges to
some point p in GN. Then clgyA; = A; U {p} has cardinality Xy con-
tradicting the statement in Corollary 21.22. So SN is not sequentially
compact.

Theorem 21.25 The sets SR and GQ each have a cardinality equal to
2¢,

Proof: We have previously shown that |SN| = 2°.

Now N is a closed subset of Q and so is C*-embedded in Q (by Theorem
10.9). Since Q is C*-embedded in SQ, then N is C*-embedded in SQ.
Then, by Theorem 21.21,

clgoN = N C 5Q

So [8Q| = |AN] = 2°.

To show that |3Q| < |BN] it now suffices to produce a function which
maps BN onto Q. Let ¢ : N — Q be any continuous function which
maps N onto QQ, viewed as a subset of the space 5Q. Then ¢ : N —
BQ continuously maps N into Q. Then ¢ extends to the continuous
function ¢?®® : BN — BQ (See Theorem 21.5). Then

qﬁ(ﬁQ)[ﬁN] _ q’g(’gQ)[clgNN]
= clgoq(N]
= Clg@@
= pQ
Then |5Q| < |BN] = 2°.
We conclude that
18Q| = 2°

Similarly, N is a closed subset of R and so is C*-embedded in R. Since
R is C*-embedded in SR, then N is C*-embedded in SR. Then clgrN =
BN C BR (Theorem 21.21). So |SR| > |GN|. Then

|OR| > 2¢
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Let ¢ : Q — Q be the inclusion function which maps Q onto Q, viewed
as a subset of the space SR. Hence ¢ : Q — BR. Then g extends to
the continuous function ¢?®®) : 3Q — SR (Theorem 21.5). Then

?PR[BQl = ¢*PP)[clgoQ)
= clgrq(Q]
= ClgRQ
— 6R

Then |GR| < |5Q]. So

|BR| < 2°
We conclude that

|BR| = 2°

Remarks. 1) There are arguments in the proof of Theorem 22.16 that
also support his result. Sets which have the same cardinality are said
be equipotent sets. So SN, SQ and SR are equipotent sets.

2) Since N is C*-embedded in R, then clgrN = SN C gR. Also,
clgrN\N = AN\N C AR\R. Since |GN\N| = 2¢, | SR\ R| = 2°.

Then there can be no real-valued function that is one-to-one
on SR\R.

The status of BQ\Q as a subset of Q. Note that, when discussing the
Stone-Céch compactification of a completely regular space, SQ exhibits
some peculiarities (mostly since Q is not locally compact and so is not
open in fQ). For example, suppose U is a fQ-open subset entirely
contained in Q. Then clggU is compact. Suppose y € U N Q. Then
there is a fQ-open neighborhood V of y such that

yeV CclggV CU CQ

Then clgV is a compact neighborhood of y in Q. But we know that
points in Q do not have compact neighborhoods. Then there can be
no BQ-open subset entirely contained in Q. That is, every GQ-open
subset intersects SQ\Q. We conclude that,

... the subset, BQ\Q, is dense in [Q.

More on Q.
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Ezample 15. Show that SQ is totally disconnected.

Solution: We know that Q is totally disconnected (see page 438).

Suppose p and ¢ are distinct points in Q. Since SQ is normal, then
there exists disjoint compact fQ-neighborhoods U and V' containing p
and ¢, respectively. Then U NQ and V N Q are disjoint closed subsets
of Q. By Corollary 20.26, there exists a clopen subset A of Q which
separates U N Q and V N Q. The set A is a zero-set, say Z(g) for a
characteristic function g : Q — {0, 1} in Q; then clggA = Z(g”) and
clggQ\ A = Z(g” — 1). Then clggA is a clopen subset of 3Q which
separates p and g. So SQ is totally disconnected.

Ezample 16. Show that if Rg denotes the Sorgenfrey line, fRg is to-
tally disconnected.

Solution: We know that Rg is totally disconnected (see page 438).
Suppose p and ¢ are distinct points in SRg. Then there exists dis-
joint compact neighborhoods U and V' containing p and ¢, respectively.
Then U NRg and V NRg are disjoint closed subsets of Rg. By Corol-
lary 20.26, there exists a clopen subset A which separates U N Q and
V' NQ. Then clggA is a clopen subset of SRg which separates p and q.

21.12

Compact spaces as a (-outgrowth, 55\ S, for some S.

If we are given a compact Hausdorff space, 7', we may wonder whether
it is the outgrowth of some topological space. We can answer this ques-
tion in the affirmative. We can show that all such spaces will appear
as the outgrowth, 35\ S, of at least one space S. We will first prove
this statement for the particular case where T' is a countably infinite
compact set. The proof for the more general case where there is no
restriction on the cardinality of T will immediately follow. The general
proof involves larger cardinals but adopts the same strategy as the one
where T is countably infinite.

Theorem 21.26 Every countably infinite compact Hausdorff topological
space, T, is the -outgrowth of some non-compact pseudocompact Hausdorff
topological space, S. That is, there is a topological space S, such that 5
has an outgrowth 35\ S which is homeomorphic to 7'
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Proof: Let T be a countably infinite compact Hausdorff space. The cardi-
nality of 7" is the first countably infinite ordinal, wy, while w; = [0, w1)
represents the first uncountable limit ordinal. Equivalently, it is the
least ordinal of cardinality greater than wg. Let

S:[O,wl) xT

We know that [0,w;] = w; + 1 is compact (see example on page 351).
Since w; is a limit ordinal, [0,w;) is dense in [0,w;] (see example on
page 106). Since both 7" and [0,w1] = wi + 1 are compact, then so is
the product [0,w] x T'. Also,

S=w XT =[0,w) XT Chepee (w1 +1)xT =[0,w1] xT

Then [0,w1] x T is a compactification, say aS, of S = w; x T where
the outgrowth, aS\S = {w1} x T, is a homeomorphic copy of T'.

To prove the theorem it will suffice to show that oS is a compactifi-
cation which is equivalent to 65. To do this, we will show that S is
C*-embedded in [0, w;] x T

For each p € T, let
Y;? = [val) X {p}

Then, Y, is pseudocompact (since in example 1, on page 351, we see
that [0, w;) is countably compact and by Theorem 15.9 the continuous
real-valued image of Y}, is compact in R). By Theorem 21.17,

pYp = wYp =Y, U{ry}

where 3Y,\Y}, is a singleton set, {k,}. So Y} is a copy of w1 = [0,w1)
and Y, U{k,} is a copy of w1 +1 = [0, w1].

Since Y}, is C*-embedded in Y, U {k,}, for f € C*(Y},), f extends con-
tinuously to f? : BY, — R from which we obtain a unique real number
value for f°(kp).

In the example found on page 498, it is shown that f must be constant
on a tail-end, say [yp,w1) X {p}, of ¥},. So for this choice of p € T, 18
is constant [y, w1) % {p}

We now consider a function f € C*(S) (rather than f € C*(Y})). Asp
ranges through T, the set {~, : p € T'} contains at most countably in-
finite ordinals and so is not cofinal in [0,w;). Then sup{vy, :p € T} =
d < wy. So for f € C*(5), for each p € T, f’6|yp is constant on
{[0,w1) x{p}}. So f:S — R is constant on [§,w;) x T. So, for each
p, we define, f8(wy,p) = kp. Then B :3S — R can easily be verified
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to be continuous on (3S5. We can conclude that every function f in
C*(9) extends to f* € C(aS). So S is C*-embedded in [0,w;] x T
This implies £S5 = [0, w;] X T. Hence {w;1} x T is the outgrowth 5S\S.

We now verify that S is a pseudocompact space. Consider a point
(w1, p) in BS\S = {w1} xT'. Suppose Z € Z[3S] which contains (w1, p).
Then Z N {wi} x T is a zero-set in Z[[0,w;) x {p} U {(w1,p)}]. Since
[0,w1)x{p} is pseudocompact Z N {w; } xT must intersect [0, w;) x{p}.
So Z must intersect S = [0,w;) x T. Then S is pseudocompact.

Theorem 21.27 Every compact Hausdorff topological space, T, is the 3-
outgrowth of some locally compact non-compact Hausdorff topological space,
S. That is, there is a topological space S, such that 4S5 has an outgrowth
BS\ S which is homeomorphic to 7'

Proof: The proof mimics the one provided for the above theorem but with
the added complexity of having to deal with the notion of “cofinality”
of larger ordinal numbers.'6

We are given a compact Hausdorff space T. Suppose the cardinality
of T is k. Let w,, be a initial ordinal where n is a natural number and
wp, > k. The cofinality, cf(wy,), of wy, is wy,, so no set of ordinality less
than w, is cofinal in w,.

We know that [0, w,] = w, + 1 is compact (see example on page 351).
Since wy, is a limit ordinal, then [0,w,) is dense in [0, w,] (see example
on page 106). Since both T" and [0, w,| = w; + 1 are compact, then so
is the product [0,w,] x T'.

Also,

S =w, XxT = [0,wp) XT Chense (wn+1)xT = [0,wy] xT

%The cofinality of an ordinal «, denoted as cf(a), is the smallest ordinal ~ that is
the ordinality of a cofinal subset of a. The set A is cofinal in « if for every ordinal 7,
AN[y,a) # @. Equivalently, sup A = a. The cofinality of a partially ordered set A can
also be defined as the least ordinal v such that there is a function from « to A with cofinal
image. For example, the cofinality, cf(w1), is w1 since the only ordinal which is cofinal in
w1 is wy itself. Every ordinal less than w1 is countable. Any ordinal « such that cf(a) = «
is called a

regular ordinal

A cardinal k is regular if its cofinality is equal to k. The cofinality of a cardinal x, denoted
cf(k), is the smallest cardinality of a set of ordinals less than sk whose supremum is x.
Relevant to the proof of this theorem is the fact that {w, : n € N} is a set of regular
ordinals. That is, cf(wn) = wn. Equivalently, {X, : n € N} is a set of regular cardinals.



Part VII: 'Topics 515

Then [0,w,] x T is a compactification, say aS, of S = w, x T" where
the outgrowth, aS\S = {w,} x T, is a homeomorphic copy of 7.

We claim that a.S is equivalent to 8S.

For each p € T, let
Yy = [0,wn) x {p}

Then, Y, is pseudocompact (just as in example 1, on page 351, we see
that [0, wy,) is countably compact and by Theorem 15.9 the continuous
real-valued image of Y}, is compact in R). By Theorem 21.17,

pYp = wYp =Y, U{rp}

where 8Y,\Y}, is a singleton set, {x,}. So Y} is a copy of w, = [0,wy)
and Y, U {k,} is a copy of w, +1 = [0, wy,).

Since Y}, is C*-embedded in Y, U {k,}, for f € C*(Y},), f extends con-
tinuously to f? : BY, — R so 1P takes on a unique real number value
Kp-

Arguing as in the example found on page 498, f must be constant on
a tail-end, say [y, wn) x {p}, of ¥,. So for this choice of p € T, f¥ is
constant [y, wy) X {p}

We now consider a function f € C*(S) (rather than f € C*(Y})). Asp
ranges through 7', the cardinality of the set, {y, : p € T'}, is , and so
{7p : p € T} is not cofinal in [0, wy). Then sup{v, :p €T} =6 < wy.
So for f € C*(S), for each p € T, fP|y, is constant on { [§, w,) x {p} }.
So f : S — R is constant on [0,w,) X T. So, for each p, we define,
B (wn,p) = ff8|yp(/1p). Then fP : S — R can easily be verified to be
continuous on (3S. We can conclude that every function f in C*(\5)
extends to f* € C(aS). So S is C*-embedded in [0,w,] x T'. This
implies 4S = [0, wy] x T. Hence {w,} x T is the outgrowth 55\ S.

As in the previous theorem, S is a pseudocompact space.

21.13

Topic: Extremally disconnected spaces revisited.

Now that we have explored how a completely regular space, S, relates
to a compact set T', in which it is both dense and C*-embedded, we
are able to establish a few extra characterizations of those somewhat
mystifying spaces previously referred to as “extremally disconnected”.
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Recall that extremally disconnected spaces are those spaces whose open
sets have open closures.

Theorem 21.28 For a given completely regular topological space (S, 7),
the following four statements are equivalent:

(a
(b
(c

)
)
)
(d)

The space (5, 7) is extremally disconnected.
Each dense subspace of S is C*-embedded in S.
Each open subspace of S is C*-embedded in S.

The space 35S is extremally disconnected.

Proof: We are given a completely regular topological space S,

(a) = (b) Suppose S is extremally disconnected and let D be a dense
subset of S. We will set up the proof so as to invoke the Urysohn’s
extension theorem. Let F' and K be completely separated sets in D.
Then there exists disjoint zero-sets Z1 = Z(f) and Zy = Z(g) contain-
ing F' and K, respectively. Let h(z) = |f(x)|/(|f(z)| + |g(z)]). Then
hlZ(f)] = {0} and h[Z(g)] = {1}. Since 0 V (h A 1) is continuous on
[0,1], A= h[[0,1/3)] and B = h[(2/3, 1]] form disjoint D-open sub-
sets which separate Z7 and Zo, respectively. Let A*, B* € 7 such that
A=A*ND and B = B*ND. Since D is dense in S then A*NB* = &.
Also, since S is extremally disconnected, clgA* and clgB* are clopen
subsets of S. Then a characteristic function on clg A* separates Z; and
Z5. By Urysohn’ extension theorem, D is C*-embedded in S.

(b) = (c) Suppose each dense subset of S is a C*-embedded subset of
S. Let U be an open subset of S. We are required to show that U is
C*-embedded in S. Let D = UUS\clgU. Then U is clopen in D. Then
U is C*-embedded in D. Since, by hypothesis, D is C*-embedded, U
is C*-embedded, in S, as required.

(¢c) = (d) Suppose each open subset of S is a C*-embedded subset of
S. We are required to show that (S is extremally disconnected. Let
U be an open subset of 3S. Let U* denote the corresponding open
subset, U NS, of S. Consider the open subset,

T =U*U S\clgU*

of S. The set T is the union of two open subsets of S, so U* and S\
clgU* partition T into two clopen subsets of T'. Then the characteristic
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function f = yy+ belongs to C*(T'). By hypothesis, the function f
extends to f* € C*(S), which, in turn, extends to f? € C(8S). We

then have,
fOlelgstU] = fIlelps(U N 9)]

= s/ UNS)

= clgsxu-[U"]

= {1}
For the same reasons, f”[clgs[S\clgsU] = {0}.
Then

clgsU Nclgg(S\clgslU) = @

Since

ClgsU U Clgs(S\ClﬁsU) =385
then clgsU is clopen.
(d) = (a) Follows from part (b) of Theorem 20.28.

Ezample 17. Let the function f : R — wR™ be defined as
f(z) = 2*| sin(z)|

where RT = {z € R : z > 0} and wRT = R* U {oo}, the one-
point compactification of R™. Observe that f maps R onto R*. Since
R* U{oc} is compact the function f: R — wR™ extends continuously
to fP« : BR — wR*. Describe SR\R in terms of the domain of f#(«),

Solution: Note that,
FPOIBR] = fPOclgr(R]]
= Cle+f[R]
= cl g+RT
= RTU{oo}
Note that for each x € R*, f~(2) = Z(f — ) is an unbounded closed

subset of R and so Z(f —x) fails to be compact. Then clgrZ(f —x) =
Z(fP«) — z) where Z(f%“) — z) N BR\R # @. Then the family

{9 pp(@) : 2 € RTFU {77 (c0)}

forms an uncountable number of sets which partition SR\R. The func-
tion f%“) is real-valued on [BR\R]\ {f?“) ™ (c0)}.
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Concepts review.

10.

11.

12.

13.

14.

. Suppose S is a topological space and T is a compact Hausdorff space.

What does it mean to say that T is a compactification of S7

. If S has a compactification, .S, what separation axiom is guaranteed

to be satisfied by S?

. Given a completely regular space S let e : S — mer[a;, b;j] be the

evaluation map on S induced by C*(S). Give a definition of the Stone-
Cech compactification of S which involves this evaluation map.

. What does it mean to say that the two compactifications of .S, a.S and

~.S, are equivalent compactifications?

. If € = {a;S :i € I} denotes the family of all compactifications of S.

Define a partial ordering of €.

. Describe how we can use the function arctan : R — (—7/2,7/2) two

construct a two-point compactification of R.

If U is a subset of the topological space S, what does it mean to say
that U is C*-embedded in S7

. If S is C*-embedded in the compactification, a.S, of S what can we

say about a.S?

. Suppose S is completely regular and g : S — K is any continuous

function mapping S into a compact Hausdorff space K. For which
compactification, .S, does the following statement hold true: “the
function ¢ extends to a continuous function ¢* : @S — K7

Given two compactifications S and ~S of S, how is the function
Ty—aaVS — a defined?

Suppose S is locally compact and Hausdorff. Define the one-point
compactification, wS, of S.

State the Urysohn extension theorem.
What is the Stone-Cech compactification of the ordinal space [0,w1)?

State a characterization of the pseudocompact property stated in this
chapter.
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15. Characterize the locally compact property of a space S in terms of its
compactification a.S of S.

16. Suppose T is a non-empty subset of a completely regular space S.
What property must 7" satisfy in relation to S if clgsT = 17

17. We know the cardinalities [N| = |Q| = ¥y and |R| = ¢. What are the
cardinalities of SN, Q and GR?




